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Mr. R. A. Hore (communicated): Mr. Coventry’s results can 


‘he generalized without loss of accuracy in the following manner, 
“tthereby providing one chart of universal application: 


: . ; kV? 
Surge-impedance loading of a line = Zz megavolt-amperes 


here kV = Line-to-line voltage, kilovolts. 
Z = Surge impedance of the line = 1/(L/C) ohms. 


Using eqn. (1) of his paper, Mr. Coventry’s eqn. (2) reduces to 
OO, — Oc — 1125 x10 |r — 1]. “(A 


where 7 is the per-unit line current (on the surge impedance load 
base) and Q is the per-unit reactive power per mile. 

Neglecting voltage regulation, as the author has done, the 
‘numerical value of i is the same as that of the load. The dia- 
‘eram of Fig. A can thus be plotted to a base of per-unit surge- 
impedance loading and is applicable to all lines. The chart is 
used thus: 

For a 0:175in? 132kV line the surge-impedance load is 
(1322 x 5-48 x 10-®)/0-0021, or 45-5 MVA. 

When transmitting 22:8 MVA (corresponding to a line current 
»of 100 amp) the per-unit loading is 0-502. 

| The reactive requirement is 0-13 x 10~* per unit per mile 
‘(leading), or 59kVAr per mile, which is the result given by Mr. 
Coventry’s Figs. 1 and 2. 

Although the whole analysis, generalized or not, is approxi- 
mate, it is accurate enough to be very useful for rough 
ssessments. 

Mr. A. F. Coventry (in reply): I think Mr. Hore’s contribution 
sis a valuable development of my thesis, and I am very pleased 
to have it associated therewith. I do not think, however, that 
he generalized form should supersede entirely the form in which 
i have presented it, because I think the latter will be more readily 
smprehensible to the average engineer and the family of curves 
are revealing in themselves. 

Mr. Hore’s method is, of course, not perfectly general in that 
the chart relates to only one frequency, namely 50c/s. This 
2eald easily be remedied, however, by adding curves for 60 and 
$2c/s. Alternatively, a note could be added stating that, for 
"re quencies other than 50c/s, results should be multiplied by 
70 where f is the frequency under consideration. 


* Coventry, A. F.: Monograph No. 1728, April, 1956 (see 103 C, p. 334). 
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DISCUSSION ON 
‘RESULTANT, REACTIVE POWER OF OVERHEAD LINES”* 


CAPACITIVE 


REACTIVE POWER, PER UNIT PER MILE 


-0'12 


INDUCTIVE 


O4 


=0-02 PER-UNIT SURGE-IMPEDANCE LOADING 


Fig. A.—Resultant reactive power of overhead line. 


APPROXIMATE SURGE-IMPEDANCE LOADING 


Voltage 


Single 
conductor 


Surge-impedance load = 


kv2 x 5-48 x 10-6 
L 


where kV = Line voltage, kilovolts. 


= Line inductance, henrys per mile. 


Duplex 


621.372.44 


TRANSIENT RESPONSE OF TWO-TERMINAL NETWORKS 
By O. P. D. CUTTERIDGE, M.Sc.(Eng.), Ph.D. 


(The paper was first received 10th July, and in revised form 26th September, 1956. It was published as an INSTITUTION MONOGRAPH in 
December, 1956.) 


SUMMARY 

The maximum possible increase in gain/rise-time for a 2-terminal 
network with shunt capacitance is shown to be 2:75 compared with 
the parallel RC case; the overall gain/rise-time figure for a cascade 
of n such stages is also deduced. As such networks would have a large 
amount of overshoot, those having a monotonic response to a step- 
function current drive are next considered. Improvement in figure of 
merit is shown to be greatest with complex poles and zeros, and the 
case of three poles, two of which are conjugate complex, is discussed in 
some detail. Finally, modifications are made to a network with three 
poles having a monotonic response so as to produce improved rise- 
time at the expense of a small amount of overshoot; e.g. a figure of 
merit of 1-90 can be obtained with 1% overshoot. 


(1) INTRODUCTION 


The transient voltage developed, in response to a step-function 
drive of current, across various forms of low-pass 2-terminal 
network having a parasitic capacitance shunted across the input 
terminals, has been given by a number of authors. Two points 
of particular interest in the output voltage waveform are the 
percentage overshoot and the rise-time, which is usually defined 
as the time taken for the response to rise from 10% to 90% of 
its final value. The basic design problem is to secure the mini- 
mum rise-time consistent with a given degree of overshoot. 
Since, for a number of applications, only a small degree of over- 
shoot can be tolerated, the problem of obtaining minimum rise- 
time consistent with monotonic* response is of special importance 
and forms the main topic of the paper. 

The work of previous authors (see, for example, Reference 1) 
has generally been of the following form: a certain network con- 
figuration having given elements connected together in a certain 
way is taken, the values of one or more of the elements are varied, 
and the combination of values yielding the optimum transient 
response is noted.. This procedure has the advantage that only 
forms of network suitable for physical realization are considered, 
with the possible disadvantage that some of the networks that 
were not considered might have yielded a better transient 
response. It is therefore of interest to examine the optimum 
transient responses possible with stable, passive, 2-terminal net- 
works having a given parasitic shunt capacitance. This is the 
main topic considered in the following Sections. 


(2) MINIMUM POSSIBLE RISE-TIME FOR A TWO-TERMINAL 
NETWORK 


The general expression for a low-pass 2-terminal impedance, 
Z(p), having a zero frequency value of G and parasitic shunt 
capacitance of C, can be written in the form 


1 + a,(pGC) + a,(pGC)* +... +(pGc)"! 1 
1 + 5,(GC) + b,pGCe +... +(pacy 


_ * A monotonic function of ¢ is one which never decreases (or never increases) with 
increasing ft. 
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where p is the complex frequency or the parameter of the Laplace | 
transform. If f(t) is the time domain response to a unit step-/ 
function drive and f,(#) is this response normalized to unity at | 
time infinity, then the p-multiplied Laplace transform? of f,(f) is | 
given by 


7 
% 1 + .a,(pGC) + a,(pGC?? +... +(pGcoy-1_| 

=i NT. | 

P| f,(t)e—P!dt 1 + b,(pGC) + b(pGC +...+ (GC 
; 

’ 


(2) 


But by the power-series expansion theorem? this transform can 
also be written as 


we £0) , £(0) | 
>), f,(DePidt = £,(0) +2 +A ete. @) 


Thus f,(f), plotted against a normalized time scale of t/GC, 
passes through the origin at t = 0 and begins to rise with a slope 
of unity. Because this finite rate of rise at the origin will. 
invariably carry the response over the 10% mark at which 
rise-time measurements are commenced, minimum rise-time for 
a 2-terminal network is obtained by adjusting the time of occur-— 
rence of 90% of the final response to be as low as possible. The 
maximum rate of rise of output voltage, across the parasitic 
capacitance, will occur if all the step-function driving current 
proceeds through this capacitance and none enters the rest of the - 
network until 90% of the output voltage is attained. The ) 
curve of minimum rise-time for a 2-terminal network, when 
plotted against the variable t/GC, is thus a straight line of unit — 
slope up to the 90% mark. The best possible gain/rise-time 
quotient attainable with a 2-terminal network is therefore given by | 
Gainjreie = ies aa 
The gain/rise-time quotient for the simplest possible 2-terminal | 
network consisting of a parallel RC network is easily found to 
be 1/2:197C. It is useful to define the figure of merit of a net- 
work as 


Gain/rise-time of network 


Figure of merit of network = ——_—_________ 
Je Gain/rise-time of parallel RCnetwork 


Hence the maximum possible figure of merit of a 2-terminal net- | 
work is 2:75. A network could have a figure of merit approach- 
ing this value only if a large amount of overshoot could be 
tolerated. The value for the maximum possible figure of merit 
for a 2-terminal network having monotonic response cannot be 
obtained in such a simple manner but would be less than that 
quoted above. 

The maximum possible figure of merit can be obtained with 
the simple network* of Fig.1asZ—>0o. The transient response 
of this network to a unit step of current is given by 


Bae V/(4L — 1) QL—1) . VW(4L —1) 
1 € | cos acy == /(4L — 1) sin ve . (5) 


* Throughout the paper the units for capacitance, resistance and ind: 
farads, ohms and henrys, respectively. P f uctance are 
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Li 


Fig. 1.—Network realizing maximum possible figure of merit 
as L—>oo, 


and it can hence be easily shown that the figure of merit 
approaches 2-75 as L is made indefinitely large. 

For a cascade of n stages, each having this minimum rise-time 
and separated from each other by valves of mutual conductances 
Smir Fmd + + +» Smy the overall gain/rise-time figure becomes 


nth root of overall gain 
‘Overall 10%-90 % rise-time 


rae na Emi x Fm 
AGice om 
where K(n) = "/n!(%\/0-9 — %4/0-1) 


‘ig. 2 shows the behaviour of the function K(n) for 1 < n< 100; 
it is seen that the function is practically constant over this 


— Pe 
ZAG GE iiiemcectt 


FAR ras 
Fig. 2.—Graph of the function K(m) = "/n!("4/0-9 — "4/0:1). 
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{3) TWO-TERMINAL NETWORKS HAVING MINIMUM RISE- 
TIME CONSISTENT WITH MONOTONIC RESPONSE 


(3.1) Derivation of Rise-Time from the System Function 


Although the 10%-90% rise-time is, in principle, determined 
hen the numerator and denominator coefficients of a system 
unction Z(p) are given, it seems extremely difficult to determine 
its value directly from the system function. For this reason 
jother definitions of rise-time have been given which yield simple 
‘=xpressions in terms of the system function. Three such defini- 
itions have been given by Mathers,* but that given by Elmore,®5 
and applicable only in the case of monotonic response, will be 
used here. According to Elmore, the rise-times calculated on his 
basis generally differ by less than 10% from those calculated by 
the 10°%-90% method. In terms of f,(¢), the time derivative of 
he normalized response, Elmore’s definition of rise-time, Tp, is 
iven by 


Te an | (ETRE adie Ua, 20 4D) 
0 


co 
here Tp = tf, (t)dt 
0 


f F(p) is the system function corresponding to a normalized 
tep-response f,(t), i.e. 


F(p) = p| Ferd...) . (8) 
0 
1+ap + a.p*+...+a,p™ 
| ut 9 
om" FAP} 1 + byp + byp2 +... + 5,p" . 
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then Tp is given by 
eee 
ee i — at + 2a, = 5,) 2 (10) 
Now F(p) can also be written in the form 
F(p) = (1 — p/p) — p/p2)... 1 — pip») 
(1 — p/p) — pip,)...C. — plp,) 
ca ar taal 
1 — 2 head Ope Arar 
(2 2) aes (259) sy : 
<p (a 1) 


= Se ee ee eee 
1—2(d5,) + PSs : Fed es oe: 
1 Pj 1 
i<j 
where Pts Pas + + +9 Pm and pj}, P, . . -, P, are the zeros and poles 
respectively of F(p). Comparing with the previous expressions 
it is seen that 
n és m 
a p> 1/p/? aaa 1s (12) 
Thus real poles add to and real zeros subtract from the rise-time. 
The rise-time contribution from a conjugate complex pair of 
poles, p; and p,, is 
1 1 1 
—5 + = = ps2 €08 26 
Pj Py Pi| 
where ¢-is-the phase angle of pj. 


(13) 


NEGATIVE 


NEGATIVE 


POSITIVE POSITIVE 


POSITIVE POSITIVE 


NEGATIVE | NEGATIVE 


Fig. 3.—Sign of the resultant contribution from a pair of conjugate 
complex poles. 


Fig. 3 shows the sign of the resultant contribution from a pair 
of conjugate complex poles according to their position on the 
complex plane; the signs for a pair of conjugate complex zeros 
will be the reverse of those shown. 


(3.2) Optimization of Gain/Rise-Time Quotients 


Using these results, it is now possible to obtain expressions for 
gain/rise-time quotients, based on Elmore’s rise-time definition, 
in terms of pole and zero positions, and hence an optimum pole- 
zero pattern can be obtained which yields the best possible 
gain/rise-time under the given physical restrictions. These 
restrictions are as follows: 

(a) The poles and zeros must be either real or occur in conjugate 
complex pairs and must all be confined to the left half of the Suiies 
frequency plane. 

(6) The real part of the system function must be greater than, or 
equal to, zero for all real frequencies. 

(c) The poles and zeros must lie in regions corresponding to 
monotonic response.®,7,8 

(d) The system function must tend to 1/pC (where C is the parasitic 
shunt capacitance), as the complex frequency tends to infinity. 

Since real poles will appear in a symmetrical fashion both in 
the gain/rise-time quotient and in the mathematical expressions 
corresponding to the various constraints, it follows that the 
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optimum gain/rise-time quotient will occur when all the real 
poles are coincident. Similarly, the optimum gain/rise-time 
quotient demands that all real zeros should be coincident, all 
pairs of conjugate complex poles coincident, and all pairs of 
conjugate complex zeros coincident. 

Applying this method it can be demonstrated that the critically- 
damped shunt-peaked circuit? gives the optimum gain/rise-time 
quotient consistent with monotonic response for a circuit com- 
plexity of one zero and two poles. The maximum gain/rise-time 
quotient obtainable with circuits containing three real poles is 
discussed in Section 3.3. 


(3.3) Maximum Value of Figure of Merit obtainable with Three 
Real Poles, Two Real Zeros 


Let p{ indicate the position of the triple pole, and p, that of 
the double zero. Then the system function, Z(p), is given by 


i= pip)? 
Z(p) = G———__; (14) 
eS aap? 
The constraint imposed by the parasitic shunt capacitance is 
GC = — pip, (15) 
re 3 2 
But en 2 me 
Hence 
BE eal 1 
Gain/rise-time = (16) 


1 
Cy (27) | 3(28)" os aN 
Pi Py 
However, the gain/rise-time quotient, for the simplest possible 
2-terminal network consisting of parallel RC, is easily shown to 
be 1/[C,/(27)], when Elmore’s definition of rise-time is taken. 
Thus, if ® is the figure of merit using Elmore’s rise-time definition, 


then 
1 


©? = —__—_____ .. . . .. (17 
By) . 
Pj Pi 
1 
Ap tee, 
VOSS TES 
where x = (p;Ip;)? 


and, for monotonic response, x < 1. 


Now pee eae eels 
(1 — jw/p) 


(18) 


and hence 


Real part of Z(jw) = 


+ oA( aoa )] 
P{P\? Py P;? 


and so the passive restriction demands that 


3 D 
ee” pipe 
1.¢, Pip > 2/3 
or x> 4/9 
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3 


1 6. ; 
i a __. — ——~ is negative over the ran 
Further, since — +—% pi, g ge 


1 ayia 5 ‘ 
1 > pjlp; > 2/3, it follows that this restriction is also sufficient 
for passive realizability. The maximum value of ® has therefore 


to be determined over the range 1 > x > 4/9. 
It is easily seen that x = 4/9 yields the maximum value of ®, 


given by 
DT 


~ 4/19 
which represents a very small improvement over the correspond-_ 
ing figure of 1:51 for the shunt-peaked circuit. 


= 1-55 


(3.4) An Upper Limit to the Figure of Merit obtainable with n— 
Real Poles and m — 1 Real Zeros as n> © | 


In the case of m real poles and n — 1 real zeros, 
(1 — pip)" 

(1 — p/p)" 
Imposing the constraint of the parasitic shunt capacitance, the — 
figure of merit is finally obtained as 


@? = L (21) 


weal = (WS 1x ee i 


Z(p) =G (20) 


where x = (p;/p;)” as in Section 3.3, and x < 1 yields monotoni¢ 
response. ~ 

A limit to the value of x imposed by the passive condition | 
can be obtained by examining the condition for the sign of the 
highest power of w, namely 2n — 2, in the numerator of the | 
expression for the real part of Z(jw), to be positive. This will be 
found to yield x > [(n — 1)/n}’, and, inserting x = [(n — 1)/nP 
in the expression for ®*, we have ; 


1 


1 


@? = 


ze aenl a 
SLA ie) et ae Ne 4 


iJ & 
, ae ee «Rohe Tese ce 
Ie Ini" Bat + 
so that the upper limit to the value of the figure of merit in this 
case is , 
Ga 569 ) 
eve 
This represents only a very slight improvement over the previous 
case. Better values can be obtained by taking complex poles — 
and Zeros. It will be found that with three poles and two zeros 
the maximum figure of merit is obtained by taking both a pair 
of conjugate complex poles and a pair of conjugate complex ; 
zeros. For this reason, only this case will be considered here. 


(3.5) Maximum Value of Figure of Merit obtainable with a Pair 
of Conjugate Complex Zeros and Three Poles, Two of ' 
which are Conjugate Complex : 


Let the poles and zeros be numbered as in Fig. 4. 
The system function is given by 


(1 — p/p,) — plp2) 
(1 — p/p) — pip) — pip; * 


Z(p) = G (23) ) 


Fig. 4.—Numbering scheme for poles and zeros in Section 3.5. 


The constraint imposed by the parasitic shunt capacitance is 


C= Pal (24) 
— Py X |p| 
and the Elmore rise-time is given by 
1 1 2cos26’ 2cos2d * 
a ee eres ee (25) 
dn Dy |P2| [Pi 
Thus the Elmore figure of merit, ®, is given by 
1 
2 ——4 —— 
v x4 + 2x2y2 cos 2’ — 2x4y? cos 246 oS 
'\ where, in this Section, 
eS [Pol (i 0 
[P| 


y=, y<0, 2>¥ 
|P1| 
and the problem is to maximize © within the restrictions of 
passive realizability and monotonic response, or to minimize F 
where 


F = 1/@? = x4 + 2x*y* cos 26’ — 2x4y* cos 24 . (27) 


For the passive restrictions, proceeding as before by 
‘rationalizing Z(jw), 


1 — aw? + bw4 


Bie Patt of Za) = (a quantity always positive forrealw) ° > 
1 2cos¢’ 2cosfd 4cos¢cos ¢’ 
[Pil | P3| |P3|P1 |P1|P; 1P1||P2| 
1 2 cos ’ 2 cos ¢ 
and = Ae 1 pa Ee Bd PN 
| [pil7|P2/? pal? |palp, = |P2l? Pili 


Thus for the real part of Z(jw) to be non-negative for all real w 
‘lit is necessary that b > 0 and either a<0 or, if not, then 
na? < 4b. In terms of the variables x and y this last inequality 
‘becomes 


, 9} Ne 
eet — 2E 808 F _ 4 cos 4 c0s $’) 
x y y 


(29) 


D SAP EZICOS 
<4(1+ x cos fp’ _ : #) 


\As pointed out by Mulligan,® a necessary condition for monotonic 
“response is that, in the present notation, p; should not lie to the 
Jett of the line joining p; and p3, 

Le, y? |x? << cov p’ 

Irserting the limiting condition y?/x? = cos? ¢’, expressions (27) 
and (29) become 


F = x4 + 4y4 — 2x?y? — 2x4y? cos 26 (30) 
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and [x +2200 4(5 +7) | 4(3 — 7289) . Bl) 


The usual method of determining constrained maxima and 
minima, i.e. Lagrange’s method of undetermined multipliers, 
results in such complicated algebra when applied to these two 
expressions that recourse was had instead to a purely numerical 
method. Various values were successively allocated to cos 2¢, 
and, for each of these values, x and y were varied over their 
allowable ranges, the combination of values yielding the mini- 
mum F being noted. The maximum figure of merit ® (= 1/4/F) 
obtained was 1:98, given by cos2¢ =0:2, y = — 0°535, 
x = 0-688. However, the optimum value of ® is very insensitive 
to changes in cos 2¢ around this value, e.g. maximum ® for 
cos 26 = 0-1 was 1:975, given by y = — 0-525, x = 0-692, 
and maximum @ for cos24=0-5 was 1:90, given by 
y = — 0:578, x = 0-707. This would give a certain degree of 
freedom in the actual physical realization of the network. 

In terms of the quantities x, y and cos ¢ the system function 
can be written: 


1 + 2x?y cos dpGC + x4y*p?G?C? 


ZG a . 
Taking out the parasitic shunt capacitance C, 
Y(p) = 1/Z(p) = pC + Yi(P) (33) 
where 
vine 1 + (x? + 2y? — 1)pGC 4+ (3x?y* — 2x*y cos ¢)p*G?C? 
1 


G + 2x2y cos dpG?C + x4y*p*G3C2 
(34) 


The driving-point admittance Y,(p) is a minimum conductance 
function!® (provided that x, y and cos ¢ represent a limiting 
combination just satisfying the passive restriction), and the 
corresponding physical network has now to be determined. 
One such realization, obtained by Brune’s method,!!! is shown 
in Fig. 5. 


Fig. 5.—Network realized by Brune’s method. 
x4y2 


— eee 
(Nee ornare eae 
_ 3x2y2 — 2x2y cos 5 
Oe aaa UG T= pica ee 


Cy = (x2 + 2y2 — 1)C 
100% coupling between L; and L2, connected in series opposing. 


Inserting the values cos 24 = 0:2, y = — 0-535, x = 0:688 19, 
in eqn. (34), 

ioe 1 + 0:04606pGC + 0-014 14p?G2C? 

: G + 0-392 54pG2C + 0-064 20p2G3C2 


<7.G5) 


and the corresponding numerical values in the Brune realization 
are L; = 1°394G?C, L, = 0:307G*C and C, = 0:0461C. These 
values would not perhaps be suitable for some practical applica- 
tions, in which case the parameters x, y and cos ¢ could be varied 
somewhat from the optimum, producing a more suitable practical 
realization with very little reduction in the figure of merit. For 
example, the value of the network capacitance in terms of the 
parasitic shunt capacitance, x* + 2y? — 1, could be raised con- 
siderably by small increases in x? and y?. 
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Brune’s method of realizing a driving-point impedance always 
yields perfectly coupled coils, and it has usually been considered 
that this renders the realization of theoretical interest only. 
However, with the magnetic core materials now available, very 
high coefficients of coupling, approaching unity, can be obtained, 
which may now result in a much greater practical use of Brune’s 
method than has hitherto been the case. Three other 
methods!?>!3,14 of realizing a driving-point impedance have 
recently been published. 

On taking the inverse transform of the expression for Z(p), 
the normalized transient response to a unit step of current, 
f,(t), is finally obtained as 


f,) = 1 — exp (- 35 a 


_WX=y — y + 2x7 cos g) (Very) Ft 
y2 — x2 Hey aah GG: 


yo? — 1I)/ GC? — yy) _. | VO —y) t 
a ye — x2 — | x2y dst 


Inserting cos2¢ =0:2, y= —0-:535 and x =0-688, the 
transient response becomes 


x*(1 — 2y cos d + y?) 


(36) 


t t 
f(t) = 1 —exp (= 2-113 (1-157 — 0-157 cos 1-715 


t 
+ 0-651 sin 1 Ta) (37) 
which is shown plotted in Fig. 6. 
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NORMALIZED RESPONSE 
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fo) O5 10 15 20 25 3:0 
t/GC 
Fig. 6.—Transient response of optimum network. 


The 10%-90% rise-time is 1-25GC, which corresponds to a 
figure of merit, using the 10%-90 % rise-time definition, of 1-76. 

In the process of optimizing the Elmore figure of merit, O, 
decreasing y to somewhat below its maximum allowable value 
of (2 cos ¢)/3 was found to increase considerably the value of ®, 
For example, for cos 2¢ = 0-2, the maximum value of y is 
—0-516, which, together with the appropriate x? value of 0-7, 
yields © = 1-69, whereas y = — 0-535 and x = 0-688 yield 
@® = 1-98. However, the 10%-90% figures of merit for these 
two values of y are practically identical, being 1:74 and 1-76, 
respectively. The curve for the transient response corresponding 
to the maximum allowable value of y does not differ sufficiently 
from the optimum curve, shown in Fig. 6, to enable it to be 
reproduced in the same diagram. The two curves are practically 
identical up to about 90% of their final value, and thereafter the 
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curve corresponding to the maximum allowable value of y has 
a rather longer ‘tail’, owing to its larger value of x and hence 
smaller decay coefficient. Since by using the maximum value 
of y a simpler network realization is possible, without using 
mutual inductance and having a smaller number of elements, 
only this series of networks will be considered in the next Section, 
in which small values of overshoot are discussed. 

For comparison with the above figures of merit, the maxi- _ 
mum 10%-90% figure of merit obtainable with monotonic 
response with a Doba!5 network is 1-68. As originally given, 
this network was said to have a 10%-90% figure of merit 
of 1:77 with 1% overshoot. Since a total of four elements 
are used to synthesize a function having three poles and two | 
zeros, two constraints are present, which can be taken to | 
imply that the zeros are determined if the poles and gain level | 

| 


are given. On inserting the limiting condition of the poles for | 
monotonic response, the maximum 10%-90% figure of merit 
obtainable is 1-68. 


(4) TWO-TERMINAL NETWORKS HAVING MINIMUM RISE- : 
TIME CONSISTENT WITH A SMALL DEGREE OF 
OVERSHOOT of 

Only networks having a pair of conjugate complex zeros and. 
three poles (two of which are conjugate complex) are considered ~ 

in this Section. The results deduced for monotonic response in * 

Section 3.5 are here modified to allow for a small degree of over- 

shoot. Using the notation of Section 3.5, but writing k for 

(xcos ¢’)/y, the system function Z(p), and the normalized transient — 

response to a unit step of current, f,(t), can be obtained as : 


(1 + 2x2y cos dpGC + x4y2p2G2C2) 
(1 + x2pGC)(1 + 2ky2pGC + x2y2p2G2C2) 


Z(p) =G (38) 


and 


k t\{f{x?d —2ycos¢é + y’) 
f,(t) = 1 — exp (-3 —— a ae D 


x2 GC 
_a—*) 2 
Se | x2 del ; 


(2k — 1)y? + x?y?—2x2ycosP 1st 5 
= 2—K2) | 
x4 =e y*Qk = 1) ae Gov ly’ —k Te 


x°(1 — x”) — 2x?y (1 — k) cos fb + ky%(x? + 1) — 2k2y? 
/ (x2/y* — k)[x? — y2(2k — 1)] 


ni 
x sin aa Vly — ia} 


In Section 3.5 k was taken to be equal to unity, the limiting — 
position for monotonic response. For k < 1, the real pole lies - 
to the left of the line joining the pair of conjugate complex poles _ 
and the response must be non-monotonic. However, as k is — 
reduced below unity, the rise-time can be considerably reduced 
without at first occasioning a large amount of overshoot. If the 
maximum value of y [=2 cos ¢/(1 + 2k)], is selected so as to 
yield the simplest series of networks, and cos 2¢ is taken as 0-2, 
then the improvement in 10%-90 Y figure of merit as k is reduced _ 
from 1-0 to 0-7 is as shown in Fig. 7, together with the corre- 
sponding increase in overshoot; the curve showing overshoot has _ 
a discontinuity at about k = 0-845, and the appropriate values 
of x are obtained from the equation 


8k cos? 
2k pe ctiaattias 
oe 2k +1 


aa 


(39) 


e= 
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Fig. 7.—Improvement in figure of merit with increase in overshoot. 


Fig. 8.—Realization of series of networks having maximum value of y. 
(NER 
x2 + 2ky2 — 1 

= (2k + 1)x2y2G2C 


L G2C 


Cy = (x2 4+ 2ky2 — 1)C 
x2 
5k + 1 
Since 
1 1 
Zp) = pC + a x4y2 Gi 
Po lamee Opye = 1 pGCOe + ky? = 1) 1 


(41) 


_ the series of networks can be realized in the form shown in Fig. 8. 
| The physical realization of these networks can be varied some- 
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what without appreciably affecting the rise-time for a given value 
of overshoot by either 


(a) altering the value of cos ¢, which would alter the induc- 
tance and capacitance values, 
or 


(6) adding resistance in series with the inductance, which 
corresponds to using a value of y below the maximum. 
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SUMMARY 

With the aid of methods previously developed,!;2 an approximate 
expression is obtained for the difference from unity of the transmission 
coefficient for plane waves at normal incidence of a large aperture of 
rather general form in a plane perfectly-conducting screen. The 
coefficient is expressed in the form of one or more line integrals taken 
around all (or part) of the aperture rim. These may be evaluated 
analytically in certain cases, e.g. a circular or elliptical aperture. In 
the former case the result agrees with that derived elsewhere;? the 
ellipse is considered in some detail in the present paper, and the 
transmission coefficient is evaluated for a range of eccentricities. 
The results appear to be in qualitative agreement with the limited 
experimental data available. 


LIST OF SYMBOLS 
(x, ¥, Z), (X, Y, z), (Xo, Yo, z) = Systems of rectangular Car- 
tesian co-ordinates. 
A = Wavelength of incident radiation. 
w = Angular frequency of incident radiation. 
c = Speed of light in free space. 
k =a [c. 
€9 = Permittivity of free space. 
[4g = Permeability of free space. 
Zy = V(Hol€o)- 
E(z) = Normally incident electric field of unit 


intensity. 
E4, Ed = Diffracted components of electric field. 
Ejint — JTnteraction component of electric field in 
aperture. 


Eint, Ent — Components of Ei", 
EP = Plane-wave approximation to Ei”, 
E?, E? = Components of E?. 
E° = Electric field incident obliquely on half- 
plane. 
Eo, E; = Constants of proportionality. 
H,, = x-component of magnetic field. 
P = Point in aperture. 
Q, Q’, Qo, Qo = Points on rim of aperture. 
p = Distance between P and Q. 
Po = Distance between P and Qj. 
Po = Distance between Qo and Qj. 
p1 = Distance between Qo and Q) when Qo and 
Q, lie at ends of principal axis. 
= Arc length measured along rim of aperture. 
So, 5g = Values of s at Qo, Qs, respectively. 
ds = Element of rim of aperture at Q. 
y = Angle between positive x-axis and PQ. 
@ = Angle between E‘(0) and ds. 
8, 89 = Values of 8 at Qo, Q,, respectively. 
6 = Angle between axes of Xo and X. 
im = sin 0. 
1=—cos6. 


H 
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¢ = Polar angle of Q, with pole at P. _ 
K(s) = Curvature of aperture rim as a function of s. 
Ko, Ko = Values of K(s) for s = so and 5» Fespectively. 


iy) = 1/Ko. 
ro = 1/Ko. é . 
xX =a (po a Xo) Ko. 
Xo = j— PoKo- : : ‘ 
J° = Current density induced in screen by £9. 
J2, J2 = Components of J°. | 


J = Current density induced in screen by F?. 
Jy, Jy, J, = Components of J. 
= Transmission coefficient of aperture. | 
t’ = Interaction contribution to ¢. 
= Interaction contribution to transmission — 
coefficient of circular aperture. 
t’ =Interaction contribution to transmission — 
coefficient of elliptical aperture. ¥ 
A = Area of aperture. : 
R = Distance from (x, y, z) to point of integra- 
S 


tion on screen. 
= Surface of screen. 
(x, y, Z) = y-component of Hertz vector with source J. 
Ne = P1KoKo = Ko = Kp: 


Do = Ta . 
S=S0 


ds? 


dpo(s) 
Df, 22 
: ds? S=5 


2a = Length of major axis of ellipse. 
2b = Length of minor axis of ellipse. 
e =[1 —(b/a)?]'/2 = Eccentricity of ellipse. 
, = Angle between x-axis and major axis of 
ellipse. 
T(z) = Gamma function of argument z. 
(r, 6) = Polar co-ordinates of point on ellipse with. 
pole at centre. 
J,(x) = Bessel function of the first kind of order n 
and argument x. 


Rationalized M.K.S. units are employed throughout. 


(1) INTRODUCTION 

In a recent paper! an approximate method was described for 
examining the diffraction of a normally incident plane wave by 
an aperture in a plane perfectly-conducting screen of negligible 
thickness. Since this underlies the following development, the 
basic principles involved are briefly restated. 

Consider the solution to the 2-dimensional problem of the 
diffraction of an incident plane wave by a perfectly conducting 
half-plane.? It appears that the diffracted* far-field may be 
derived, except in certain critical regions, from fictitious electric 
and magnetic currents flowing on the edge of the half-plane. 
Associated with each current is a polar diagram, so the magnitude 
of the current depends upon the point from which it is observed. 


* The diffracted field is the difference betw th J i 
seen oe een the total field and that predicted by 
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This concept is readily extended to the consideration of the 
diffraction of normally incident plane waves by a large aperture 
in a plane screen—large in the sense that the radius of curvature 
of the rim is always very much greater than the wavelength of 
the incident radiation. Then the aperture rim may be considered 
to be locally straight, and the screen in the neighbourhood of a 
point on the rim approximated by a correctly oriented half-plane. 
| The far-field components are given as line integrals around the 
aperture rim. 

If the incident electric vector E(z) = Ei(0)e—J* is polarized 
parallel to the positive y-axis of a rectangular Cartesian co-ordi- 
nate system (x, y, z), and E(0) = (0, 1, 0), while z = 0 is the 
plane of the aperture and screen, the diffracted component of 
the tangential electric field at a point P(x, y, 0) in the aperture 
takes the following form: 


1 —Jjko 
EX, Jy; 0) = a/ 2 p a Cos (y aq @) cos 0 sin yds 


1 
d 1 e—ske @ 
EX(x, y, 0) = Gier f ERG cos (y — #) cos 6 cos yds 
ywhere the various symbols are illustrated in Fig. 1. (The 


common time-dependence factor ¢/! is suppressed throughout.) 


Fig. 1.—Aperture in plane screen, with associated symbols. 


Implicit in the derivation of eqns. (1) is the assumption that 
Ithe radiation from each current element on the rim to the point 
is not intercepted by any portion of the screen, or, equivalently, 
Ithat the curve defining the aperture rim is everywhere concave 
“tinwards (i.e. it has positive curvature). Considerable complica- 
ition arises if this restriction is relaxed. Positive curvature of 
ithe rim is assumed in the following analysis, although the results 
obtained may be also valid for some apertures of more general 
orm. 
The method developed in the present paper is essentially an 
‘extension of that developed for, and applied to, the particular 
wroblem of diffraction by a circular aperture.2 The integrals 
in eqns. (1) which define the aperture field are evaluated 
asymptotically to the first order in 1/k1/? by the principle of 
stationary phase. The field at a point P near the aperture rim 
is then seen to consist of a component attributable to currents 
im the screen near P, together with contributions from across 
the aperture. These latter will be termed the ‘interaction com- 
enents’ of the aperture field. By approximating the screen 
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near P by a correctly oriented half-plane, the first-order modifica- 
tion to the far field in the direction of propagation of the incident 
wave due to interaction is found in the form of line integrals 
taken around all or part of the aperture rim. The cross-section 
theorem then gives the transmission coefficient, t, of the aperture 
in terms of these integrals. 

The explicit determination of t would, in general, prove 
extremely difficult, but in certain cases the integrals may be 
evaluated asymptotically, again by the principle of stationary 
phase. Perturbation methods are applicable when the aperture 
is nearly circular in shape. Application of the former method 
yields a general asymptotic formula for the interaction component 
of the transmission coefficient in terms of certain ‘principal axes’ 
of the aperture. These will be defined later as they arise. 

In particular, such an expression is found for the transmission 
coefficient of an elliptical aperture for which the eccentricity, e, 
lies not too near zero or unity. When e is very small the per- 
turbation method is applied, and when e tends to zero it yields 
the expression for a circular aperture.? Finally, a comparison 
is made with measurements of the transmission coefficients of 
elliptical apertures of eccentricities «/3/2 and (24/2)/3 as functions 
of the lengths of the major axes.° 


(2) THE INTERACTION COMPONENT OF THE APERTURE 
FIELD 

Consider a point P in the aperture, close to the rim, as 

illustrated in Fig. 2. Q is a variable point on the rim which is 


£‘(o) 


Fig. 2.—Aperture in plane screen, showing stationary point, Qo, of 
p, and co-ordinate systems with origins at Qo. 


described parametrically by the arc length s, so that Q = Q(s). 
The distance PQ, or p, is then, for fixed P, a function of s. 

Suppose that dp/ds = 0 for s = 59, where Q(so) = Qo, and P, 
if allowed to approach the rim, does not tend to coincide with 
Q5. PQ) is then perpendicular to the tangent at Qj. (In 
general there will be several such points, each of which must be 
considered separately.) The line QjP meets the rim again in 
Qo = Q(5p). Qo is taken as the origin of two rectangular 
Cartesian co-ordinate systems: 

(a) An (X, Y, z) system in which X is directed normally to the 
rim at Qo, away from the aperture, and Y is in the direction of the 
positive tangent at Qo; ay 

(b) An (Xo, Yo, z) system in which the positive Xo-axis is the 
extension of PQo. The direction of the positive Yo-axis is such 
that (Xo, Yo, z) forms an orthogonal, right-handed system. The 
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point P is thus described by the co-ordinates (Xo, 0, 0) in the 

(Xo, Yo, z) system. 

Q(s) may also be specified by the plane polar co-ordinates 
(p, 6), where the pole is at P and ¢ = 0 corresponds to PQo. 


Then 
p = p(P) } (2) 
$ = $s) 
ean aS 
ds_ dd ds (3) 
dp _ dipaby , dn 8 
ae ~ dge\ds) * dg ds 
Since = 0 for d = 7, or s = 5g, and 
ds\2 > dp \ ( 
path) = sit, 4) 
(a) Peak (a 
the following is obtained: 
by. 1 d? 
1 ara © 
ds* |s-5, (p9)* 46? | g=n 
where pg is the distance PQo. 
If the curvature of the rim at Q is denoted by K(s), 
1 i 2d oA 
K(s.:) =:K) = - = (6) 
0 a OO” aR den 
d’p 1 
— == — K, al 
Hence ol i 0 (7) 
The first term in the asymptotic expansion of eqns. (1) 


in inverse powers of k!/2 may be obtained by the principle of 
stationary phase. The parts of the integrands which are slowly 
varying near s = sy may be given their values at so, taken outside 
the sign of integration, and the limits extended from —co to +0. 


Ats = 5, y = 0 =, say. Nears = 54, p has the following 
form: 
pe pt pom So (8) 
d2p 
where p(s) = ae (9) 


Then, from eqns. (1), at P, 


3a 


+R, +0(Z) (0) 


1 . , , e—Jkeg Mw 
1 TK os Via sin 05 cos 05 & : exp |- ikp (sy 


i.e. 
sin @jcos 0,  — e=ske4 ' ae 
ES akin] = pK] Vp exp [—jm/4 sgn (1 —pK9)] 
+R, + 0; ) ay 
l,u>0 
ee see fe -1,0<0 (12) 


and R, is the contribution from a stationary point near Qo; 
which becomes singular as Xp approaches Zero. 

It is to be noted that eqn. (10) is valid only if 1 — — poko 10) 
or equivalently, p’(sy) 40. Special attention must be given in 
the neighbourhood of points P at which this is violated and 
focusing occurs. Such effects arise in the case of an aperture 
of elliptical form, when the eccentricity is near 1/,/2. Attention 
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will be paid to this later, but in the following analysis it will be 
assumed that p’(sg) 0 in the neighbourhood of points P under 
consideration. 


Let Po = Po —= Xo . (13) 
Then, 
dm sin 05 cos 95 "08 V0. ptkeniexpi (= jihf Meatne 
aka 2 [i ies : 
e—IkXo 
Se ERIE (A 14) 
ii ay oe (z) ( 
and similarly, 
cos? 05 a 6 r 
Ene — Varkeipy [e® Jkeo exp (— ja/4 sgn X’) 
RPE +0() (15). 
V/ (po + Xo) id k 
with “= 1 —(pp + X)Ko 3 (16) 
The terms R,, R,, although singular at Xp = 0, do not correctly 


describe the behaviour of the field due to currents in the screen 
near Qo, since the integrals from which they are derived yield 
only a far-field approximation. On the other hand, if kpp > 1, 


the remaining terms in eqns. (13) and (14) should provide a valid — 


approximation to the interaction electric field, E’ at P near 
the rim. 


int 
EM = 


sin 05 cos 94 
Vakinpy ae ken exp ( —jm[4 sgn J 


oft) | 


Weta — 0) 
Bae a 
— cos 0g : +0(; a 
a ee JEB0 —jrl4s 
(17) 
The interaction electric field at P has no z-component, for the 
electric field of any current distribution in the screen has a 
vanishing normal component in the aperture. 


The total current flowing in the screen may, to the present — 
approximation, be split into two components: (a) the current 


flowing when interaction is neglected; and (b) the current induced 
in the screen by the interaction field [eqns. (17)]. Distribution (a) 
produces the geometrical-optic value of unity for the transmission 
coefficient, plus additional smaller terms depending on the aper- 
ture dimensions. 
the interaction correction is more important than these latter 
terms, and it will be assumed that the same is true for apertures 
of more general shape (see, for example, Reference 2 for a more 
complete discussion of this aspect of the problem). 

The currents induced in the screen by the interaction field will 
modify the scattered field; in particular, the far field in the 
direction of propagation of the incident wave will be affected. 


This latter field is alosely related to the transmission coefficient, 


t, of the aperture,4 and knowledge of the current distribution (b) 
will determine 7’, the interaction contribution to ft. 


(3) THE INTERACTION CONTRIBUTION TO THE 
TRANSMISSION COEFFICIENT 
In order to calculate the effect of the interaction field 
[eqns. (17)], it is once more assumed that the currents induced 
in the screen near Qs are approximately the same as those flowing 
in a similarly irradiated half-plane the edge of which lies along 
the tangent to the rim at Qo. It will be found that these latter 
currents decay as the inverse square root of the distance from 


For a large circular aperture it appears that 
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the edge, rather than as the inverse distance, since the corre- 
sponding half-plane problem is only quasi 3-dimensional in 
character. However, this incorrect behaviour of the current 
density at large distances from the edge does not affect the far 
field in the direction of propagation of the incident wave to the 
first order in 1/k1/2, 

It was stipulated in Section 2 that p’(s) is not to vanish in 
the neighbourhood of points P under consideration. Since the 
current induced by the interaction field near the rim determines 
the above-mentioned first-order far-field, attention may be con- 
fined to this region. Thus it will be assumed that p’'(so) #0 
for points P close to the edge of the aperture, or, equivalently, 
that X’ does not change sign in the immediate neighbourhood 
of Xo == 0) 

The diffraction of the interaction field by the half-plane z = 0, 
X > 0, will now be considered (see Fig. 2). To a first approxi- 
mation, the exciting field may be taken to be a plane wave, E?, 
whose amplitude and phase at Qo are the same as ‘the corre- 
sponding quantities in the interaction field. 

sin 0, cos 06 e—Jkeo 7 ; : 1 
EE TaRMARG|I2 “pp OP (5g sen Xe) eM + 0(;) 


cos? 9, — e-Jkeo 
oe —JjkX, 
EP yar ALE: “W/o. exp ( aa i 7 sen X’ ) j °+0(7) 
(18) 
s Xo=aXx] = 1—poko. - + + 9 
Xo=0 


The terms designated as 0(1/k) will also contain the factor 
~— (fv/ po) exp [—sk(pp + Xo)]—a fact that will prove useful later. 
The polarization of E? is readily seen to be parallel to the 


Yo-axis. With reference to the (X, Y, z) system, E? then takes 
the following form: 
EP = E,(—m, I, O)eikiX+my) (20) 
where 
cos 65 e—Jkeo 7 ) 1 
Se cea at 01 Pile eae Se 0 z) 21 
Eo Waka “</pg exp ( iq sen Xo) ae ¢ (21) 
and m = sin 6 
1= —cosé (22) 
5=7+ 6 —% 
Q is the value of @ corresponding to the point Qo. 
Consider then the field E° incident on z = 0, X > 0, 
where E° = (—m, I, O)ekUX+ mY), (23) 


Copson’s® solution to the quasi 3-dimensional problem of 
which this is a special case is provided in Section 9.1. 

At a point (X, 0, 0) the induced current density, J°, equal in 
magnitude to the discontinuity in the tangential magnetic field 
across the screen, is readily found: 


JY(X, 0,0) = 0 
0 Q/2eF714 gg -5kX |cos 8 (24) 
aX 8, Se a/ 7kil2|cos 8|112 ——4/X 
where = V (Lolo) (25) 


Thus the current density, J, at (X, 0, 0), induced by £?, is 
given by the following expressions: 


' Jy(X, 0,0) =0 


ZyJy(X,0,0) = 


/ 1k112 |cos §|1/ / X 
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Finally, 
24/2¢-irl4 


ZoJ,(X, 0, 0) = 


— Zod y(X, 0, 0) Cos A = 


cos Oy cos 9% e—Jkeo 
[cos §]12[xX6|2 4/py 


€ xp (—i5 IZ sgn Xo) 
e—JkX cos $1 1 
—yx- +%(gp) 2 
The contribution to the transmission coefficient due to inter- 


action, t’, is most readily found in terms of the magnetic far-field 
in the direction of propagation of the incident wave: 


Qa 2g fae y, a 


Hie ~ ike Jz 


zo A 


- @8) 


where A is the area of the aperture. 
If II y(x, ¥, Z) is the y-component of the Hertz vector whose 
source is J, then 


1 
I1,(x, y, z) = Arajcnes | [ J « (29) 
where S represents the surface of the screen, 
re 
FT AS, ys z) = a Se TEx: y; z) . (30) 


and R is the distance from (x, y, z) to the variable point of 


integration on the screen. 
ae (X, 0, O)dS' + 0(5 ) (31) 


For z > 0, 
I(x, y, z) = 

With the aid of eqns. (27)-(30) the following expression for ¢t’ 

is obtained: 


a/2 ‘ .7 
Ye Bn —jr]4 = 
t E (eel exp ( ye sgn X6) 


e—Jkeo E—IkX |cos $] 1 
Wi mba sath (32) 


If the radius of curvature of the aperture rim at Qo is rg = 1/Ko, 
then 


iiss 


(= Oy cos 8 
Liew shen STERALE 


Se ( 14h =) dsydX (33) 


The integration with respect to XY is of an elementary nature: 


e—JkX |cos 8| pke 
——,—_(1+— ])dx 
| / X =) 
0 4/1 


Tae Be sia (34) 


I4 (1 = J ) 

2kro |cos 6| 
where, as usual, it is assumed that k has a small negative 
imaginary part to ensure convergence. The integrand designated 
as O(1/k+) in eqn. (32) will also contain (1/\/ X)e—J** los! as 
a factor; on integration, the order therefore increases to 1/k. 
Neglecting the term of order 1/k3/2 in eqn. (34), the term retained 
depends on the edge singularity of the current, but is unchanged 
if the current density is modified in such a way that it tends to 
zero as 1/X as X Oo, whilst retaining the present behaviour 
near X = 0. 
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Eqn. (31) has thus been reduced to a line integral along the 
aperture rim: 


; v2 


~ / Tk3I2A 


cos A cos 0) e—skeo I 
x e-ini4 4 0(zan) dsy$ (35 
| Lisette a a Nae 
In general, ¢’ will consist of a sum of such integrals, each 
term being the contribution from one of the stationary points 
corresponding to Qo. The range of integration over so is in 


each case governed by the existence, or absence, of the related 
stationary point. 


at exp [—j7/4 (sgn Xj + 1] 


(4) REDUCTION OF THE LINE INTEGRAL 


(4.1) The Circular Aperture 


For a circular aperture of radius a there is but one term in 
the series for t’, and the integration ranges around the entire 
aperture. 0) = 7+, cosd=1, po = 2a, and Xj = — 1. 
Thus #’, the contribution due to interaction of the transmission 
coefficient for a circular aperture, is given by the following 
expression, also derived and discussed elsewhere:?>7 

1 sin 2Qka — m4) 


1 
Ral oe Fal 


(4.2) Apertures with Principal Axes 


If po, considered as a function of 59, has itself stationary values, 
then the line integral for t’ may be evaluated asymptotically for 
k > 1, by the method of stationary phase. The line QoQ, being 
already normal to the rim at Qj, must be the common normal 
at Qj and Q, if the latter is to determine a stationary value of pp. 
The end points of the major and minor axes of an ellipse provide 
examples of this property. 

The lines joining such point pairs as Qo, Qo, where QoQ, is 
the common normal to the rim at Qo, Qo, will be defined as the 
‘principal axes of the aperture’. 

Consider now one of these point pairs Qo, Qj, with the above 
property, and let the distance QoQ) be p;. A contribution to 
the integral is provided by the neighbourhoods of both Qy and 
Qj. 9 = 7 + O%, and 6 = 0 at Qo and Q): 


cos 4 cos 05 e—skeo 1 
i 0(gaa) [a 


|cos 8| |Xo|"/2_ v/po 
|- iz sgn po o) 


[Xo|"/4| 05 (so)| 1/2 
a 4s / 
exp | —Jz SEN py (So) Ae \ 
Rol [pool (i) 


The order of the neglected terms becomes 1/k, since the terms 
0(1/k1/2) in the integrand also contain the factor (1/1/po)e—/keo, 


, 


ae (36) 


é—Jke1 | exp 


~ _ Vn) 
VP 1 


kil2 


cos? 8) 


as (37) 


Xo = 1 — p1Ko } ay 
X= 1 — pK ae 
uw ee d Pos) 
Po(So) = dso les 
(39) 
wet d Pols) 
SI es oa 
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where the parameter on which py depends has been re-labelled s, 
rather than 59, to avoid confusion. 

When evaluating the derivatives in eqns. (39) it must be borne 
in mind that the positions of Qy and Qj are not independent. 
The calculation is made most simply by consideration of the 
geometrical properties of the curve defining the rim of the 
aperture in the immediate neighbourhoods of Qo and Qo: 


Consider first pg(so). It is sufficient to approximate the — 


curve defining the rim near these points by arcs of the circles 
of curvature at Qo and Qj, as indicated in Fig. 3. The errors 


Q (Ss) 


Fig. 3.—Approximation to curve defining aperture rim near ends of 


principal axis QoQ¢. 


Q(s)Q’ is perpendicular to the circular arc at Q’. 


thereby introduced then vanish in the limit as the arc length QQg | 


approaches zero. 

The radii of curvature at Qo, Qo, will be denoted by rp and ro, 
respectively. The line QQ’ is normal to the arc at Q’; Q)Qo = py 
and Q’Q = po. 


Then 
(po — ¥9)? = 13 + (p1 — 19 — Fo)? + 2ro(P1 — 9 — Fo) Cos & 


(40) 


Differentiation of eqn. (40) twice with respect to s, together with 
the aid of the relations rox = s — so, du/ds = 1/ro, then gives 
the following expression for po(s) when s = so: 


Uae 
oY 1 — p, Ko 


(41) 


(Kok, tka Ke 


Similarly, p(s Ite 
as 1 — p1Ko 


(42) 


The denominators in eqns. (41), (42) are assumed to be 
non-vanishing. 


From eqns. (35), (37), (41) and (42), z’ is now readily obtained. 


, 2 c0s*6y ,f e—iker 7 ; 
SEY) hang + V Pt [exp | - iF can x +sen®)| 
<7 , 1 
+ exp |-# (sgn X) + sgn 05 | }) +0(zp) (43) 
where VY=py KoKo — Ky) — Ky (44) 
Do = Po (So) 
D6 = po(s6) ot 


In general, t’ will consist of a sum of similar terms, each 
depending on the length of the corresponding principal axis, 
and the curvatures of the rim at Qy and Qo: 


- 


(5) THE ELLIPTICAL APERTURE 


deductions will be compared with experiment. 


elliptical form. 


f the ellipse. 


(5.1) The Case of e not too Close to Zero, 1/\/2, or Unity 


is applicable. 


and 2b. 


mespectively. 


Then 
Pa = 2a 
Po = 2b 
1G a fi! 
Ky. =k, = bla 
, 1 + e 
Kaien 1 — e? 
Xp hel 
2 
ae Ms EE ae 
Pea Pe b? (1 +e?) 
,  2e* (1 — e?) 
Samia “b (i — 2e?) 
0, = 4 
T 
%=5+ hi 
A = tab 
e* = 1 — (b/a)” 
ence 


sen X, + sgn ®O, = 

sgn X, + sgn ®, = sgn X, + sen ®, =0 
and 

| sin 2kb 


inally the following expression for the transmission coefficient: 


sin2kb b 
a 


The diffraction of a normally incident plane wave by an 
elliptical aperture will now be examined in some detail, and the 
Experimental 
data appear to be available only for apertures of circular and 


Consider then an elliptical aperture with major and minor 
axes of lengths 2a and 25, respectively, oriented so that the 
ajor axis makes an angle ¢,, with the positive x-axis (see Fig. 4). 
e incident electric field is again polarized parallel to the 
y-axis, and the origin of co-ordinates is taken to be at the centre 


If the eccentricity is sufficiently large, the expression (43) for 
» the interaction contribution to the transmission coefficient, 
There will be two terms in the series for ¢, 
corresponding to the two principal axes of the ellipse of lengths 


A slight change in notation now proves convenient. The 


ysubscripts a, b, will be employed in place of 0 and 1, to denote 
Guantities evaluated at the ends of the major and minor axes, 


(46) 


ee eine (47 


| Se by , cos 2ka BIS 
= - 2) sin parm rae eae +0(zap) 48) 


Adding to t; the geometrical-optic coefficient of unity gives 


i Dales, x > 4 cos 2ka ae 
‘= ] - 2 sin $1 ee — COS oF ka +0(z55) (49) 


As might be expected, this expression becomes singular as e 
approaches zero, since here the stationary-phase arguments fail. 
Eqn. (49) fails to yield the asymptotic form of the transmission 
«efficient per unit length of an infinite slit, deduced by Karp 
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Fig. 4.—Elliptical aperture, with associated symbols. 


and Russek,’ and Clemmow,? in the limit as a-—»oo for 
fixed b (ie. as e->1). For ¢,; = 7/2 these authors found 
t ~ 1—1][4/7(kb)3/2] sin (2kb + 77/4), where 26 is the slit width. 

The explanation for this apparent failure lies in the fact that 
the slit problem is 2-dimensional, the slit length being infinite, 
while an assumption implicit in the present analysis is that the 
aperture is bounded. 

The transmission coefficient for the slit may be readily obtained 
by slight modifications to the present method. These effectively 
transform the analysis into that of the first approximation of the 
theory of Clemmow. The plane wave £7? is still given correctly 
by eqns. (18), with Kj =0. The induced current density, now 
independent of Y, is also given by eqns. (27), with 6 = Oy) = 0, 
6) =7. The integration over Y in eqns. (29) may be imme- 
diately performed, reducing the factor (1/R)e—*® to a Hankel 
function. The factor (1/z)e—/*? in eqns. (28 and (31) is therefore 
replaced by one proportional to (1/\/z)e~. In all other 
respects the analysis is unchanged, and the above expression for 
t follows. 

Although not evident from eqn. (49), the analysis is also 
inadequate when e is of the order of 1/\/2. The modifications 
necessary are considered in the next Section. 


(5.2) The Case of e ~ 1/\/2 


When the eccentricity is of the order of 1/4/2, special care is 
necessary, since X,, vanishes and ©, is singular at e = 1/4/2. It 
is readily seen that in this case, K, ~ 1/(2b), and thus the circle 
of curvature of the rim at one end of the minor axis has its centre 
lying very close to the opposite end. In the neighbourhood of 
this point the interaction field is focused, since the contributions 
from a relatively large portion of the opposite rim arrive in phase. 
Focusing will also occur to a certain extent in the neighbourhood 
of all points on the locus of the centre of curvature of the ellipse, 
but only when this locus lies near the ellipse itself will the trans- 
mission coefficient be significantly affected. 

To study the effects of focusing, the foregoing analysis must 
be repeated with the assumption that e ~ 1/\/2. Some of the 
steps in the analysis may be by-passed through the following 
considerations. Since the minor axis remains a principal axis, 
the integrals occurring may again be evaluated by stationary- 
phase arguments. Thus the first-order interaction effect on the 
transmission coefficient is determined solely from knowledge of 
the induced current density along the normal to the rim at the 
ends of this axis, and the nearby variation of pp. Otherwise the 
analysis follows precisely the same lines as that of the earlier 
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sections. For simplicity, 4; is taken to be equal to 7/2; the 
dependence on ¢, may be reintroduced later. In particular, the 
term 1/(ka)* cos? 4; cos 2ka will remain unchanged. 


Fig. 5.—Configuration oa in discussion in which 
ex 1/2 


If (x, 0, 0), x > 0, is a point on the minor axis, and p is its 
distance from (6 cos , asin ¢, 0) on the ellipse (see Fig. 5), then 


=(x —bcos¢)*+a’sin?d . (50) 
When ¢ ~ 7, p has approximately the following form: 
pebtxte Dg — mp +P gm. 61) 
d*p a ea? 7 be 
where fl. p(n) = (52) 
d4p ee bx ee AG: — 5) 33 [9° 
ai 2a p’(7) haee (53) 
In addition, |p’ (7)| <1 (54) 
2eeeA 
pqs euch (55) 


2b 
ife ~ 1)/4/2,x ~ b. 
The interaction electric field has a y-component only: 
B(x,0;0)i~ = v2a 
7 


ioe) 


—jk(b+ x) a 1» 
TP | anf E a Ep] ap +0(2) 
Y SSRIS 
since ds = (b? sin? ¢ + a* cos? p)'2ddb (57) 


The integral in eqn. (56) is evaluated in Section 9.2, and yields 
the following expression for Ei"; 
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Eim(x, 0, 0) ~ 


1/4 is E—Jk(b+x) 

~ 552 (aomay)) exp | — aah pe oa b+ x 
pO 24 ie E Ripe | 
(r G 4) -ik E k|p'(m)| exp dl 4 sgn p’"(7) 


[kp’(z)] ‘| 1 < 
OS (58) 
(3) + of Reett ) + 9G) ) 
where I'(z) is the tabulated Gamma function. 
The corresponding plane wave is readily found, namely 


where 


Eye > 


(1 — e2)-1/4 1/4 ¢ ue 
 Oa/2t Ca a) (eos 


(7 (j) + wor 5 (2e2 a3) “er (3) 


+ ofteor +0(;) 


3 (2e? — 1)? 
4 -(1-— e) 
The derivatives are now evaluated at x = b. 


Eqns. (28), (29), and (31) may be combined and give for “ 
the following expression: 


pam OT 
= — || ZoJ dS 


where J,, contains the factor e—J*eo, 
Po takes the following form: 


and 


ee se 


po X 2b + Fos — So)” (63). 
with , (now in magnitude very much greater than unity) defined 
by eqn. (46). 

Recalling that an equal contribution arises from currents near 
the opposite end of the minor axis, the integral in eqn. (62) may 
be evaluated asymptotically: 


i | Zoli i Zyl (X; 0, o(1 ae ae 
Ss 0 


[x0 (— nS) as 4 0(;)| (o4) 


2/2 e—kx 
~ a/ rkil2 fear” a 
The integrations are readily accomplished. Upon simplifica- 
tion, the following expression is obtained for te 
Ae 1 [1 — 2e?|1/2 1/4 
e322 e(kbyil4 


where ZoJ,(X, 0, 0) = e—Jt/4 jake 


("@) sin (2x6 = ¥ 5 sgn ®;) + (kb)1I2(2e2 — 1) 
es TQ) sin ( 2kb +3 + zsen®, ) +0fGEory) 


+ 0(gh) 9 


(65) 
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| 
| 
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| 
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(61) 


(62) 


In the region of interest, 


TQ) = 3-625 60 
T'@) = 1-22541 
Cie (lie zes) 6 


The reintroduction of the ¢;-dependence gives finally 


where 
(67) 


_ sin? }y [1 — 2¢2|12 
(a) 


~3I2 ek) 4 
¢ ) a (2b Es a sen®, ) + (kb)'/2(2e2—1) ( a ) 1/2 


1(2)sin (246 +7 +7 sen) +of RET) 


1 
+0(z5a) (68) 
) where |2e2 — 1] <1. 


(5.3) The Case of e ~ 0 


When the eccentricity of the ellipse is very small, evaluation 
‘of the integral in eqn. (35) by the method of stationary phase is 
sno longer possible. Nevertheless, the integration may be effected 
< by expansion of the quantities concerned as power series in e?, 
and retention of only the lowest-order terms. The result appears 
to be of little practical importance, but indicates the first-order 
deviation from the corresponding expression for a circular 
aperture. 

In terms of the polar co-ordinates (r, ¢) in Fig. 4, the ellipse 
‘is represented by the following equation: 


r = b[1 — e? cos* (¢ — $))]-1? 


(69) 


or r= ol + © cos? (d — ¢,) + ae) | (70) 


| If: is the distance between the fixed point (ro, do) and (r, #), 
‘both on the ellipse, the condition for p to be stationary is 
obtained: 


(2 + e [cos? (dg — $1) + cos? (db — $o)]) sin ( — do) 
= e*sin2(¢ — ¢,)[1 — cos (¢ — $o)] + O(e4) (71) 


bd = $9 + 7 + ae? + O(e4) (72) 
ithe solution, d = 44, of eqn. (71), correct to order e”, may be 


‘found, namely 
a = — sin 2(dbo = $y) 


bo = po + 7 — e? sin 2 (Po — $y) + O(E4) 


Hence to each point (ro, $o) on the ellipse there corresponds 
one point (74, ¢5) at which p is stationary. 

If, as before, 9, (05) is the angle between the incident electric 
vector and the tangent to the ellipse at 49, ($4) (see Fig. 6), then 


ee 


| Putting 


(73) 


aad (74) 


(75) 
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Fig. 6.—Diagram with aid of which eqns. (76) may be derived. 


1 dr 
where tan B = E A 
; 5 Po) 
le dh o=¢6 
2 
Then B=- is sin 2($ — $4) + O(¢4) (7) 
=¢+5 = sin (po — $1) + O(E4) (78) 
2 
and 0 = bo + 7 — 5 sin Apo — $1) + O4) (79) 
From eqn. (22), 
= e? sin (dy — $y) + O(€4) (80) 
so that cos 6 = 1 + O(e4) (81) 


The curvature of the ellipse at (r, 4) is given by the following 
expression: 
U(r’)? — rr” + r2 


Kr, ?) = [62 + 2B (82) 
where r= ih 
| dh 
Pan ar. (83) 
r’ = ap 
Then 
Kj = : [1 —e* + 3e? cos? (dg — $1) + O(e4)] (84) 
Xp = — 1 — 2e* cos 2(¢9 — $1) + Oe). . ~~ (85) 
Po = 2b E + cos? ($9 — $)) + ae | (86) 
2 
dso =/9) E a 5 cos” (do Ss $1) + oe | ddo (87) 


Insertion of these relations into eqn. (35), and use of the Bessel- 
function representation 


27 
("| 5 -ixcos e—inp 
é @—Jx cos B—j dB 
27j” 
0 


TX) = (88) 
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yields finally the following expression for ¢,: 


dei 
a oa 725 cP 
e 7 
(10 + € {0 + 5 00S 2¢,[Jo(o) — wo}}) 
2 
sin | 2x0(1 = =) By a 
+ cos 2¢,J,(¢) sin | 2K0( + 5) -- nit 
1 
+ ose + 0| cap | he ue ol Meee COD) 
where c=ukhe?]2 Mdiie hea (90) 
ande ~ 0. 


For e = 0, eqn. (89) reduces to the known value for a circular 
aperture [see eqn. (36)]. 


(6) DISCUSSION 


The close rélationship between the transmission coefficient of 
an aperture and the far field in the direction of propagation of 
the incident wave was recently exploited by Huang, Kodis and 
LevineS in an experimental determination of the transmission 
coefficients of circular and elliptical apertures as functions of 
their dimensions. The measurements on circular apertures were 
compared with the exact theoretical values of Andrejewski,!° and 
good agreement was obtained in the range 2 < ka < 9, where a 
denotes the radius of the aperture. 

It should be noted that it was found possible to measure only 
the amplitude of the far field; the phase was determined from 
theoretical considerations of a variational nature which predict a 
phase difference between the total far-field and incident field 
increasing monotonically with ka from zero to 7/2. For small 
values of ka, which are outside the scope of the present treatment, 
these theoretical determinations of phase are undoubtedly quite 
accurate, but the aperture-field distribution assumed in the 
variational approach is a reasonable approximation to the 
actual distribution only for small values of ka. It therefore 
seems probable that for larger values of ka the monotonic 
increase in phase difference will be modified in some manner. 
An oscillatory fine-structure (exhibited in ¢’) is predicted by the 
present theory, in which, however, no attempt is made to consider 
the monotonic component. The latter is here assumed to be 
m/2 (the value predicted by geometrical optics) for all values of 
ka under consideration. Since for a circular aperture the agree- 
ment between experimental and exact theory was quite good, it is 
unlikely that a major error is introduced by the theoretically 
determined values of phase. In fact, if the measured far-field 
amplitudes (for ka = 6) are employed in conjunction with a 
phase determined by the present theory, there is an almost 
negligible difference between values of the transmission coefficient 
calculated on this basis and the determinations of Reference 5. 

Of most interest at present are the measurements performed on 
elliptical apertures. The ratios of minor to major axes were 1/2 
and 1/3, corresponding to eccentricities of 4/3/2 = 0-866 and 
24/2/3 = 0-943, respectively. These lie in the region in which 
eqn. (49) is applicable. In the experimental arrangement the 
incident electric vector was parallel to the major axis of the 
ellipse, so that $, = 7/2. 

The transmission coefficient determined by eqn. (49) is com- 
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Fig. 7.—Transmission coefficient, te, of an elliptical aperture as a 
function of ka. 


From eqn. (49) ¢; = 77/2. 
—---— Variational approximation of Huang et al. 
© © Experimental measurements of Huang et al. 


(a) e = 0-866. 
(b) e = 0-943. 


pared in Figs. 7(a) and 7(b) with the experimental measurements 
and with the results of a theoretical variational approximation 
also derived in Reference 5. Of the two cases studied, agreement 

of the present theory with experiment appears better when 
e = 0-943 than when e = 0-866. The theory then appears to 

predict the position of the first maximum with reasonable 

accuracy, and certainly compares favourably with the variational 

calculations. 

That there is agreement at all seems rather remarkable, since 
the minimum dimension (i.e. length of the minor axis) of the 
largest aperture considered is less than two wavelengths. A fair 
test of the accuracy of the present theory would require measure- 
ments on apertures larger than those considered here. 

A general picture of the behaviour of ¢, as a function of the 
eccentricity may be obtained from a consideration of eqns. (49), 
(68) and (89). For the sake of simplicity, ¢, will be taken equal 
to 7/2. Then, as e decreases from unity towards 1/\/2, the 
behaviour is that predicted by eqn. (49). The oscillations of the 
form sin 2kb are damped by the factor 1/[e(kb)?], resulting in an 
increase of amplitude, for fixed values of b, with decreasing values 
of e. When e, decreasing, approaches 1/\/2, eqn. (68) is appro- 
priate. The oscillations take the form sin (2kb — 37/8), with 
their amplitude decreasing towards zero because of the factor 
|1 — 2e?|1/2, Thus, in fact, the theory predicts t, =1 for all 


sufficiently large values of a and b such that e = 1 [/2. For 
° # 1/\/2, the dependence on kb of the amplitude of oscillation 
ecomes 1/(kb)7/4,. As e decreases from 1/4/2, the oscillations of 
‘, are initially of the form sin (2kb + 7/8), and their amplitude 
wmereases from zero. The expression (49) again becomes appli- 
cable, the amplitude of oscillation once more increasing with 
decrease of eccentricity. Finally, for e ~ 0, eqn. (89) predicts 
he behaviour of f,. The oscillations, for very small e, take the 
yorm sin [2kb(1 + e?/4) — 7/4], and the dependence of their 
mplitude on kb becomes 1/(kb)3/2. 

In conclusion, it might prove worth while to discuss briefly 
she expected accuracy of the results that have been obtained, 
yogether with possible applications and generalizations. 

The accuracy of the foregoing deductions depends ultimately 
n the validity of eqns. (1) as a representation of the aperture 
sield. All other approximations that have been made appear to 
2e quite legitimate when effects of only the first order in 1/k1/? are 
-onsidered. From the method of their derivation it is expected 
hat eqns. (1) are asymptotic (to the first order in 1/k!/2) to the 
tue aperture field. 
There is also other evidence in support of this conclusion. As 
jwentioned in Reference 2, the interaction component of the field 
in the aperture may be calculated from an assumed current 
istribution over the entire screen. If, at the edge of the large 
“aperture, the singularity of the distribution is that of a half- 
wione, the interaction field calculated in this manner is identical, 
ye order 1/k1/2, with that determined from eqns. (1). The solution 
of Chang’ for the current density verifies the half-plane behaviour 
xear the rim of a circular aperture. It seems hardly likely that 
he same is not true for large apertures of more general shape. 
It may therefore be concluded that the expressions obtained 
‘yor the first-order component due to interaction of the transmis- 
sion coefficient should be identical with those deduced from a 
“sigorous solution of the problem, were such a determination 
‘»ossible. The simplicity of this theory is such that it yields 
information in cases where rigorous analysis proves intractable. 
It has been assumed throughout that the curve defining the 
“xperture rim possesses positive curvature everywhere along its 
‘ength. The complications which ensue when radiation from a 
urrent element on the rim to P is intercepted by an intervening 
‘yortion of the screen are thus avoided. Suppose, however, that 
he curvature is not everywhere positive, but the aperture is such 
hat it possesses principal axes which all lie entirely interior to 
Whe aperture. Then this complication does not arise in the 
‘egions of importance, and the expression (43) for the interaction 
omponent of the transmission coefficient is probably valid in 
his case also. 

In addition to yielding information concerning apertures of 
various shapes, the formulae that have been derived might prove 
‘useful when applied to scattering by large, perfectly conducting 
“lises, since the scattering coefficients of such discs are, by 
3abinet’s principle, just twice the transmission coefficients of the 
Somplementary apertures. A serious limitation, however, is the 
*resent restriction to normal incidence. This could be removed 
»y a more general formulation of the problem to oblique inci- 
“lence, employing, for example, the solution to the quasi 3-dimen- 
ional half-plane problem given in Section 9.1. By methods 
irsilar to those used for grazing incidence in Section 3, the 
)poroximate current distribution on the screen when interaction 
3 seglected could be determined, and from it the interaction 
yoxaponent of the aperture field. The remaining analysis would 
Yiolfow closely that of this paper, although undoubtedly the 
<igebra would be rather more complicated. 

The aperture field is itself of some interest, and may be cal- 
w ated by evaluating eqns. (1) asymptotically for a more general 
‘1 point than has heretofore been considered. This aspect 
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of the problem has been discussed with regard to a circular 
aperture in Reference 2, to which the reader is referred for details. 
In this latter case it is impossible to apply stationary-phase 
arguments to the evaluation of the integrals in a neighbourhood 
of the centre of the aperture, but for an aperture of more general 
shape this eventuality will not arise. The chief difficulty appears 
to lie in the determination of the stationary points as functions 
of the point P. For a circular aperture the location of these 
points is obvious, but even for an elliptical aperture the problem 
is considerably more difficult. Nevertheless, it is possible to 
find the solution fairly easily for the field along the major and 
minor axes. The numerical integration of eqns. (1) by any of 
the standard methods is also feasible in cases where an analytical 
expression is not required. 
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(9) APPENDICES 


(9.1) Diffraction of an Obliquely Incident Plane Wave by a 
Half-Plane 
Let the field given by 


Ei = (—m, 1, O)eik UX +my¥ +2) 
ZoHi = (In, mn, —1* — m?)eikUX + mY +nZ) 


(91) 
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be incident from Z> 0 onto the perfectly conducting screen 
Z=0,X >0. (I, m,n) are direction cosines of the incident waves, 
so that /? + m? + n? = 1, and time dependence, /°(w > 0), is 
understood. Then the total field is given by the following 
expressions: 


Ex =— | mo + m(es) exp (—iKp Fi 


sin 46 sin 12 | ejkmY 


2 \1/2 ra 
Ez = m(=) exp ( —iKp iz) 


cos 46 sin 4ace/kmY 


2 \1/2 7 (92) 
FL iil eso eRe ere 
ZH, = | ny +(A—m Nese) exp ( iKp iz) 
cos 36 sin ix | eskmy 
ZoHy = mn eikmy 
a) 1/2 
Lean 773 oAe4 UNG) Wa ore) ama 
Zari la + m)D — (IA — m 1a 
exp (— jKp — ip sin 40 sin 3 | eskmY 
hi - bt iKp cos (0 — yard 
V (2K) cos 4(0 —«) / (2Ke) cos 4(6 +a) 
vn are, 1 . , 7 jx 
|. j dr = exp | iKp cos (0 + «) + j | e—Iv dr 
(93) 
and 1=Acosa,n=Asina,A= + 4/(2 + n 
K =kA, X = pcos, Z = psin@ a 


In the present application, « = 7, and the tangential com- 
ponent of magnetic field is given by 


when X >0. The minus and plus signs refer to the sides of 
the screen on which Z = + 0 respectively. 


ZoHx(X, 0,0) = 


(9.2) Evaluation of a Certain Integral 
The integral concerned is of the following form: 
ioe) 
l= i exp [—jk(au* + But)]du . . . (96) 
0 
where |«| < || and & may be taken as real. 


i) exp [—jk(aw? + Bw4)]dw +0 as R-> oo. 


where 


w- PLANE 


Fig. 8.—Path of integration, C, in w-plane. 


7 ~ 


Consider [ew [—jk(aw? + Bw)|dw, where w=u+ jv, 


taken around the contour C in the w-plane illustrated in Fig. 8. 
There are no singularities of the integrand within or on C. 


Hence { = 0, by Cauchy’s theorem. 

C 

Then 

lexp [—jk(aw? + Bw4)]| = exp [k(«R? sin 24 + BR4 sin 4¢)] 
Choose o equal to —7/8sgn 8. B sin 4¢ <0 on the arc, so 


On the circular arc, put w = Re/¢, 


c 
foe} 


Hence J[= or | exp (—jkaR7e/2°)e—KIGIR*dR , . (97) ; 
0 
Now, if m, n, and p are all greater than zero, then 


oa) © 
1 
—px™ Se, [@+1) —l,-t | 
| Mie cae aan | a a el | 
0 0 } 
1 i | 
~~ mpe+ Dim r(~— . ° (98) 


Tz) -| Polesdp a ae Oo" 
0 
The first exponential under the sign of integration may be 


expanded in a power series in R*, and the integration performed 
term by term, giving the following expansion: 


I = exp (-45 sen 8) |} mann? (a) 


fei pl aos 3y (ke)? 
— jkael ie anne T(G)| 2 of aaa am || (100) 


from which egn. (58) readily follows. 


SUMMARY 

The paper is divided into three parts, concerned respectively with the 
imeasurement of cathode emission and resistance and with the relation- 
iship between these two parameters and the mutual conductance of a 
)pentode receiving valve. 
Part 1 describes a method of extrapolating the zero-field total cathode 
‘emission at normal operating temperatures from the low-temperature 
emission measurement. It is shown that the final result is inde- 
ypendent of contact-potential variations or potential drops across 
neathode, interface or collector films. The cathode work-function can 
‘also be derived from the extrapolation. 
- The inadequacies of existing methods of measuring cathode resistance 

1 in normal valves are considered in Part 2, which examines the possibility 
dof substituting an empirical relation between emission and resistance 
ywhereby the average cathode resistance for a batch of valves may be 
j@uickly computed from the average cathode emission. 

In Part 3 are devised relationships between the state of the cathode 
and mutual conductance of the valve which are based on theory and 
yexperiment. These form models which may be compared with the 
ilife-test measurements of mutual conductance and low-temperature 
(total emission. It is found that the model which accords best with the 
; ilife-test results is that which employs the concept of the cathode state 
being a function, not of emission alone, but of emission and resistance 
\{together. 

In reaching this conclusion it is apparent that the validity of the 
comparison between the models and the life-test results must stand 
Dor fall by whether the assumptions which must be made in connection 
with the cathode work-function can be justified. With one exception 
lit does, in fact, prove possible to justify all the assumptions required: 
_|the exception indicates, however, that the relationships which form 
|the acceptable model have a limited, not a general, application. 


LIST OF SYMBOLS 


I, Iz, = Collector current in triodes or pentodes with 
control! grid used as collector, mA. 

I; = Total cathode emission, amp. 

(,.)w = Total cathode emission at 1020°K, amp. 
(7 = Total cathode emission at P, = 400mW, amp. 

I, = Anode current, mA. 

I,, = Collector current at onset of retarding field con- 
ditions for cathode of infinite total emission, 
mA. 

V = Collector voltage, volts. 
V4 = Applied control-grid voltage, volts. 
Vo = Value of V,; at the onset of total or saturated 
emission, volts. 
V;, = Voltage drop across any cathode-core interface, 
volts. 
Vuz = Voltage drop across the cathode matrix, volts. 
V,;, = Voltage drop across any collector film, volts. 
Vs = Voltage drop across the vacuum at the onset of 
total emission, volts. 
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Vin = Negative minimum voltage, volts. 
Vg = Equivalent diode voltage, volts. 
V, = Anode voltage, volts. 
V2 = Screen voltage, volts. 
V, = Heater voltage, volts. 
V., Vcp = Contact potential between grid and cathode, eV. 
P,, = Heater power, mW. 
&m = Mutual conductance of pentode, mA/volt. 
F{, Fo, &j2 = Constants from Liebmann’s paper. 
a = Pentode ratio (cathode current)/(anode,current). 
R;, = Cathode resistance, ohms. 
d, S = Cathode-collector distances, m and cm, respec- 
tively. 
Xm = Distance of space-charge voltage minimum in 
front of cathode, m. 
T = Cathode temperature, °K. 
A = Cathode area, cm?. 
A) = Constant in emission equation (6), amp-deg~”. 


e electron charge : 
i TBaen cobs 


g = Constant in eqn. (13). 
oy = Matrix conductance, ohm~!. 
¢c = Total work function of the collector, eV. 
db, bx, $1, $2 = Total work function of the cathode, eV. 
¢, = External work function of the cathode, eV. 
dé” = Total work function of the cathode referred to 


eqn. (6), eV. 


THE MEASUREMENT OF CATHODE 
EMISSION 


(1) INTRODUCTION 

It is well known that the mutual conductance of a receiving 
valve changes with time: at a constant anode current it deteriorates 
at a rate depending on the quality of the valve. It is also known 
that the total or saturated emission obtainable from an oxide 
cathode deteriorates with time and that the cathode resistance 
increases with time. There is general qualitative appreciation 
that the deterioration in emission and the increase in resistance 
are probably the direct cause of the falling mutual conductance. 
The quantitative links are not so easily determined, and this is 
in large measure due to the difficulties inherent in the measure- 
ment of cathode emission and resistance in a normal valve. 
The measurements must, of course, leave the characteristics of 
such a valve entirely unchanged after they have been completed. 
It is also impossible to make use of any artifice involving special 
valve construction (such as cathode probes for example) since, 
by definition, the measurements must be undertaken on a com- 
pletely normal valve. 

The paper considers the techniques available for such measure- 
ments and examines reasonable quantitative relationships 
between cathode emission, cathode resistance and mutual con- 
ductance. 


Part 1. 
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(2) THE TWO ALTERNATIVE TECHNIQUES OF EMISSION 
MEASUREMENT 

At normal cathode temperatures (~1000°K) the measure- 
ment of zero-field total electron emission from the oxide cathodes 
of valves intended for space-charge-limited operation has always 
presented a problem. Direct measurement of normal- 
temperature total emission is possible only if a pulse technique 
is used with high collector voltages applied to the control grid. 
This necessitates extrapolation to zero-field conditions. An 
approach to the zero-field condition is important on theoretical 
grounds and also in practice, since the equivalent diode voltage 
under space-charge-limited operation is usually only of the order 
of 0:5 volt. Alternatively, d.c. measurements at acceptable 
power dissipations are practicable only at sub-normal cathode 
temperatures, although a closer approach is made to the zero- 
field requirement. 

Additional difficulties arise under pulse conditions, since the 
measurement itself may impair the emission if the valve is not 
free from gas and if there are films on the collector. Both 
measurements are subject to doubts arising from lack of know- 
ledge of potential distributions across the cathode and collector 
and from uncertainties in contact-potential variations. 

Over the past few years those engaged on thermionic-valve 
investigations in the Post Office have found it necessary to make 
comparative emission measurements on large numbers of valves. 
It was therefore desirable that the apparatus used should be 
simple, permit a rapid testing rate and present no difficulty in 
co-ordinating agreement between different investigators. The 
d.c. measurement at low temperatures, requiring essentially only 
voltmeters, milliammeters and 1.t. accumulators, is particularly 
suitable in these respects, and has therefore been adopted as a 
standard technique. Because of the difficulty of extrapolating 
from low to normal temperatures, measurement at the former 
temperature has been used by itself as a basis for comparative 
emission studies; some justification of this procedure is con- 
sidered in Part 3. 

The low-temperature technique has been described by Metson, 
Wagner, Holmes and Child,? and the basic details of the method 
still apply. Improvements have been made in the control of 
heater power and in the testing rate to such an extent that it is 
now practicable to measure the emission of 10 valves in about 
5 min. 

The difficulties of the double extrapolation to zero field and 
normal temperature are considered below, and a more elaborate 
technique is described whereby extrapolation may be effected. 
Greater reliability and additional data are, of course, obtained 
only at the expense of a slower testing rate, and it is as a supple- 
ment to, and a check of, the standard method in isolated cases 
that the new method will find its greatest use. 


(3) MORE DETAILED EXAMINATION OF THE LOW- 
TEMPERATURE MEASUREMENT 

The measurement described in the earlier paper? is under- 
taken at one heater power (400mW for a 2-watt heater) corre- 
sponding to a cathode temperature of about 700°K, and the 
collector voltage applied to the control grid is kept constant at 
5 volts. These conditions correspond to measurement at a 
single point, P, on a typical log J,;/ V., characteristic, as shown 
in Fig. 1. A family of curves exists for any one cathode, each 
being similar to that shown in Fig. 1 and identified by a par- 
ticular cathode temperature. 

It is useful to identify the component parts of the log Dla 
curve with the potential diagrams of the cathode-collector 
system. The curve in Fig. 1 comprises three parts, AB, BC 
and CD. AB corresponds to retarding field conditions with no 
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Fig. 1.—Typical log Igi/V 1 characteristic of a modern receiving valve 
(T ~ 700° K) 


potential minimum existing between cathode and collector © 
surfaces; under the conditions corresponding to B a potential | 
minimum appears at the surface of the collector, giving a zero 
potential gradient or zero field at that surface. BC corresponds } 
to space-charge-limited conditions with the potential minimum | 
occurring in the space between collector and cathode; at C there | 
occurs the onset of total or saturated emission as the potential } 
minimum disappears into the surface of the cathode and zero- 
field conditions apply. The part CD corresponds to Schottky } 
accelerating-field conditions, once again without a potential 
minimum between cathode and collector. “| 
It is clear that the condition represented by the point C is the 
one which is of most interest for zero-field emission, and the [| 
relevant potential diagram is shown in Fig. 2. Here the Fermi | 
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Fig. 2.—Voltage diagram of an oxide-cathode diode at onset of 
saturation (Point C, Fig. 1). 


level, F';, of the cathode core is used as a reference and positive » 
voltages are measured downwards. The voltage difference 
between the Fermi levels F; and F, of the cathode and collector 
cores corresponds to the voltage applied externally to the cathode-- 
collector system, i.e. to Vp in Fig. 1, with the collector positive ) 
with respect to the cathode. It can be seen from Fig. 2 that 


Vo=V,+Vy-oet+Vst+¢ce+Ve . . Ce 


Now the contact potential between the cathode and the collector 


8 given by 
Vep = bc i bx 
aken here as positive if d6¢ > dx. Thus 
Oe) Mae cate) mat Vc. 
he signs of all terms being positive if 6¢ > dx. 
Consequently, when measuring total emission from a cathode 
nder conditions corresponding to the point P in Fig. 1, at a 
onstant applied collector voltage, the emission is subject to a 
ield effect dependent in some way upon the voltage difference 
“; — Vo, and therefore upon Vo. If several measurements of 
mission are taken under the condition P at different low tem- 
eratures, and are used to extrapolate to the emission at normal 
emperatures, then it is implied that either Vo is invariant with 
mperature or the field effect is negligible. It will be shown 
a Section 5 that the field effect is certainly not negligible, and, 
hrough examination of the temperature dependence. of the 
=rms on the right-hand side of eqn. (2), it will be shown in the 
.ext Section that Vp is not independent of temperature. Conse- 
juently, the extrapolation described is invalid. 


(2) 


+ TEMPERATURE VARIATION OF THE FIELD EFFECT 


The terms on the right-hand side of eqn. (2) have different 
egrees of temperature dependence. It is reasonable to assume, 
o« instance, that V¢p is substantially constant with temperature 
"yer a range of about 150°K when p.d.’s which affect the issue 
ire of the order of 0-1 volt. 

For the voltage drop across the cathode matrix under saturation 
nditions the relation 
(3) 


Vu =1slou 
Vu C g—ebelkT 


olds, so that 
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Fig. 3.—General curve relating emission, Js, and 
cathode-collector voltage, Vs, at onset of saturation. 
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Under these circumstances there is a definite dependence of Va, 
on temperature. 

A relation similar to eqn. (3) holds for V; and V; if an inter- 
face layer or a collector film is present. In these cases, however, 
Is still refers to the cathode emission current, whereas the con- 
ductance term refers to either the interface or the film. It is 
unlikely that the total work function of the cathode will equal 
the internal work function of either the interface or the film— 
the only condition which would give temperature independence. 
It is therefore probable that V,;, V; and Vj, are temperature 
dependent, although it would not be easy to determine experi- 
mentally the quantitative nature of the dependence. 

It remains to consider the voltage drop between the cathode 
and the collector surfaces which produces a potential minimum 
at the former surface, and here a theoretical determination of the 
temperature dependence can be attempted. The magnitude of 
Vs; can be derived from Langmuir’s equation relating space- 
charge-limited current with the cathode-collector voltage in a 
diode system. A simplified method of treating this problem 
has been developed by Ferris,9 and using his approach it can be 
shown that Vg increases with temperature. Two curves are 
included to illustrate this change: Fig. 3 is a general curve 
relating log I;/I,, and eVs/kT, where J,, is a constant used by 
Ferris—a function of valve geometry and temperature which is 
defined as the current corresponding with the point B in Fig. 1 
for a cathode of infinite emission. It is possible to derive further 
curves from this general curve which will relate Vg and T for 
any particular level of cathode emission and any diode system. 
Fig. 4 shows an example for the following special conditions: 


(i) A total cathode emission given by the equation 
Is = 10075/4e—e¢/kT amperes. . . . . (4) 
with ¢ = 1-leV. 
(ii) A diode system defined by 
TENS |r Agee 
== (Vo —3( —_ — ai 
Te 0 245)G 10 (a0) 3 milliamperes (5) 


where A = Cathode area = 0:45 cm?. 
S = Cathode-collector separation = 0-015cm. 
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Fig. 4.—V,/T relation for diode system defined by eqns. (4) and (5). 
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On the basis of this discussion it is clear that Vp is temperature 
dependent. It is also clear that it is difficult to determine the 
theoretical value of Vo at different temperatures, because it is so 
dependent on work functions which are not easy to determine 
experimentally on normal valves. It is also difficult to deter- 
mine V, from the deviation of DCB in Fig. 1 from a straight 
_ line to a curve, owing to the restricted length of CD) (he 
voltage corresponding to the point D should not exceed 5 volts, 
owing to the danger of film breakdown.) 


(5) AN ALTERNATIVE APPROACH TO THE 
FIELD CORRECTION 

An alternative approach to the problem of correcting for the 
field effect in the low-temperature emission measurement may be 
seen by considering in more detail the curve obtained by recording 
emission measurements as a function of temperature at constant 
collector voltage. This curve was rejected in Section 3 as a basis 
for extrapolation owing to lack of means of assessing the field 
effect. The curve is, of course, a plot of log J, the recorded 
emission, against 1/T at constant voltage, and a typical example 
is shown in Fig. 5 (curve SRQ) for a collector voltage of 3-5 volts. 


100 


iil 


Fig. 5.—Typical log 1/1/T) characteristic with collector voltage, V1, 
as a parameter. 


The rejected extrapolation is the straightforward extension of 
SR to give an emission value at normal cathode temperature. 
Referring once again to Fig. 1, it will be appreciated that P 
for a collector voltage of 3-5 volts may be in the region CD, 
may coincide with C or may be in the region BC, as the tem- 
perature increases. This is, in the first place, due to the fact 
that Vp is substantially constant, as was pointed out in Section 3. 
The location of P in connection with the three possibilities, 
CD, C or BC, is therefore dependent on the magnitude of 
Vo — Vcp. Now it can be shown [egn. (2)] that Vy — Vop = 
Vr + Vs, provided that there is no interface or collector-film 
resistance. It can also be shown that the increase of V, with 
temperature is the controlling factor when considering the 
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changes of Vy + Vs, and therefore of Vo — Vcp with tem-) 
perature over the range 650-750° K. At very low temperatures,’ 
P will be in the region CD and the measurement will be made: 
under accelerating field conditions. As the temperature rises, 
the increase of V, will cause Vg — Voep to increase, and C val 
move towards P. When P coincides with C the space-charge 
minimum will just appear at the cathode surface and will cause 
a zero off-cathode potential gradient. As the temperature) 
increases further, C will pass further to the right and P will fall) 
in the region BC, where space- -charge-limitation applies. | 
In Fig. 5 the portion of the curve SR is identified with P| 
location of P in CD, i.e. with accelerating field conditions, and’ 
| 


the portion of the curve RQ is identified with the location of 
P in BC, ie. with space-charge-limited conditions; the point R, — 
where the straight line SR becomes the curve RQ, is identified E 
with coincidence of P and C, i.e. with zero off-cathode potential | 
gradient. Thus R can be regarded as the only point on SRQ 
measured under effectively zero field conditions and the emission | 
at that point will be independent of any considerations of contact- 
potential variations or potential drops across the cathode, the 
interface or the collector film. 
The points R’, R’” and R’” are also measures of zero field 
emission at different temperatures, being derived from curves 
having collector voltages Vj, V;’, V;’, equal to 4-0, 4-5 and 
5:0 volts respectively. Now all the emission equations, of 
which 
I, = AMT" exp (—e¢™/kT) 


is the general form, imply a zero field. [The use of (n) as distinct 
from n implies an identifying superscript as distinct from a power 
index.] It is therefore argued that R, R’, R” and R’”’ are the) 
only points in the log TJQ/ T) field of Fig. 5 which may be us 
to extrapolate the emission to normal temperatures. If this is 
done, the form of emission equation implied is that due LS 
de Boer, where n = 0 in eqn. (6). 

As is well known, it is not possible to discriminate experi- f 
mentally between the several emission equations using different 5 
values of n, such as n = 0 (de Boer), nm = 4 (Richardson) and i 
n = 5/4 or 2 (semi-conductor theory). Here the use of n = 0- 
is taken for experimental convenience rather than in support of | ! 
the de Boer equation against the rest. The value of work function} 
so derived is 6, but, if necessary, the points R, R’, R’” and R’“”’} 
can easily be replotted to conform with any other chosen form} 
of index, e.g. 2 or 5/4. If this is done the values of work function 
are not very different, being reduced from the 6 value by 0- 05) 
COLO BENE 

Before proceeding to a more detailed consideration of the’ 
experimental method and results in the next Section, it is worth} 
‘while commenting on Fig. 5, which forms the basis of this! 
Section. First, the compensation for the field effect is seen to! 
be of considerable importance. Extrapolation of SR to 1000°K! 
yields a normal-temperature emission of 700mA, while extra: 
polation of RR” yields 2-2amp. The value of xO) based on! 
RR’ is 1:08eV, and a work function of 0-86eV may be cal-! 
culated on the basis of SR, but while 1-08 eV is within the range’ 
of work functions generally accepted for the (BaSr)O coho j 
0-86eV is not. 

The linearity of the SR plot, which enables the onset of space- 
charge limitation to be defined at R, where curvature starts, is 
due to the fact that the relation between Vs and T is roughly 
linear over a limited temperature range. It is interesting to oa 
that, moving to the right from R along RS, Vy decreases with 
decreasing temperature. There comes a time, as Vg decreases’ 
sufficiently in magnitude, when the relatively slow change of 
Vuz With temperature supervenes. At this point the log J,/(1/ T) 
plot increases noticeably in slope, ie. takes an abrupt kink 
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wnwards. Fortunately this occurs at a temperature between 
pnd 100 K lower than the zero-field point (it occurs where 
0°/T = 1-6 in Fig. 5). This permits the linearity of SR to be 
timated over a reasonable range. 


(6) EXPERIMENTAL DETAILS AND RESULTS 


A simple circuit such as that shown in Fig. 6 has proved to be 
ery Suitable for measuring the curves shown in Fig. 5. The low 


VALVE 
7 UNDER TEST 


6Vv 


Fig. 6.—Circuit used for emission measurements. 


sistance (~6 ohms) of the voltage divider BC provides sub- 
tantially constant voltage sources of 5-0, 4:5, 4-0, 3-5 and 
+6 volts, although it will be realized that the precise value of 
oe voltage is immaterial, provided that it remains constant. 

if a single valve type is being tested, a common heater- 
ewer/cathode-temperature relationship can be used without 
rious error. Thus the heater power is set at some particular 
atue and the collector currents are recorded for the four or five 
jollector voltages. Four or five points are therefore obtained on 
ae log 7/(1/T) curves at one value of 1/7. The readings are 
peated at different heater powers. The measurements neces- 
ary to complete a set of curves can be taken in about 15 min, 
lowing about 1 min for the cathode temperatures to become 
tabilized before all readings except the first, where 3 min should 
ye allowed from cold conditions. All heater-power and 
pllector-voltage changes are made with the control-grid key 
n, and the collector current readings are taken by momentary 
epression of the key. 

_ From experience the lowest values of J which need to be 
corded, corresponding to S, S’, etc., are of the order of 1mA 
it a cathode temperature of about 640°K. The points Q, Q’, 
c., will have been reached in almost all cases before J reaches 
OmA and before T reaches 760°K. In many cases it will be 
pund unnecessary to record currents higher than 10mA. 
‘ecause of film breakdown, the highest collector voltage used 
: 5 volts. In general, about 10 sets of readings at 10-15°K 
tervals will be found adequate. The whole family of curves 
. shifted to the left for valves with poor emission levels, and to 
oe right for exceptionally good valves. 

The distance over which RR’”’ must be extrapolated is sub- 
-antial if the valve is good, and is much reduced as the valve 
eteriorates. Support for the reliability of the extrapolation 
; derived from the results quoted in the next paragraphs. The 
alues of ¢ and total emission at normal temperatures are in 
greement with generally accepted results, and in addition, 
ome correlation is found between results obtained using this 
«trapolation and results depending on extrapolation from pulse 
easurements. 

Values of A [eqn. (6)] for 27 valves are plotted in the form 
f « histogram in Fig. 7, together with extrapolated values of J, 
& *020°K (roughly equivalent to V, = 6-0 volts). It will be 
en that a mean value of ¢© of about 1:4eV is obtained, 
“hich would give a value of 69/# of about 1-3eV. The mean 
or mnal-temperature emission of about 1-Samp corresponds to 
aap/cm?. The valves are of the deep-sea repeater type, and 
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18 2:6 3:4 42 


LOG ihe »mA 


Fig. 7.—Values of 6 and J; at 1020°K for 27 valves. 


almost all of them have platinum cores. Within the relatively 
small sample no clear correlation could be detected between 
$© and J,, ie. that high values of J,, for example, are not 
uniquely associated with low values of J, 

One other item of interest should be noted. The measure- 
ments on the 27 valves were made whilst they were on life tests 
and after varied periods of time. If the average work functions 
are considered on a time basis, the following information can 
be derived: 


Valves measured- Average value of $(°) 
eV 


Between 0 and 500 hours 1:3 
Between 500 and 1 500 hours 1:4 
Over 1500 hours .. 1:6 


There is thus some evidence of increasing work function with 
life. 

Despite the lack of a really successful pulse technique, an 
attempt was made to compare the emission of some valves 
measured under both pulse and low-temperature methods. For 
the pulse measurement, extrapolation to zero field was made 
using the Schottky line. Agreement to within about 20% was 
obtained in some cases; in others the pulse-derived emission 
was only 50° of the low-temperature derivation, although here 
clear indication of deterioration under the influence of the high- 
voltage pulse (100 volts) was obtained. It is, however, felt that 
a more rigorous comparison should be undertaken using single 
pulses in place of the pulse recurrence frequency of about 
1000 pulses/sec that is sometimes quoted. 


Part 2. CATHODE RESISTANCE IN RECEIVING 
VALVES 


(7) INTRODUCTION 
The oxide cathode is of finite thickness and consequently has 
an associated conductivity and resistance. In the cathodes of 
most modern receiving valves the resistance has two components, 
namely that of the oxide coating itself and that of an interface 
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layer between the coating and the metallic cathode core. It is 
not proposed to consider the interface layer in the paper, because 
the associated experimental work is based on valves whose 
cathodes do not develop interface resistances, namely valves 
with platinum cores. There is also a reasonable possibility of 
eliminating the interface entirely in future commercial valve 
production through the adoption of new cathode-core alloys. 
The technique for measuring interface resistance is, in any case, 
well known and is described in detail elsewhere.! The technique 
for measuring the resistance of the oxide coating itself, on the 
other hand, is very difficult, and a review of the problems involved 
is given in the next Section. 

The resistance associated with the oxide cathode is not, so far 
as the paper is concerned, equated to any physical model. It 
has been suggested by Loosjes and Vink? that the mechanism of 
conduction through the coating consists of a combination of 
pore conduction and solid conduction, with the former pre- 
dominating at normal cathode temperatures (~1000°K). Most 
investigators favour this model, but the model requiring solid 
conduction alone has not been entirely excluded. Although a 
detailed physical model is not required here, it will be seen that 
certain properties of the oxide-cathode resistance are stressed by 
the results obtained in later Sections. 


(8) THE MEASUREMENT OF CATHODE RESISTANCE 


The méasurement of cathode resistance on normal receiving 
valves is subject to the same limitations that apply to the 
measurement of cathode emission. The measurement must 
leave the characteristics of the valve unchanged after completion 
and must be undertaken without the use of any special valve 
construction. This second limitation immediately excludes the 
only really reliable methods of resistance measurement, namely 
the use of embedded probes or measurements on cathode blocks 
between large electrodes. 

Despite these limitations, attempts have been made to measure 
cathode resistance in normal valves. Two methods have been 
suggested which are based on the shape of the current/voltage 
characteristic, using the control grid as collector, one being based 
on the displacement? of the characteristic and the other on the 
curvature+ of the characteristic in the retarding field region. 
Both methods suffer from the disadvantage that the derived 
resistance includes the resistance of any film present ‘on the 
collector, and both give results which vary with cathode current, 
ie. they vary with that portion of the current/voltage charac- 
teristic used to make the calculation. The reason for this is not 
completely understood, and the quantitative basis for the variation 
is lacking. Thus it is not considered profitable to use this type 
of measurement at this stage, although information gained in 
such measurements is used in framing a hypothesis to test against 
experimental evidence. 

In the discussion on Reference 3 Eaglesfield suggested that 
measuring the shift in the grid-voltage/grid-current characteristic 
when screen-grid current is caused to flow by an applied voltage 
was the simplest method which might be applied to a normal 
valve for the derivation of cathode resistance. The results 
yielded are of the right order, but are subject to variations 
depending on the grid current used to measure the shift of the 
characteristic and on the screen-grid voltage. This lack of 
precision is fundamental to the method and has prevented its 
use here. Finally, Nergaard> has suggested an equivalent circuit 
which may be employed in a bridge network in order to determine 
the values of R and C to be associated with the oxide cathode, 
against which the equivalent circuit is balanced. This type of 
method has been criticized by Tillman, Butterworth and Warren® 
in their work on the dependence of mutual conductance on 
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frequency. They hold that, even when considering the interface 
impedance on its own, its representation as two elementary com- |} 
ponents only is inadequate for the explanation of certain experi- |) 
mental results. It is consequently felt that the combined Bs 
representation of oxide cathode and interface by the networks ib 
suggested by Nergaard may require qualification. 
At the moment, all available methods of measuring the |) 
resistance of the oxide cathodes of normal receiving valves | 
require some form of qualification, and thus none of these j 
methods will be used directly in the examination of the relation- } 
ship between emission, resistance and mutual conductance. As i 
an alternative approach it is proposed to calculate the resistance | 
of the cathode from the emission in a manner which has some I 
experimental justification. | 


The validity of the calculation will | 
then be examined against other critical experimental data. ib 


el 
m1 
i 
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(9) CALCULATION OF CATHODE RESISTANCE 


In order to calculate the resistance of the cathode, use is made 
of the proportionality of emission and conductance reported by © 
Metson et al.3 and by Hannay et al.!° A comparison was made } 
between the resistances of oxide cathodes measured by Dalman’s ~ 
method and by the method used in Reference 3. The results 
were of the same order in both cases, and because of the mutual © 
support it was decided to use the proportionality equation © 
[eqn. (8)] from Reference 3 in this investigation. The equation © 
is more conveniently expressed as 


I,Ry = 1-6 (7). . 
Although this equation was established at low cathode tem- | 
peratures (700-800° K), it is intended to extend its use up to |! 
normal cathode temperatures (~1 000° K). ] 

A corresponding equation can be deduced from Hannay, . 
MacNair and White’s paper!° with a figure of 0-5 in place of the © 
1-6 used in eqn. (7). Additional comment on the choice of 1-6 7 
will be given in Section 13. 4 

When considering the relationship between emission, resistance — 
and mutual conductance in the Sections which follow, eqn. (7) 
will be used, with other factors, to derive relationships between 
the state of the cathode and the mutual conductance of the valve. | 
When using eqn. (7) in any context the emission and resistance | 
must, of course, be measured at the same temperatures. If the © 
equation is applied at normal temperatures, it is the normal-— 
temperature total emission which is involved. This may be — 
derived from the method described in Part 1, but, if many valves | 
are to be subject to examination, this procedure would consume | 
excessive time. Alternatively, an approximate calculation of the 
normal-temperature emission can be made by using the equation | 


Un = 100003)z7 « (8) 


This relation can, of course, best be used when considering | 
the average results for batches of valves, rather than in individual 
cases. It can be justified to some extent for batch treatment in 
that the multiplying factor of 1000 used in eqn. (8) assumes a 
value of 6 of 1-32, which is in reasonable agreement with the — 
experimentally determined average value of A taken from 
Fig. 7. Itis appreciated that the use of eqn. (8) implies a constant — 
cathode work-function, not only from valve to valve, but also 
with life, and that one conclusion reached in Part 1 was that — 
there was some evidence of an increasing work function with — 
life. It is nevertheless intended to use the equation and, by | 
comparison with experiment, to observe when it breaks down, 
so obtaining additional information on the trend of change of 
work function. Further consideration of this trend will be — 
deferred to Section 13. 


Before closing this Section a final comment on the use of 


eqn. (7) is necessary. The general objections to the method of 
}resistance measurement used in deriving this equation were stated 
‘yin the second paragraph of Section 8. The first objection, the 
inclusion of any unwanted collector-film resistance, was eliminated 
jin the data used to establish eqn. (7). This was made possible in 
unpublished work by Child, who confirmed the absence of such 
Vifilms in the particular valves involved, using a 2-frequency 
method. The second objection, the variation of computed 
‘cathode resistance with cathode current, must stand. Here the 
use of the equation can be justified only through comparison of 
tthe results obtained from its application with other experimental 
evidence. This comparison will be made in Section 12. 


art 3. THE RELATIONSHIP BETWEEN CATHODE 
EMISSION, CATHODE RESISTANCE AND 
MUTUAL CONDUCTANCE f 


(10) INTRODUCTION 


| Before considering the relationship between cathode emission, 
yeathode resistance and the mutual conductance of the valve, it is 
wneecessary to refer briefly to the experimental derivation of the 
mutual conductance. All the measurements reported here were 
‘made with an a.c. bridge method at a frequency of 1 kc/s with 
a control-grid signal amplitude of about 50mV, d.a.p. The 
Sepeatable accuracy of the bridge is considered to be about 
i 10-1 %; the absolute accuracy is good, but is, of course, dependent 
on the accuracy of the meters (among other components) used. 
The following plan will be used to study the interdependence 
of these parameters: First, it is possible to calculate a relation- 
‘\bhip between the total emission of the cathode and the mutual 
conductance for a particular valve structure, and the manner of 
doing this is described in Section 11. Second, it is possible to 
“zake the calculation a stage further and allow for the effect of 
cathode resistance. We then have two relationships, the first 
oetween cathode state, judged on emission alone, and mutual 
conductance, and the second between cathode state, judged on 
emission and resistance, and mutual conductance. These form 
“wo models which may be set against experimental data to see 
which provides the closer fit. It will be shown that the large- 
“scale life tests undertaken at the Post Office Research Station 
provide a block of experimental data which can well be used in 
assessing the validity of the two models. 
Before leaving this introduction it is worth while to give some 
details of the life-test procedure. The valves concerned are 
oentodes of the Post Office types 6P10 and 6P12. The first is 
ery similar to the CV 138, and the second is almost identical, 


‘erid in order to permit operation with V,. = 60 volts, instead of 
he 250 volts required for the 6P10. Both types are run under 
-onstant-cathode-current conditions, achieved by high d.c. feed- 
sack (6 kilohms in the cathode lead offset by a stabilized positive 
ootential of 50 volts applied to the control grid). Consequently 
ny changes in contact p.d., or other factors affecting the valve 
working point, have a reduced effect on the currents drawn to 
‘tnode and screen. The anode and screen voltages are also 
\ttabilized and the heaters are run from a stabilized a.c. source. 


(1) THE RELATIONSHIPS BETWEEN CATHODE STATE 
AND MUTUAL CONDUCTANCE 


The basic current/voltage relationship used in any treatment 
f valve operation is afforded by the Langmuir equation for a 
Vienar diode: 

T1/2 
40:3(V — V,,)"/ 


a 3/2 
I = 2-335 Xx 19-6” Vn) [ 


(d — X,,)* 
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In order to apply this equation to pentodes with substantially 
planar cathode surfaces, it is necessary to reduce the pentode 
Structure to the equivalent diode, and here the treatment of the 
problem given by Liebmann’ is followed. In particular, use is 
made of the cathode sectionalization described by Liebmann 
to allow for the variable-mu effect. 

Since the total cathode emission, J,, occurs in the derivation 
of V,, and x,, in Langmuir’s equation, it is possible to construct 
a relationship between the emission and the mutual conductance 
of the pentode. . A set of equivalent diode voltages, Vg, were 
calculated for a particular pentode structure, for particular 
values of screen voltage, V5, and contact potential, V,, between 
the grid and the cathode, and for a series of control-grid voltages; 
Liebmann’s equation 


(10) 


fe Fi( Yer ee eeate oe 
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was used for this purpose, where the factors F{, F, and 4; may 
be calculated from the valve geometry.? These values of Vg 
were then applied to Langmuir’s equation as V, the collector 
voltage, to calculate the current/voltage relation for the equivalent 
diode at any chosen value of J,. The computed values of equivalent 
diode current were then plotted against the value of V,, used to 
compute Vc, so producing the cathode-current/grid-voltage 
characteristic of the pentode. This characteristic was trans- 
formed to the anode-current/grid-voltage curve through the 
application of a suitable factor, x. Further curves of this type 
were calculated for different values of J,, and from this set of 
curves it is possible to derive another family with mutual con- 
ductance plotted against J,, having constant J, as parameter. 
This family of curves provides the first model for the relationship 
between cathode state, as measured by emission alone, and 
mutual conductance. 

In this connection it should be remembered that no assump- 
tion is made in Langmuir’s equation as to the cause of different 
values of J; The calculation is developed from Child’s law, 
where the initial velocities of the electrons are neglected, by 
making use of Maxwell’s velocity distribution of the emerging 
electrons. Here, however, it is necessary to consider one aspect 
of the nature of the change of J,. If J, is assumed to change 
owing to a change in the work function of the cathode, the 
appropftiate correction must be made to V, and therefore to Vg. 
This correction has, in fact, been made in the calculations used 
here. It can, however, be shown that, so far as the relation 
between mutual conductance (at constant anode current) and 
total emission is concerned, the correction is immaterial. The 
same result is obtained, within the accuracy of the computation 
used, as if the contact potential had been assumed to be constant. 
The major effect of the correction is in its control of the position 
of the J,/V,, characteristic along the grid base. If the correction 
is applied, the position of the characteristic remains substantially 
invariant with changing J,, except for very low values of J,, as 
first explained by Gysae and Wagener.® If the correction is not 
made, i.e. if J, is assumed to change from some cause other than 
change of work function, the characteristics are spread over a 
much wider portion of the grid base. However, this difference 
is outside the scope of the investigation. 

At a later stage in the paper it will be found necessary to use 
the concept of work function in order to translate low-temperature 
to normal-temperature total emission through use of eqn. (8) or 
some similar relation. This need arises in the attempt to check 
the validity of the model relation, developed above, against 
life-test records. The fact that the model is substantially inde- 
pendent of the concept of work function will exclude the compli- 
cation of amending the model to suit the necessary work function 
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adopted for the translation. The relative unimportance of work 
function and contact potential is doubly fortunate here, for it must 
be appreciated that the work function of the control grid is 
usually unknown. 

Typical examples of calculated anode-current/grid-voltage 
characteristics and the complementary mutual-conductance/total- 
emission curves are shown in Figs. 8 and 9(a), the valve used 
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Fig. 8.—J,/V 21 characteristics, with J; as parameter, for the 6P10 valve, 
calculated in accordance with the first model. 


The curves marked (2) show two of the characteristics modified by the inclusion 
of a cathode resistance inversely proportional to the emission J. 


being the 6P10. The solution of the Langmuir equation was 
effected using the method developed by Ferris,? and a cathode 
temperature of 1020°K was used for the calculation. The 
cathode-control-grid spacing is assumed to be 0:15mm and the 
cathode area 0:45cm?, which gives J,, = 0-505mA at 1020°K 
[eqn. (5)]. Walues of JZ, used were derived from values of 
I,/T.. of 10000, 2000, 500, 200, 100, 50 and 20. Curves of 
I,/ V1 were thus calculated for a range of total emission extending 
from 5 to 0:Olamp. A value of 0-8 volt was assumed for V, 
at I,/J,. = 10000, and a value of 1-1 eV for dx, the work function 
of the cathode, under the same circumstances. The following 
equation 
CU: 1 4 

log, (i), Eplee $1) (1 1) 
was used to calculate changes in work function necessary to 
compute changes in V, with total emission. A constant value 
of 1-9eV for ¢,, the work function of the control grid, was 
assumed to hold throughout the calculations; this figure is, of 
course, derived from the initial values of V,and dx. The I,/V,1 
curves were calculated for a screen-grid voltage of 250 volts. 

As was stated before, Fig. 8 forms the first model of a relation- 
ship between cathode state and mutual conductance against 
which experimental results may be compared. Before such a 
comparison is made, however, it is proposed to derive a second 
model. The first is based on deterioration of the cathode due 
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Fig. 9.—gm/Is characteristics, with J, as parameter, for the 6P10 valve,’ 
forming the models linking the cathode state with the mutual 
conductance of the valve. t 


(a) First model. 
(6) Second model. 


to failing emission alone: the second will assume a decay in} 
emission accompanied by an increase in cathode resistance. In! 
order to form a reasonable estimate of the resistance to be) 
associated with each level of emission in the first model, use is 
made of the experimental fact of inverse proportionality of 
emission and resistance derived from Reference 3 and from 
information provided by Hannay, MacNair and White,!® 
although their interpretation of the underlying cause of inverse 
proportionality is not necessarily subscribed to. The cathode 
resistance for the second model is therefore calculated on the 
basis of the values of J, used in the first model, in conjunction 
with eqn. (7). In order to formulate the second model it is 
possible to modify each J,/V,, characteristic in Fig. 8 by the’ 
addition of the appropriate cathode resistance, and then to pro-' 
duce from these a new set of g,,/Z, curves. Two such modified ' 
I,/V,4 curves are included in Fig. 8. An alternative approach! 
would be to modify Fig. 9(a) directly according to the equation 


Es 


om TF Rake “ 
where g,, = New value of mutual conductance. { 
&m = Value of mutual conductance in Fig. 9(a). . 


Rx = Cathode resistance associated with the (g/,, J) 
co-ordinates of Fig. 9(a), calculated according to 
eqn. (7). 


« = Ratio cathode-current/anode-current (~1-:25). 


Hence each co-ordinate (g,,, I,) of Fig. 9(a) would be translated 
to (Zm, I;) in a new family of curves shown in Fig. 9(b), which 


then forms a second model of a relationship between cathode 
jtate and mutual conductance. This model, however, takes 
yaccount of reduction in emission together with a consequent 
‘wmcrease in cathode resistance and is not restricted to the concept 
of falling emission alone as was the first model. 


1000 


10000 


wig. 10.—gmlIs characteristics, with J, as parameter, for the 6P12 valve, 
forming the models linking cathode state with valve mutual 
conductance. 


—————_ First model. 
———w— Second model. 


All the calculations necessary to provide these two models 
‘were then repeated for the 6P12. The two families of curves 
“orresponding to Figs. 9(a) and 9(4) for the 6P10 are combined 
‘on Fig. 10 for the 6P12 for a screen-grid voltage of 60 volts. 


112) COMPARISON OF EXPERIMENTAL RESULTS WITH 
P THE MODELS 

Before any attempt at comparison is made between the models 
“and experimental results taken from life-test records, one further 
ilifficulty must be resolved. This arises from the fact that the 
/I, relationship obtained from Langmuir’s equation and valve 
/nesign data, such as those suggested by Liebmann, is invariably 
nore optimistic than the relationship obtained from measure- 
nent. This problem has been treated in unpublished work 
“yy Reynolds, and it is suggested that the discrepancy is due to 
lifficulties in estimating the effective grid-cathode distance. 
Corrections due to variations in grid pitch, to cathode misalign- 
nent and to lack of control of the grid-wire diameter must also 
e considered in appreciating the difference between theory 
ind practice. 

For the purpose of this investigation it is proposed to over- 


a Figs. 9 and 10 in the following manner. The measured 
alues of g,,, at constant J,, and of the low-temperature total 
ission are extracted from the life-test records, and eqn. (3) 
. used to convert the low-temperature to the normal-temperature 
otal emission. A plot of g,, against J, at the several life test 
rages can then be made using the same axes as Fig. 9 or 10. 
he shape of the resulting curve may be compared with the 


‘oe second. In particular, the resulting curve may be compared 
vith one curve from the family of each model. The curve 
agsen in each case is that which passes through the highest 
\ @0-ordinate taken from the life-test records, neglecting the fact 
aai the constant J, value of the experimental curve will not 
ecessarily coincide with the parametric value of J, in the curves 
‘nesen from the models. It will be realized here that the curves 
jaesen for comparison with the life-test plot may not be any 
f those actually drawn in Fig. 9 or 10. The curves shown are 
~evely examples of a complete family whose individual separa- 
es may be made as small as required. 
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This decision to disregard the parametric value of I, in the 
models can be justified by comparing the curve for 8mA in 
Fig. 9(b) with the second model curve for 6mA in Fig. 10. Here 
we have two different geometrical structures giving similar 
values of g,, for different values of J,. Nevertheless, the two 
curves almost coincide, and therefore it can be said that the 
decay of g,, with J,, from initial values of 7-8mA/volt and 
lamp, is independent of whether the parametric J, value is 8 
or 6mA. That this can be said of two differently designed 
structures would make it even more applicable when considering 
minor modifications to the same structure. 

The comparison between models and life-test records is first 
made in Fig. 11(@). Here the average values of g,, and J, at 
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Fig. 11.—Comparison of two sets of average life-test measurements of 
&m and I; with selected curves from the first and second models. 


—————._ First model. 
— — —— Second model. 
(a) 6P10 valves. 

(6) 6P12 valves. 


several different stages of life test are obtained from the records 
of two batches of 10 valves of type 6P10. After eqn. (8) has 
been used to obtain an estimate of J, at normal temperatures, 
the separate (g,,, J,) co-ordinates for the two batches are plotted 
as crosses and triangles and compared with two model curves 
chosen in the manner described. In view of the fact that the 
highest (y,,,. J,) co-ordinates for each batch are almost coincident, 
a single curve from each model is shown for comparison. The 
life-test conditions in both cases were V, = Vz. = 250 volts, 
V, = 6:3 volts and J, = 8mA. 

A second comparison is made in Fig. 11(6) for two batches of 
valves of type 6P12, one of 50 valves, plotted as crosses, and one 
of 10 valves, plotted as circles. In this case a separate pair of 
model curves is required for each batch. The life-test conditions 
were V,=90 volts, V,. = 60 volts, V,=5-5 volts and 
I,=6mA for the larger batch, and V, = V,. = 40 volts, 
V;, = 5:5 volts and J, = 3mA for the smaller batch. At this 
stage two points should receive comment: first, a heater voltage 
of 6-3 volts for the 6P10 would give a cathode-surface tem- 
perature of about 1020°K, which is the value chosen for the 
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models (a heater voltage of 5:5 volts for the 6P12 would give a 
cathode-surface temperature of about 1010°K, or 10° lower); 
second, the screen-grid voltage used in the life test of the 
smaller batch of 6P12 valves was 40 volts whereas that used 
for the models was 60 volts. Neither the difference in tem- 
perature nor the difference in voltage is thought to be signi- 
ficant: the temperature difference is considered to be negligibly 
small, and the voltage difference can be shown to be unim- 
portant through examination of the g,,/J, characteristics of 
valves with Vi. as parameter. These curves show that, 
although the value of g,, for any particular value of J, differs 
with V,5, the rate of change of g,, with J, at particular values 
of J, is substantially independent of V,. in the acceptable 
operating region of the valve. This means that a change in 
Vz. merely produces a slightly different basic I,|V.1 shape, 
equivalent to a minor geometrical modification. Thus, by 
disregarding the parametric values of J, in the models, it is 
possible to disregard, not only geometrical uncertainties in the 
valve structure, but also differences in screen-grid voltage. 
Although the experimental points in Fig. 11 are derived from 
life-test records, no reference to time is made in either Figure. 
In order to present the results in another way, the plots in 
Fig. 11() are represented as life-test curves in Fig. 12, where the 
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obtained are fairly closely in line with the second model. In the} 
following extension to much larger numbers of valves, however, 
modifications to eqn. (8) will be considered. 

It is now proposed to consider life-test results on a much 
larger scale. The records of about 1000 valves are examined} 
over life-test periods ranging from 2000 to 23000 hours. These! 
valves (and the preceding 80) were constructed to test the pre-|| 
processing of valve components and the use of non-standard |; 
piece-parts. They are all particularly useful for the present) 
investigation, since the falls in g,, and J, are, in general, con- 
siderably greater than those in standard valves of the same) 
type. They therefore give greater opportunity for comparison 
between model and life-test records over substantially wider} 
emission ranges. 

The following method is used in the larger-scale investigation. } 
First, the results presented in Figs. 11 and 12 are deemed jj 


sufficient to exclude the first model in favour of the second. : 
This exclusion is supported in the review described below, where * 
it can be shown that work functions less than 1eV would be 
necessary to fit the life-test results to the first model. Such/ 
work functions are outside the range of those accepted in the! 
literature or demonstrated in Part 1. (This point will be expanded / 


in the next Section.) Consequently, in what follows, it will be 
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Fig. 12.—Comparison of experimental and calculated life characteristics of g,, for two sets of 6P12 valves. 


The curves marked (a) indicate a calculation based on the application of the first model to life-test measurements of emission; the curves marked 
(b) indicate a similar calculation using the second model. 


Experimental values. 
—\ Calculated values. 


—:——f 


full curves are the actual measurements of g,, taken during life 
test; the broken curves are the values of g,, computed from the 
life-test low-temperature emission results using eqn. (8) in con- 
junction with Langmuir’s equation and Liebmann’s design data, 
i.e. using the first model; and the dot-dash curves give 8m Com- 
puted in the same way, through use of the second model. The 
computation is simply done by choosing the model curve which 
passes through the first (g,,, I,) co-ordinate of the life-test record 
and subsequently reading off the &m Values for the sequence of 
emission levels of the life test. 

In order to make the comparisons described in the preceding 
paragraphs, the actual measurements of low-temperature total 
emission are modified by eqn. (8) to translate them to normal 
temperatures before any comparison with a model is possible. 
For the small sample of 80 valves so far considered it would 
appear that use of this equation is not unreasonable when the 
low-temperature emission exceeds 150A, since the results 
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assumed that only the second model, incorporating the idea of 
cathode resistance, need be considered. The life-test results| 
are then taken in batches of 10-100 valves. The average values 
of g,, and low-temperature total emission at the start of life ar 

used in conjunction with an equation of the form ‘aI 


3) = qd)ir a (13) 

similar to eqn. (8) to locate a particular model curve in Figs. 9 
or 10. The choice of a specific value for qg is deferred for a 
moment, but, assuming a choice is made, the average value of 
the end-of-life emission is also used in eqn. (13), with the same 
value of q, to determine an estimate of the end-of-life normal-. 
temperature emission. This emission is used to determine the 
final g,, on the particular curve chosen, i.e. according to the 
second model, and this g,, is compared with the final g taken 
from the life-test records according to the equation : 
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{Percentage agreement between life test and model = 


; 00] siti |Final g,, from life test — Final g,, from model | 
Fall in g,, from life test 


(14) 


(No account is taken of whether the second term inside the 
bracket has a positive or negative sign. 

Before any results are presented, it is proposed to refer back 
to the choice of g in eqn. (13). When this larger-scale investiga- 
ition based on the life-test records began it was found that, 
although a figure of 1000 [cf. eqn. (8)] could be used for g very 
satisfactorily for a large number of 6P10 valves, a different value 

as more successful for other 6P10 valves and for 6P12 valves. 
it was therefore decided to divide the batches into 10 groups, 
according to valve types, life-test conditions, quality and final 
walue of low-temperature emission. For each of the groups a 
walue of q was chosen to the nearest 100 to bring the agreement 

yexpressed in eqn. (14) to at least about 90%. When making 
‘his choice it will be appreciated that the process of locating the 
odel curve gives little information on the necessary value of g 
‘which must be adopted. This is particularly true when the 
initial low-temperature emission is greater than 1mA. For 
‘example, the curve located by a g,, of 6-5mA/volt and a low- 
emperature emission of 1mA associated with a g of 500 is not 
“ery far removed from the curve located by the same g,, and 
‘emission associated with a q of 1500. The reason for this is, 
ff course, the fact that the model curves are all nearly parallel 
)0 the emission axis for emissions greater than lamp. As the 
mission diminishes and the model curves tend to become 
yarallel with the g,, axis, so the choice of a value for gq becomes 
nore decisive in locating the required model curve. 

Clearly q must finally be chosen to bring the recorded g,, at 
dhe end of life so close to a particular model curve that the 90% 
’ igreement is achieved. The particular model curve is located in 
‘he first place by the initial values of g,, and low-temperature 
“ymission in conjunction with eqn. (13) and any arbitrary value of 
f A figure of 1000 is quite reasonable here. 
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)) in the right range. 
An Table 1, after a final choice of g has been made, a minor 
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records and the second model. It is therefore not possible to 
justify the second model on the basis of agreement with experi- 
ment results, except in so far as it can be admitted that agree- 
ment is possible if the appropriate adjustments are made to gq. 
The validity of the second model must stand or fall by whether 
the q modifications can be justified experimentally or on accepted 
previous experience of the underlying principles of the cathode. 
This aspect is treated in the next Section. 

It should be emphasized that no special attempt was made 
to adjust qg more precisely than to the nearest 100, although a 
closer percentage agreement could have been obtained in this 
way. The value of 6 was calculated according to the equation 


ef 7 1 1 ) 


AND aT 


log. q = (15) 


derived from eqn. (6) and reducing to 
log. g = 11:66 x 0-45 = 5-224 


with T, = 700°K and 7, = 1020°K. 

Having presented these results, it must also be recorded that 
in addition there was a small group of valves, about 30 in all, 
which could be fitted to the second model only if a very low 
value of q were assumed. These valves had been given an 
unsuitable heater and their life-test records showed normal 
emission characteristics with very serious reductions in g,, (by 
about 20%) in the first 1000-2000 hours’ life. The low value 
of q involved a value of 6 on the lower fringe of, or entirely 
outside, the distribution of © given in Part 1. 

A small percentage of the valves (less than 5%) with results 
presented in Table 1 had increasing values of low-temperature 
emission for the first few hundred hours of life. During these 
periods the mutual conductance showed either no change or a 
slight fall. These periods have been regarded as transients, and 
the initial values of emission and mutual conductance have been 
taken at the peak of the emission/time characteristic. 

Finally, a short life test was conducted on five valves in which 
the value of © was measured. It was shown here that in the 


Table 1 
Valve as eae Group Lak of are % (0) 
; 6P10 % 
4 ‘a = 250 volts (1) Final Us)zr > 100 vA im 130 87 1000 1:32 
; Vz2 = 250 volts (2) Final U,)z7 = 80-100 uA .. 20 97 1500 1-40 
Ig = 6mMA (3) Final Us)z7r = 35 vA 10 98 3 500 1:56 
Vz, = 6°3 volts 
opie 
: Va = 40 volts (4) Final U)z7 > 150 vA ae 380 87 500 1-19 
2 V2 = 40 or 60 volts | (5) Final U;)z7 = 100-150 vA .. 30 86 1000 1 a5 
; Ig = 3 or 4mA (6) Final Us)z7 = 30-50 vA 30 85 1500 4 
E Viz,— 5-5. volts 
| V, 2 AO voile (7) Final Us)zr > 150 uA (Later samples) 160 88 300 1-09 
ae = 60 volts (8) Final Us)z7r > 150 wA (Early samples A) wa 100 83 400 1-15 
I; = 6mA. (9) Final Us)z7 > 150 wA (Early samples B).. oe 70 87 500 + a 
Vie) VOUs (10) Final Us)z7 < 150 vA ie - 35 S 50 98 800 . 


ee 


\prrection is made to the initial choice of model curve by sub- 
ti@sting the final value q for the arbitrary choice in the context 
fre initial g,, and emission values. 

11 will be observed from the previous two paragraphs that 
“tement to within 90% has been forced between life-test 


initial stages of life a 50°% fall in emission in the region 1-SmA 
was due more to the movement of the log J/(1/T) characteristic 
(RR’R’’R”” in Fig. 5) to the left, keeping a substantially constant 
slope, than to any change of slope or work function. The 
average value of 6 recorded was 1-15 + 0-03 volts at each stage. 
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(13) DISCUSSION 


The bulk of the experimental results given in the previous 
Section tend to show that the measurements of mutual con- 
ductance and low-temperature total emission recorded during 
life can be aligned with a model of a relationship between the 
cathode state and the mutual conductance of the valve based on 
the following four assumptions: 


(a) That the Langmuir relation for a planar diode can be applied 
to the equivalent-diode concept of a normal pentode receiving valve. 

(b) That pentode design data, e.g. those given by Liebmann, 
give a reasonably close approximation to the valve characteristics, 
and that the final necessary approximation can be made by assuming 
that the initial life test values of g,, and normal-temperature total 
emission locate the model curve, irrespective of non-coincidence of 
Iq values. 
mo) That the normal-temperature total emission may be derived 
from the low-temperature measurement through use of an equation 
such as eqn. (13). : 

(d) That a resistance is associated with the cathode which has a 
value given by eqn. (7). 


It is considered that assumptions (a), (6) and (d) rest on a 
much firmer foundation than does (c) and that, although the 
model can be aligned with the experimental results on the basis 
of the four assumptions taken together, the validity of the align- 
ment must rest on a closer inspection of the assumption (c). 

Before taking the third assumption in more detail, a comment 
on the fourth is necessary. The qualitative nature of the inter- 
dependence of cathode emission and resistance has a greater 
weight of supporting evidence than has the quantitative value 
of the constant of proportionality given in eqn. (7). The figure 
of 1:6 arises, as explained before, from the work done in 
Reference 3, and some of the weaknesses of the method have 
been pointed out. A little extra support comes from the fact 
that for an emission of 1 amp/cm?—a figure accepted as repre- 
sentative for oxide-coated-cathodes at 1000°K—eqn. (7) gives 
a cathode resistance of 1-6 ohms for a cathode of 1cm.? This 
in its turn is acceptable, giving a conductivity of about 
4 x 10-3mho/cm. A still further point to be taken into account 
is that an increase or decrease in the factor by 50%, i.e. a change 
to 2-4 or 0:8, would cause the change of g needed to bring the 
life-test records into line with the model. Such a change in q 
would involve a change in 6© of about +0-05eV at an emission 
of about 100A. These changes could bring the value of 6 
for group (4) in Table 1 very close to 1-OeV and for group (2) 
to greater than 1-6eV. As will be shown later, such values are 
on the limits of acceptable work functions. Any larger changes 
in the constant in eqn. (7) would involve unacceptable values 
of 6 if agreement with the second model were required. 

Coming now to the third assumption and taking the experi- 
mental results in sequence, the graphical comparisons in Figs. 
11 and 12 show clearly that, if a g value of 1000 is used, a model 
based on the four assumptions gives a better alignment with the 
life-test records than does a model based on the first three 
assumptions, at least for emissions less than, say, 750mA. 
A q factor of 1000, giving 6 = 1-32eV, corresponds to the 
centre of the distribution in Part 1 and is thus acceptable as a 
reasonable assumption. A consequent $/4) value of 1-2eV 
is well within the range of values for the (BaSr)O cathode quoted 
in recent literature. Herrmann and Wagener!! give a Table of 
values of $®) ranging from 1-0 to 1-65eV obtained by different 
investigators over the past 30 years. As was mentioned briefly 
before, in order to force the life-test records into alignment with 
the first model, very low qg values, involving 4 values lower 
than 1leV, would be required. These are not obtained in the 
experimental work in Part 1, nor in the results tabulated by 
Herrmann and Wagener. Consequently, the first model is 
rejected for the range of life-test records presented here. 
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Figs. 11 and 12 also show that the second model apparently |p 
breaks down when the low-temperature total emission falls\) 
below about 150A. It is, however, possible to re-align records ‘- 
and model if it is assumed that the g factor or work function iy 
increases when the emission falls below such a level. This) 
concept will be supported during discussion of the Table of 
life-test results. An increase of work function with reduction 
of emission is acceptable, being consistent with the general) 
appreciation of the nature of emission from both metals andj) 
semi-conductors. Nevertheless it should be noted that the’ 
increase of work function, although coinciding with decreasing |) 
emission at about 700°K, actually counterbalances the decrease’ a 
when referring to 1000°K. This has been noted in extreme 
cases when running pentodes continuously with anodes at red 
heat (6 watts in place of the normal 1-5 watts). Here, despite 
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a level of low-temperature emission of about 3 wA, almost com= 
pletely normal measurements of mutual conductance were made’ 
at 1000°K for the whole period of the test (about 5000 hours). 1 
Without going into detail, these results could be due to balancing i 
changes in the A™ and ¢™ factors in eqn. (6), and the present} 


use of the large samples available in life-test records. 
It must be emphasized that the fact that a constant value of © 
q gives reasonable alignment between model and records for’ 
emissions greater than 200A cannot stand alone in justifying i 
the hypothesis of a constant work function in this region. It 
has been pointed out before that, for the higher emission levels, | 
the value of g is not very significant in locating model curves. 
Hence the alignment of model and records in this region cannot 4) 
be used to support constancy of g factor, even though a constant: #3 
q has in fact been used. This is, of course, due to the smoothing ae 
effect of the space-change cloud, and is just another way of} 
saying that, for high emission levels, the mutual conductance is = 
largely independent of emission. At the same time it must be! 
remembered that the short life test, where 4 values were 
measured over a period of time, indicates that there is a possibility |: 
of emission changes occurring at these high levels without: 
consequent change in g or A, i: 
Table 1 will now be considered. The weighted average value i: 
of d© for all the valves is 1-21eV, and this gives an average: 
agreement of 88°% between model and life-test records. The |) 
average @ value for the main part of the distribution in Fig. 7 | 
is 1:35eV, which corresponds reasonably well considering the | 
increase of 36 times in the size of the sample. The distribution 
of average 6 values for the 10 groups in the Table ranges from) 
1-09 to 1-S6eV, and this again is in reasonable agreement with’). 
the main distribution and with the Table of values given by’ 
Herrmann and Wagener. 4 
Considering the 10 groups in three sets (1)-(3), (4-(6) andi 
(7)-(10), it will be seen that as the emission falls there is evidence!) 
in each set that higher values of g, and therefore of 4, are 7 
required to align the model and the records. Remembering) 
again that little significance can be attached to the use of the! 
same q factor for the initial and final results within each group, | 


. 
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the results of the three sets give evidence of increasing work D. 
functions as soon as the lower emission levels are reached. This |) 
is in agreement with the conclusions reached when considering > 
the graphical comparisons in Figs. 11 and 12, and also with the q 
rather slight evidence of increasing work function with life’ 
obtained in Part 1. Z| 

It will also be observed that for the 6P12 valves the average © 
fp value is 1:19eV for group (4) and 1-13eV for groups (7), a 
(8) and (9), comparing groups with similar final low-temperature > 
emissions but different life-test conditions. In the same way the! 
average }©) value is 1-36eV for groups (5) and (6) and 1:28eV~ 
for group (10). It would therefore appear that for similar fi 
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emission levels the work functions necessary to align groups 
1.(4)-6) with the second model are higher than those required to 
align groups (7)-(10). This is interesting when taken in con- 
Brnction with life-test evidence not presented in Section 12. 
It has been found when life testing higher-quality valves for 
submarine repeaters that input valves, life tested under the con- 
iditions used for groups (4)-(6), always settle down after about 
45000 hours to a low-temperature emission level which is about 


770% of that achieved by output valves life tested under the 
»conditions used for groups (7)-(10). 


The work functions 1-19 


»yand 1-13eV correspond with q values of 500 and 360. Taking 
1/700 A as a final figure for the low-temperature emission of 


“yrvalves. 


higher-quality output valves and 490 A for similar input valves, 
 Ithese q factors would give estimates of normal-temperature 
emission of 250mA for output valves and 245mA for input 
Without attaching too much importance to the actual 
vifigures, these estimates are more reasonable than the low- 

temperature levels, since a substantial case can be made to show 

hat the input conditions are less onerous to the cathode state 
than the output conditions. 


: There remains to consider that group of valves with unsuitable 


“theaters which could be fitted to the second model only if a very 


“dow value of gq were assumed. This group bears the same 
» eiation to the second model as do the rest of the valves to the 


“first. 
need very low values of g to produce agreement with the first 


ws Bf 


The medium deteriorations of g,,, for the bulk of the valves 


odel. The abnormally high deteriorations of g,, for the group 


| under consideration need, at low emission levels, very low values 


Ve 


bf which are rejected as being unrealistic. 


pi q (about 100) to produce agreement with the second model, 


and absurdly low ones (about 20) for agreement with the first 

odel. The corresponding 6 values are 0-88 and 0-57, both 
These valves also 
‘equire the peculiar coincidence of a reduction in © as the 
‘emission decays. Thus, although agreement can be forced, it is 
"preferred to argue that there is a form of deterioration of cathode 
state which is not in accord with any model proposed here. 
‘t could also be argued that failure to fit the second model 
coincides with a dangerously unsatisfactory cathode state, 
-lulthough successful alignment with the second model does not 
wnply a satisfactory cathode. The behaviour of this group may 
‘oe contrasted with group (10) in Table 1, whose life-test curve 
8 plotted in Fig. 12 (upper curve). It will be observed that 


» he initial deteriorations in g,, are very comparable, but that 


A 
he behaviour on subsequent life test is very different. The 
valves in group (10) are showing signs of complete recovery after 
nore than 20000 hours, and are also in accord with the second 


c Bh odel at all stages of life; the valves in the group under dis- 
~jussion here fail completely before 10000 hours, and are at no 


"age in reasonable accord with any model presented here. 
Although it is not proposed to suggest any further model at 


his stage to cover the exceptions in the previous paragraph, it 


a e. 
Vy 
6 based tacitly implies a homogeneous cathode state. 


nay be useful to indicate one direction in which the solution may 
Each of the four assumptions on which the second model 
It may be 


. nat the cause of the deviations lies in non-uniformity of some 
| 


om 


- yart of the cathode structure in the presence of particular forms 


f severe cathode deterioration. This suggestion must, how- 


é wer, await further experimentation before any confidence can 
(4 © placed in it. 


J 


_ Before leaving this discussion it must be emphasized that all 


€ conclusions reached relate to emission levels lower than 
sbeut 750mA. The technique of investigating the relationships 


 tetveen the cathode state and the mutual conductance of the 


a 2, in order to construct a model for the linkage between 
nen, cannot be applied for emissions higher than this level. 
EE ach a region changes in emission or in cathode resistance, if 
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inversely proportional to emission, are insufficient to affect the 
mutual conductance which is used as a yardstick for the whole 
investigation. Indeed, it will be observed that the first and 
second models are almost indistinguishable at emission levels 
greater than 1 amp. 


(144) CONCLUSIONS 

A method of deriving the normal-temperature zero-field 
emission from the oxide cathodes of receiving valves was 
described in Part 1. The method made use of extrapolation 
from the low-temperature emission measurement and yielded 
reasonable values of the work function in the process. 

The problems of measurement of the cathode resistance of 
normal receiving valves are by no means solved. It is, however, 
possible to derive a relationship, based on experiment, between 
emission and resistance which enables an estimate of the latter 
to be made in terms of measurements of the former; this neces- 
sitates a link between low-temperature and normal-temperature 
total emission from the cathode, which is established empirically 
from the work done in Part 1, and introduces the concept of 
cathode work-function. 

The combined effect of cathode emission and cathode resistance 
can then be used to form a model of the relationship between the 
cathode state and the 4-terminal mutual conductance of the valve. 
The model takes account of the current/voltage relationship of a 
planar diode developed by Langmuir and of valve design data 
such as those suggested by Liebmann. 

The validity of the model is checked first by showing that the 
life-test records can be manipulated in such a way as to conform 
with the model, but the real test lies in examining the manipula- 
tions which have to be made to produce identity between the 
model and the records. These manipulations can be reduced to 
assumptions relating to the cathode work-function, but it can be 
shown that in nearly all cases these assumptions can be justified 
through reference to Part 1, or to values of work function 
accepted in the literature, or to the underlying principles of 
emission from metals and semi-conductors. 

In a limited number of cases the model fails to account for the 
life-test records because the necessary manipulations of the 
cathode work-function are unacceptable. The failure may lie 
in the inhomogeneity of the cathode under certain conditions of 
severe deterioration of cathode state, but more experimental 
evidence is required to prove this. 

It is hoped that the methods developed may prove useful in 
permitting the large bulk of evidence amassed in the form of life- 
test records to be used in attempts to understand the nature of 
the oxide cathode. 
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SUMMARY 


Various equivalent circuits used, or suggested, for transformers and 
‘yinduction motors are examined by considering them as 4-terminal 
: ynetworks, and determining the corresponding general circuit constants 
poy matrix methods. The information obtainable from tests is dis- 
‘ycussed, and the use of the 4-terminal network is proposed as consider- 
able generality is achieved by this approach. ‘ 


LIST OF SYMBOLS 
\Japut Quantities. 
V, = Input voltage. 
I, = Input current. 
Z1y = Input impedance. 
Y7y = Input admittance. 


V. 
| = | = Input quantity matrix. 
1 


u )Dutput Quantities. 
V, = Output voltage. 


I, = Output current. 
Z,, = Terminating impedance. 


V, f 
iS5| = alee Output quantity matrix. 
2 


A, B, C, D = General circuit constants. 


| = General circuit constant matrix. 


k = Complex transformation ratio. 
k = Turns ratio. 


dG) INTRODUCTION 

The transformer and the induction motor have been repre- 
‘ented by equivalent circuits of various kinds, all composed of 
near circuit elements.?-4-8 Some of these are referred to as 
exact’, some as ‘practical’, some as ‘approximate’. 

\ As these equivalent circuits are all passive networks of the 
adder type, consisting of successive shunt and series components, 
- is logical to apply matrix methods to their analysis considering 
aem as 4-terminal networks.! 


(2) THE FOUR-TERMINAL NETWORK APPROACH 


Any linear electrical device having an input and an output 
an be represented by a 4-terminal network (Fig. 1) whose 
jehaviour is described by the equations 


V; == AV, 35 Bl, . . . . . (1) 
I; = CV, a. DI, ; . é. = a (2) 


© rrespondence on Monographs is invited for consideration with a view to 
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where A, B, C and D are called the ‘general circuit constants’ and 
may be regarded as complex operators like Z and Y. 
If the device is a passive one the further relation 


AD —BC=Y 2 4 eG 


is found to hold, so that only three of the quantities are inde- 
pendent in this case. 


| 


Also V2 = DY, — BI, r = 7 7 : : (4) 


If the device is symmetrical, i.e. if interchanging the input and 
output terminals makes no difference, A = D and only two of the 
quantities are independent. 

The nature of the general circuit constants can be well illus- 
trated by an examination of some particular cases. 

(a) If I, =0, A = V;/V, and C = 1,/V, [from eqns. (1) and 
(2)] so that A is the open-circuit (Complex) voltage ratio and C 
is an open-circuit transfer admittance. 

(b) If V, = 0, B=V,/I, and D = 1,[I, [from eqns. (1) and 
(2)] so that B is a short-circuit transfer impedance and D is the 
short-circuit (complex) current ratio. 

The general circuit constants can thus be determined from 
open-circuit and short-circuit tests on the device concerned, 
provided that magnitudes and phase angles are measured. 

They can also be found by manipulation of the equations of 
performance of the device, and by computation by matrix 
methods from the equivalent circuit. 

Any given passive linear 4-terminal network, i.e. with given 
values of three of A, B, C and D, can be represented by a large 
number of equivalent circuits; impedances, admittances and 
complex ratio changers being employed. Of these equivalent 
circuits the simplest will contain three complex elements—two 
configurations, the T and 7, being possible in any case, although 
not necessarily both physically realizable. 

For any 4-terminal network the general circuit constant matrix 


is defined by 
One AB 
rl=|6 5 


(2.1) The Coupled Circuit 


As an illustration of the method of finding the general circuit 
constants from the equations of performance consider the coupled 
circuits shown in Fig. 2. Here the usual equations are: 
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VieS Zit Zeke 3 ow ee A) For two 4-terminal networks a, b in tandem 
Ve Zyl, Zab. os ee [Sia] = [04] [S20] 
(or 0 = Zy4I, + ZopIy + V2) [Si,] = [Op] [S20] 
where Zj, = 11 + jwL,, Zy) = 1p + joy, Zi, = Zr) = joM Also [S2,] = [Sip] and hence [S,,] = [O.][O.][S2] - © q 


[O] equivalent = [O,][O,] 


244 Zo0 “fi 
ae Z, } 
“) EC» 
Yo f 
ae oe a ‘ 
: % 
Fig. 2 Fig. 3 aI 
When i= The T-Network (Fig. 3). 4 
SAT Z. : 
a OSAN YS “1th Oneal 1] 
d C= lieikepol I 
ue! = iva OxzE = (Tee i ee ae | 
When Vz=0 Hi tiga | 
I, Live If three of A, B, C and D are given, appropriate values can 3 
Di= Ewa (since Z); = Zj2) immediately be assigned to Z,, Y2, and Z;, i.e. the corresponding § 
T-network can be designed 
\ pa 4P a! _ 422 + Zh 
tee pee ee L+2Z,¥, 2 +2Z,¥2Z,+2Z;) [A 
Y, 1+ Y,2; C D 
(2.2) Some Simple Circuits from which Y, = C 
For the simple (degenerate) 4-terminal network the values of 
the general circuit constants may be written down from Ps Asal 
inspection.” : Gc 
Series Impedance. : Te Dae 
V; — V3 + ZI, [o hed 1 Zz Cc 
I= jb Lakota Z4 
Shunt Admittance. 
V; p V2 [0] “a il 0 y, Mia 
I,=Yb,4+h | 
Ideal Ratio Changer. Fig. 4 
(k may be either real or complex.) Then Networks : 
V,=kyV, k 0 The z-network (Fig. 4) is treated similarly: 
I O| = 1 
lee [0] Oe (on =| 1+ Zi %in Ziyi | 
Yi YiZavin + iin te ae 
(2.3) Computation for More Elaborate 4-Terminal Networks of f : D—-1 
the Ladder Type! rom watcha a B 
This is most conveniently performed by successive matrix Z\,=B 
multiplication, the original eqns. (1) and (2) being replaced by 
the matrix equation Yui = A—1 
B 
[Silas lOlSS (ie ee eee) 
y The Coupled Circuit. 
where [S,] is the column matrix i For the coupled circuit shown in Fig. 2 in which 
1 
V; ; 421 ~Z12.2 + Z}), 
[S,] is the column matrix | | [0] Z12 Z12 
. . : 1 Zn 
and [O] the general circuit constant matrix. St De 
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the equivalent T-network gives If & is fixed (which is done by the designer) and A, B, C, D are 


PETA Oy ae given, the equivalent circuit then gives 
= 41 1 
b Gaeta i Y= - 
23 = Ly, + Ly Laer 
and the 7z7-network gives Zp = ay cas 
Y= (—Zy2 — Zy2)[(—Z,Z22 + Z},) nee 
Zi) = (—Z, 2p. + Z7,)/Z 19 Le -—* 
Yip = (—2Zyy — Zy2)(—Zy,Z2 + Zh 
the complexity of the second result indicating why the equivalent (3.2) Exact Equivalent Circuit with Referred Quantities 
, :m-network is not favoured for general use. Now, since 
(2.4) The Terminated 4-Terminal Network k 0| [A B A kB) [k 0 
A terminating impedance Z, across the output of the circuit 0 1 Cipl Cc pi lo 1 
) shown in Fig. 1 imposes the relation V. = Z,Jy so that eqns. (1) k Kk k 


and (2) become 
it is possible to rearrange the circuit by placing the ratio changer 
Vyj=AZ,+ Bh... . - (a) in any desired position provided that the impedances (and 
I,=CZ,I,+ DI. . . . . (a) admittance) affected are modified accordingly. 
Thus if the ratio changer is moved to the right (after Z,), 


1 oZp |< ieOd [lihJe Zale lean 


yand the input impdance becomes 


Vv, AZ, +B 13 : 
Z1N I, CZ,+D a [0] Oho lol) ¥en ei Ome ds 0 : 
The general circuit constants have been widely used in power By writing 
system analysis for transmission problems. Tables of their [s;] = [ol [s.} 
walues for transmission systems may be found in various hand- 
»»books,? but the rules for the combination of components are not V; k 0] [he 
» obvious unless matrix methods are employed. where Sle = 


ji 0 


(3) THE POWER TRANSFORMER fe lize 1 0 {ank2z, 
(3.1) ‘Exact’ Equivalent Circuit and [Ole k 1 | ea | Is 1 | 
) The ‘exact’ equivalent circuit of the power transformer, given ; / ; ' 
yin Fig. 5, contains three complex elements and a simple ratio the ratio changer is removed from further consideration and a 
hanger (one more element than is needed). simple 3-element circuit can be employed, the T-network being 
the most convenient. In this the circuit elements are now 
Zp, Yo and Z; = k°Z,, with the output current I, = L/k and 
Zs 1, the output voltage V; = kV,. This is the process usually called 
‘referring all quantities to the primary’. It involves the transfer 
of the ratio changer to the right and the use of transformed 
Vo secondary voltage and current. (This is also what is achieved 
by the use of per cent or per unit quantities.) 
This exact equivalent network is widely used; it is favoured as 
Fig. 5 giving a physical picture of the transformer, and it is convenient 
because the quantities in it can be computed with reasonable 
- For this, writing down the general circuit constants for the accuracy by the designer. 
simple 4-terminal networks indicated, It suffers from the drawbacks that after manufacture k can 


never be determined exactly (the quantity found by test being | A]) 
Pe Ze ie Oe OT 1. Zz, and that it is not possible to separate xp and x, the primary and 
[Oo] = 1 secondary leakage reactances. 
Out Yo 1] 40 k Op ed 
(3.3) The Approximate Equivalent Circuit 
Zp In the approximate equivalent circuit the exciting admittance 
kK(1 + Zp¥o) (1 + Zp¥)kZ, + 7% Y is moved to the left (in front of Z): 
- 1 fi09 (ln tpaet Wa ee 


ijince this circuit contains four components, three complex In the case of the ordinary power transformer the errors produced 
12, Yo, Z,) and one real (k), it cannot be obtained from the _ by this process are small. Their effect, however, can readily be 
‘\rasured general circuit constants unless one quantity is fixed. investigated by examination of the general circuit constants. 
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». PL +Zp¥o Zp + ZpYo%Zs + =f 
The exact value of [O]’ is | Y, 1+Z;¥o 


and the approximate value 
S h 
Appeal font 2 Vs cen Se 


The differences between the exact and the approximate values 
are 


AA = ZpYo, AB = ZpY)Z,, AC = 0, AD = Zp¥o 


and the proportional errors in magnitude are 


a es 
CRNA 1+ ZY, 

ABS ZpV Zi 
BSNS |Decta Vane 
ED le Di leen\dieroZ.X 


For a typical 10 MVA 3-phase 50c/s 22/6-6kV delta-star trans- 
former the percentage values would be approximately 


Zp = Z,=0°3 + j4-0 
Y) = 0:0018 — j0-0108 
Hence Zp Yo = 0-044 + j0-0041 so that the errors in all three 


general circuit constants are small in this case. 
For the power transformer, then, approximately, 


VAN 


Da ZV, »,Ep = |ZpYo| 


€4 = |ZpYo|, €3 = | 


The approximate ‘referred’ circuit reduces the T-network of 
the exact ‘referred’ circuit to an L or ‘cantilever’ with two com- 
ponents only and may hence be readily computed from test 
results. 


(3.4) Other Equivalent Circuits 


The common ‘exact’ equivalent circuit is only one of many 
possible ‘exact’ equivalent circuits, which include the T and z 
equivalents derived from the coupled-circuit equations. 

(a) If instead of a simple ratio changer a complex ratio changer 
is used, it is possible to produce an equivalent circuit having only 
three elements without using ‘referred’ values for the voltages and 
currents.4>5 


For this the general circuit constants are given by (Fig. 6): 


10714, e201 eZ, 
[O] = 


1 
Y, ‘el 
i 11 }0 Slo 1 
k kZ, 
~ Tey, kZa¥, +7 
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Given the values of A, B, C, D it is clear that 


k = A (the open-circuit voltage ratio) 


B 
seed | 

Gr* 36 
i pa 


This circuit is known as ‘an exact equivalent circuit determined 
by test’? or the ‘exact practical equivalent circuit’> since k, Yy t 
and Z, can be derived from open-circuit and short-circuit tests. 


From eqns. (1) and (2), 


V, = AV, + BL, 
I, = Ch, + DI, F. 
when I, = 0 } 
Vi 
ye 
Cat 
rea 


so that k is the complex voltage ratio and Y, the admittance when 4) 
the primary side is excited and the secondary open-circuited. 


Also, from eqns. (4) and (5), 
V2 — DV, == BI, 
L at pe CV, + Al, 


when V,=0 


A L 4, 
and Z, is the impedance when the primary side is short-circuited 
and the secondary side excited, the sign being accounted for by 4 
the fact that the input is now on the secondary side. ; 
(6) Variations on this circuit are possible. The expedient of } 
transferring the ratio changer can still be resorted to, Z, being 1) 
inserted between Y, and k and Z, being removed. Z, will now p- 
be k?Z,, where k is complex and the values of V, and J, will be } - 
changed in phase as well as magnitude: 


1 O] fl RZ] ,k 0 
[oO] = 1 
0 ial 
¥,01 1 Cee 
EO 
So) = 
[S>] oe 6 


2 
| 


CONF aaeze 
Eaiten 
(c) If the circuit shown in Fig. 6 is turned round, so that the ' 
impedance precedes the ratio changer and the admittance | 
follows it, similar relations will hold, the only difference being | 
that Z, is the impedance with the primary side excited and the 
secondary short-circuited, and Y, is the admittance with the f* 
primary side open-circuited and the secondary excited. k is the t 
open-circuit voltage ratio as before. ‘ 

(d) Again, the ratio changer may be transferred to the right q 
so that both the impedance (Z,) and the admittance (now Y,/k?) | 
precede the changer. This, with the approximation of using k, 4 


the simple turns ratio, is the ‘practical equivalent circuit’ described |. 
by Rothe.? ; 


All these equivalent circuits have the advantage over the com- 
mon equivalent circuit that the values of the components can be 
determined from tests on the equipment. 

They do not, however, present a physical picture of the trans- 
| former, and hence have little or no advantage over the ‘abstract’ 

_ 4-terminal network which can be used in their place. 
A little consideration of the practical tests referred to in all 
' these cases will show that they comprise: 
(a) Measurement of an open-circuit admittance (or impedance). 
(6) Measurement of a short-circuit impedance (or admittance). 
j (c) Measurement of the open-circuit voltage ratio (k, A) or more 
)\ often (k, |A)). 
: These then usually give two complex quantities and one scalar, 
1; so that there is actually insufficient information available to 


‘ some approximation has to be used—such as that of neglecting 
the small phase angle of the general circuit constant A. 

If it is assumed that the ‘referred-to-primary’ T-network is 
symmetrical, however, there is sufficient information—two com- 
plex quantities for components and one scalar for the ‘reference’. 


(4) THE INDUCTION MOTOR 


(4.1) The Standard Equivalent Circuit 


The exact equivalent circuit of the induction motor has the 
“s same form as that of the power transformer terminated in a load 
“; resistance representing the mechanical output from the rotor 
i Gig. 7). 


os 


k 


Fig. 7 


It is usual to refer both Z, and R; to the primary or stator so 

|that the ratio changer is removed from further consideration. 
In the approximate equivalent circuit the exciting admittance 
by Yo is moved to the left of Z, just as in the transformer. For the 
‘induction motor the error caused by so doing will be greater than 
\ifor the transformer since the exciting current is greater in propor- 
ition to the full-load current. 

For both of these circuits the 4-terminal network method of 
approach may be used. As before, the usual equivalent circuit 
‘xis only one out of many that are possible, but so far only one 
)other equivalent circuit appears to have been proposed.® 


i 


i 
} 
| 
| 


(4.2) Determination of Circuit Elements from Test 


\ The induction motor equivalent circuit can be considered as a 
)4-terminal network of the transformer type terminated by a 
“esistance which represents the rotor output. 

Since this resistance has no physical existence, the information 
which can be obtained from the usual running light and blocked- 
® \-otor tests is less complete than that obtainable from the open- 
circuit and short-circuit tests on the transformer to which they 
crrespond. 

™n each test it is possible to determine the input impedance: 


V, AR, +B 
AMT, = OR, =D 
sl L 
a) The open-circuit test is performed with the rotor running at 


synchronous speed when R,; = © and Zin = A[C, or more 
isally with the rotor running light, in which case R, is suffi- 


[see eqn. (10)] 


Ni 
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ciently large for the test to correspond closely to a true open- 
circuit test. 

(b) The short-circuit test is performed with the rotor blocked, 
when R, = 0 and Z,,y = B/D. 

From these two tests then only two quantities can be deter- 
mined, and in order to specify a general 4-terminal network three 
are required—unless the network is assumed to be symmetrical 
or of the approximate equivalent type (L-network or cantilever). 

For the squirrel-cage machine some such assumption is neces- 
sary; but for the wound-rotor machine more information is 
available from the standard tests, and another test is also possible, 
so that the three quantities required can be obtained.® 


(4.3) The Wound-Rotor Machine 


(a) In the short-circuit rotor-blocked test it is possible to 
determine, in addition to an input impedance, a transfer impe- 
dance V,/J, = B, or a complex current ratio J,/I, = D. 

(6) If the rotor is open-circuited and held stationary it is 
possible to determine the open-circuit complex voltage ratio (A). 

(c) If the machine is inverted, the open-circuit and short-circuit 
tests can be performed from the rotor side and also the test 
described in (6). From the inverted open-circuit test D/C is 
found, and from the inverted short-circuit test B/A [eqns. (3) and 
(4) being applied as in Section 3.3]. 

All the information necessary for determining the general 
circuit constants can therefore be obtained. 

The exact practical circuit of Morris® uses the standard open- 
circuit test together with the rotor open-circuited test of (b) above 
and the inverted short-circuit test of (c) above. 


(5) CIRCLE DIAGRAMS 


The 4-terminal network and general circuit constant method 
of approach shows to advantage when circle diagrams are con- 
sidered. It is not difficult to show that, when a passive linear 
4-terminal network is terminated in an impedance which varies 
in such a manner that its impedance locus is a straight line, 
the input admittance locus is a circle.’ 

This application of the general bilinear transformation can 
readily be seen from the following analysis: 


Vie AZ ae 
ail 10 
Zin i ee p ean ) 
CZ,-—D 
and UNA eas 
ying 1 
Put Z = AZ, + B(Z, = )and ¥= 5 
<(Z-B)+D 
LE ia ocsy as 
_CZ+(AD—BO)_C, 1 
AZ Ana AZ, 
ie RNs 41 2 BC) 


AA 


Suppose Z, to vary in such a way that its locus on an impedance 
diagram is a straight line. Then Z = AZ, + B implies a shift 
of the origin and a rotation and change in length of the Z, 
locus, which is also straight line. 

Y = 1/Z will appear as a circular locus since in all practical 
cases the locus of Z does not pass through the origin. 

Yj = C/A + Y/A will also appear as a circular locus (the 
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origin being shifted and the location and diameter of the circle 
being altered).7>8 

It should be apparent that the input admittance circle diagram 
is quite independent of the form of the particular equivalent 
circuit chosen and is dependent only on the nature of the ter- 
minating impedance. 

An obvious application arises for the induction motor in which 
the common transformer-type equivalent circuit is used and the 
load is represented by a variable resistance—thus satisfying the 
straight-line impedance locus requirement. 

It will apply to any machine provided that it can be represented 
with sufficient accuracy by a passive linear 4-terminal network. 

It has been shown by the author’ that the circle diagram which 
corresponds to the case of the four-terminal network 


o1-[43 


terminated by an impedance Z, = Z, ya® where Z, is variable 
and € constant, is as shown in Fig. 8, 


Fig. 8 


where OT= J, ey UT = 


r= (a) _ 


and n=tan(« + ¢ — B) 
Vy, =|, 


[For the induction motor (2a + Q) is small and negative. ] 
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(6) CONCLUSION 


If a physical picture of the apparatus represented is not required 
the 4-terminal network presents advantages as an equivalent 
circuit. It is useful in designing the tests to be carried out on the 
equipment and in indicating the information to be expected 
from them. 

The use of simple matrix algebra enables the general circuit | 
constants of given equivalent circuits to be determined and also } 
enables an assessment of the degree of approximation involves 
to be made. 
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SUMMARY 


The paper presents what is believed to be a new theorem in electro- 
| statics, showing that the direct capacitance of a very general type of 
»), cylindrical 3-terminal capacitor is a constant, namely (log, 2)/472. 

| The presentation and proof of this theorem is followed by a detailed 
/); analysis of a cylindrical 3-terminal capacitor of rectangular. cross-sec- 
)| tion, in which the effects of various practical limitations are evaluated 
') in quantitative terms. The results of similar analyses of cylindrical 
: 7 3-terminal capacitors of other cross-sections are stated. 

As a consequence of this work, it appears that such cylindrical 
'). 3-terminal capacitors are extremely attractive as precise calculable 
: standards of capacitance, only one precision length measurement being 
; } necessary to enable their capacitance to be computed to a high order 


(1) INTRODUCTION 


The practical system of electrical units is based on electro- 
j 1 magnetic laws, and the corresponding standards of measurement 
‘are established by reference to some form of inductor whose 
value in electromagnetic units can be determined from its 
{ mechanical dimensions. A calculable capacitor, on the other 
‘| hand, yields an electrostatic unit which is related to the electro- 
‘i magnetic unit by c, the velocity of light. The precision with 
\ which c is known has increased considerably in recent years and 
‘makes possible the use of a sufficiently precise capacitor as an 
alternative means of establishing the electrical standards of 
‘measurement. 

Several types of capacitor, notably those based on concentric 
‘cylinders,! parallel plates? and modifications3:4 of these, have 
‘been described, but despite the fact that capacitance has the 
‘dimensions of length only, these types all suffer from the dis- 
‘advantage that several precision length measurements must be 
“made to enable the capacitance to be computed to a high order 
jof accuracy.* 

Attention has therefore been directed to cylindrical systems, 
“sisince only ratios of dimensions are required to determine the 
‘\shape of the cross-section. Since unity is a ratio which is easily 
jestablished experimentally, the properties of a cylindrical 
capacitor of square cross-section were examined theoretically. 
{It was found that if a square cylinder is constructed from four 
- conducting planes which are insulated from one another at the 
corners, then the direct capacitances per unit length of cylinder, 


» calculated as (log, 2)/41? cm/cm, and it was also calculated that 

aif the Se renebae is rectangular, with a ratio of sides of 

i + 5):1, where 6 <1, then the mean of the two cross- 

capacitances is 

ae + 3-456% + higher terms) cm/cm 
WT 


*Formulae for the computation of capacitance between conductors having a variety 
of hapes have been given in a recent publication.> 


“orrespondence on Monographs is invited for consideration with a view to 
nou lication. 

‘r. Lampard is in the Division of Electrotechnology of the Commonwealth Scientific 
“¥n Industrial Research Organization, New South Wales, Australia. 
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A rough estimate of the effect of the necessarily finite insulating 
gaps at the corners of the square was obtained by computing 
the integrated charge distribution function in the vicinity of the 
corners. It was shown that the fraction D(€) of the total charge, 
which lies in a pair of small end strips each of fractional width 
€, where € <1, is given by 


D(é) = 4:9596€? + higher terms 


These calculations confirm that, provided that asymmetry and 
gap effects are not too great, a standard capacitor could be con- 
structed which requires only one length measurement for the 
computation of its capacitance. The length of the capacitor 
may be defined by insulating a length of one face from the 
remainder of that face, the remainder functioning as a guard. 

The capacitance per unit length and asymmetry effects 
were calculated for a number of other symmetrical cross-sec- 
tions. These calculations all gave the same value, namely 
(log, 2)/477e.s.u., for the capacitance per unit length, and it 
was shown that this result was a direct consequence of a rather 
general theorem. 

A preliminary note which briefly summarizes some of this 
work has already been published. The present paper describes 
these investigations in some detail, and in Section 2 the general 
theorem mentioned above is stated and proved. Section 3 is 
devoted to the discussion of a cylindrical capacitor of rectangular 
cross-section, and, in particular, the effects of both finite gaps and 
departures from symmetry are examined. Results for cylindrical 
capacitors of other cross-sections, corresponding to those given 
in Section 3, are listed in Section 4. General results, concerning 
the effects of deviations from symmetry, of finite gap widths and 
of dielectric films on the electrode surfaces, are obtained as 
corollaries of some of these examples. 


(2) A GENERAL THEOREM ON CYLINDRICAL CAPACITORS 


Let the closed curve S (see Fig. 1) be the right cross-section of 
a conducting cylindrical shell, the cross-section having one axis 
of symmetry AC, but being otherwise arbitrary. Further, let 
this shell be divided into four parts by two planes at right angles, 
the line of intersection of the planes being parallel to the gene- 


8 


z - PLANE 


Lp) 
Fig. 1.—Cross-section of cylindrical capacitor. 
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rators of the cylinder, and one of the planes containing the 
line AC. 

Then, the direct capacitance per unit length of the cylinder, 
between opposing parts of the shell (e.g. «d to By), due to the 
field inside (or outside) the shell, is a constant: 


log, 2 


ie 41? 


ESUs == OF 0175571018. anes meee OD) 


Proof. 


An existence theorem (see Reference 7, p. 186) due to Riemann 
states: 

If & is the open domain bounded by a simple closed Jordan curve 

S, there exists a unique analytic function f(z) regular in &, such that 

@ = f(z) maps & conformally on || < 1, and also transforms a 

given point z = zg within S into the origin, and a given direction 

at z = Zo into the positive direction of the real axis. 

Referring to Fig. 1, any point is now chosen which is inside S 
and which lies on AC, as the point z = zy. Applying Riemann’s 
theorem, it is seen that the cross-section of the cylindrical shell 
of Fig. 1 may be transformed into a circle, as shown in Fig. 2, 


B! 


C | 


w- PLANE 


p! 


Fig. 2.—Cross-section of cylindrical capacitor after conformal 
transformation. 


in such a way that the line AC maps into the line A’C’, and that 
symmetry is preserved. 

The direct capacitance per unit length of cylinder between the 
opposing parts, say «’d’ and f’y’, due to the field inside the 
cylindrical shell of Fig. 2 can now be computed. The computa- 
tion for the capacitance due to the field outside the cylindrical 
shell is similar and details are therefore omitted. 

It is convenient first to redraw Fig. 2, at the same time adopting 
a system of polar co-ordinates with the line OX (see Fig. 3) as 
origin for the angular co-ordinate. 

By definition, the direct capacitance per unit length of cylinder 
between the faces B’y’ and «’d’ is simply the total charge per 
unit length of the cylinder which appears on the face «’d’, all 
faces of the cylinder being at zero potential with the exception 
of B’y’, which is at unit potential. This direct capacitance is 
simply Maxwell’s ‘coefficient of induction’ with sign reversed (see 
Reference 9 and Reference 8, p. 38). 

Thus, if V(r, ¢) denotes the potential function inside the 
cylinder (whose cross-section is circular with radius a, say), it 
is clear that the following boundary conditions must be imposed: 


7 
tee 6 
= 0, 5S 9 <2 5 (2b) 
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Fig. 3.—Transformed cross-section of cylindrical capacitor showing 
co-ordinate system used in analysis. 


At all points inside the shell, V(r, 4) must satisfy Laplace’s 
equation,® namely 

YV 

Ne 


1oV 
row 


lie Qed 
ode we . . . . (3) 


It is further required that V(r, #) 


(a) be an even, periodic function of 4, because of the choice of |) 
OX as origin for the angular co-ordinate, 
(b) have no singularity at r = 0. 


It is easy to show that the most general solution of eqn. (3) | 
which satisfies these requirements is of the form 


V(r, $) = 3 Any beh Wb cn ae | 

When we set r = a, we have 
V(a, 4) = ¥ Anda cosmid... GH j 

which is a Fourier cosine series in ¢, and, using the boundary © 


conditions (2), we find 
+0/2 


A(mja”™ = | cos mhdh; m = 1, 2, 3 (6) } 
—0/2 
2° md tt 
Si Slo 2 (7) 5 
0 4 
A(O) = oh iO an oie en @) » 


so that, finally, 


0 =e 2 [ONC 6 m0 a | Hi 
V® =a +E pag) sin“ comp O)» 
The charge density per unit length at the surface, o(¢), is obtaingll 


by application of Gauss’s theorem (see Reference 9, p. 17) and bi 
is given by 


1 wv | 
o(¢) Sas ie ar (10) 4 
pe > a ees mp (11). 


27a , =| 2 


The series on the right-hand side of eqn. (11) is easily trans- 4 


formed into a pair of geometric series of complex exponentials, 
which can be summed to give 


Pe sin (0/2 + ¢) sin (6/2—¢) 
Oe 82a sal i —cos (9/2 + d) 1 — cos (6/2 — ¢) 2 
The capacitance per unit length of the cylinder is now obtained 


by integrating a(¢) over the face «’5’. 
Thus, using eqn. (12), we find 


2m —36/2 1 
| o(p)adp = — 373 [log. (1 — cos 6) — log, (1 — cos 26) 
—6/2 — log, 2 + log, (1 + cos 9)] (13) 


(14) 


1 
aor log, 2 

Remembering that capacitance is invariant under the trans- 
formation used here, it can be seen that eqn. (14) establishes the 
proof of the theorem. 


GB) ANALYSIS OF A CYLINDRICAL CAPACITOR OF 
RECTANGULAR CROSS-SECTION 

In this Section a detailed analysis is given of a cylindrical 

capacitor whose cross-section is a rectangle, as shown in Fig. 4. 


y 


Fig. 4.—Cross-section and co-ordinate system for cylindrical 
capacitor of rectangular cross-section. 


| Of special interest will be the case in which the rectangle becomes 
(a square, when the direct capacitance per unit length will be 
»; given immediately by the theorem of the preceding Section. 
| However, since deviations from squareness would be an impor- 
) | tant practical perturbation, the more general rectangular case 
i is treated. 
. By definition, the direct capacitance per unit length between 
the faces y = 0 and y = b is the total charge per unit length 
‘which appears on the face y = 0, when all faces are maintained 
at zero potential except the face y = b, which is raised to unit 
*{ potential. 

If V(x, y) denotes the potential function inside the rectangle, 
it is clear, from the above discussion, that the following boundary 
conditions must be imposed: 


VOD = 00 Oy bo. ss). (15a) 
Vq@,0)=0, Vx x 4 (155) 
VG WO 20 ay =e 5) ete =. | ASC) 
V@, 5 =1, Vn xa (15d) 


The most general solution of Laplace’s equation which satisfies 
boundary conditions (15a), (155) and (15c) is of the form 
(16) 


Vix, y) = o A(n) sin ” —— * sinh a 
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Thus, from the theory of Fourier series, it follows that, after 
setting y = b, and making use of condition (15d), 


nmb 2° 
A¢n sinh "2 = 2 | in de (17) 
a a 
0 
2, 
= —(-1)"] (18) 
so that the complete solution is 
Re aTriy. 
h 
2 ORT ("| eee een 
AG2, 30) = in 
(~, ») ey n ., 77nb oe a Oo 
Sol 
a 


It follows from Gauss’s theorem that o(x), the surface charge 
density per unit length on the face y = 0, is given by 


1 0 
O(x).= TE Vix, »| (20) 
5 nAX 
1 a sin ‘A 
serie tbh eC eas (21) 
La 


Integration of o(x) over the face y =0 gives, finally, the 
capacitance per unit length between the faces y = 0 and y = bas 


c(8) = | catohtc (22) 
0 
See 1 
72 >>» (2n + 1) sinh (2n + 1)7B G» 
where B= bla. (24) 


In Section 8 it is shown that the series on the right-hand side of 
eqn. (23) may be summed to give 


a 03(0, 6-78) 


NS aan (25) 


where 7 (26) 


2 1/2 
630;q) =1+2 3 qv = [2x | 


6,0;q) =1+2 Sea Se Ea / eexe | 35 


are theta functions (see Reference 10, p. 464), and K(k) is the 
complete elliptic integral of the first kind* with modulus & chosen 


so that 
HVE 2eu(2) . - es 
From eqns. (26), (27) and (28), we have 
C(p) = = log, Gs) Police pic Ie 3°) 
where k satisfies dCi A) (30) 


K(k) 


When it is recalled that C(8) denotes the direct capacitance per 
unit length between the faces y = 0 and y = b with f = d/a, 


* The theta functions and elliptic integrals which occur here arise quite naturally as 
a result of applying the Schwarz—Christoffel transfo’ mation to arectangle. Some very 
general results concerning the solution of Laplace’s equation inside a rectangular 
boundary have been given in a recent paper.!! 
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LN 4 ; : ; 
it can be seen that C (3) is the direct capacitance per unit length 


between the faces x = 0 and x = a. 
It follows from eqns. (29) and (30) that 


(a) ~ a 


1 
and hence, again making use of eqn. (30), C($) and C (3) are 
connected by the identity B 


cas G1) 


1 
e-42C®) 4. p-4°C(5) ay (32) 


In particular, when 8B = 1 the rectangle becomes a square for 
which the diagonal is an axis of symmetry, and it follows imme- 
diately from eqn. (32) that 

1 
which is in agreement with the theorem given in Section 1. 

Explicit solutions of eqn. (30) are known (see Reference 10, 

p. 525) for some other values of 8. [The solution for B = 1 is 


closely related to the theory of lemniscate functions (see 
Reference 10, p. 524).] These solutions, together with corre- 


sponding values of C(8) and C G) obtained by substituting these 
solutions in eqns. (29) and (31), are given in Table 1. 
The behaviour of the functions C (6) and ae) and their 


arithmetic mean is shown in Fig. 5 for }< B< 2. It will 
be seen that the mean capacitance per unit length has a mini- 


Table 1 


1 
em: log. 2 
loge ae sl 


1 
PY) 
/(2) — 1 


3 — v3 


Wl 
V2 


1, 4 
Aah FD 473 
ott 3v? 


mum at B = 1, showing that, to the first order, small departures 
from squareness produce no change in the mean capacitance per 
unit length. Before taking up this point in more detail, the 


asymptotic (8 -> 00) behaviour of C(8) and C (;) is investigated. 


Returning to expression (25) for C(f), and making use of the 
series definitions (26) and (27) for the theta functions, we obtain 


1 16 
cA== (46-*0 + ye 3b —Be- M8 + 206-980 _) (34) 
~ Senn as B -> co 


(35) 


where the Taylor expansion has been used for the logarithm 
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Fig. 5.—Cylindrical capacitor: rectangular cross-section. a 
4. 
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occurring in eqn. (25). The corresponding expression for C 2) 4 
is obtained by making use of the identity (32), thus: 


3 “y 
— g—4n2C(8)]-1 
cq) - es 5 Oe lee ols (36) 


1 ev . VY 
~ Fra 108. (Fz) as B> 0 . + . 
ASP aug DS con lead ee ae oat 


An 


We note that the results in eqns. (35) and (38) may readily a d 
obtained by working directly with expression (23) for C(). ES b 
To see the way in which small deviations from Squarenea “} 
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affect the mean capacitance per unit length, we use eqn. (34) and 
put 


B =1+4 8, where 8 <1 (39) 


We then have 


c(i +6) = A fee m1 +8) 1 ees 3n(1+8) 


— 8e—Sr+8) + 20¢-97(1+8) ae. | (40) 
5 
= C(1) = Ge-™ + 16e~3" — 40e—5r + 1806-97 +. . .) 


§2 
+ 5 Cee 48e- 37 — 200e-5* 4-1 620e-97 +...) 


+ terms in 63 and higher (41) 


) 
C(1) + —Ge-™ + 16-3" — 406-5" + 1806-9" +... 


a(t Deer + 6 -Jem 


2 
— 40 (5 _ =) oe | + terms in 63 and higher (42) 


', Adding eqns. (41) and (42) we obtain finally 


‘ sea eo) Cee = ile 
Cars *{(1 = =) 4e-* ae (3 — =) 166- 3 


1 
— (5 — -) 40e-57 +. | + terms in 63 and higher (43) 


= C(1)[1 + 3-453 56? + terms in 67 and higher] . (44) 
which shows clearly that small deviations from squareness 
+4 produce only a second-order change in the mean capacitance 
per unit length. 

To complete our investigation of the cylindrical capacitor of 
‘rectangular cross-section, it would be desirable to have an esti- 
«mate of the error introduced by the presence of the necessarily 
' {finite insulating gaps. An exact determination of this error is 
} complicated, but an upper bound is readily obtained by com- 
| puting the fraction of the total charge (on the face y = 0) which 
-) lies in a pair of narrow strips, each of fractional width €, lying 
3at each end x = 0 and x =a of the face y=0. It is thought 
that this upper bound, while probably being considerably larger 

than the true error, is nevertheless a useful figure, by means of 
y which gap effects in different types of capacitor may be roughly 
compared. 

The surface charge density per unit length on the face y = 0 
is given by eqn. (21), and the charge which lies in the strip 
mO0<x< fais 


Ea 1 
| a(x)dx = 
0 


(45) 


y [1 — SP [ont sin dx 


27a ~, sinh ang 


, b 
Where, as before, B = es 
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‘ el (Qn + 1)ne] 
; Ke 1 — cos (2n + 1)ze 
1L.¢. d: Ng 
f Ne 7?) One an On aA 


0 


By symmetry, a similar amount of charge lies in the strip 
all — &£)< x< a, so that, after expanding the cosine and noting 
that each of the resulting infinite series converges, the charge 
which lies in both strips is given by 


2n + 1 
Dek sinh (2n + 1) 7B 


Ea 
2| o(x)dx = ey + terms in &4 and higher 


Z Wt A ee(47) 
Now 
: cna > (2s+1)(2n+1) 
Beal Ga eas E, $ : 
nao Sinh (2n + 1)7B =25, xc: + I)e—&s Tt (48) 
(oe) 1 d 
—2 e7 2s+DQn+ Dee] 
as +1) eae 2»; 
ee (49) 
igh 1 
~~ dp 2, Esa Ost Dap 
a7 ad 
~ 3 @plPl (51) 
Here we have made use of eqn. (23) and also of the identity 
: S (2s+ 1) 
= —(Qs-+ 1)x 
sinha 724° (52) 


Substituting eqn. (51) in eqn. (47), we find that 


Ea 
2 | o(x)dx = — S&C") + terms in €4 and higher (53) 
0 
where the prime denotes differentiation with respect to f. 
The fraction D(€) of the total charge which lies in the small 
gaps is then given by 


fi 
esl 28 


where C’(8) may be obtained by differentiating eqn. (23). 
A more rapidly converging series for numerical computation is 
obtained, however, by differentiating eqn. (25) after making use 
of the series definitions (26) and (27) for the theta functions. 
Using this method it is easily shown that 


+ terms in &4 and higher 
(54) 


235 neh 2, De (—1)"n2——76n? 
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ive) 
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ele) > (—1)yn2e— 700? 


n=1 


(55) 
In particular, when 8 = 1, substitution from eqn. (33) gives 


g2 4n? ( Bae he ag eae 


DS)pn1= log, 2\1 + 2e-* + 2e~4% + 2e-8F +. 


—m — 4e—4n 4 Qe-9r — 
a é é + 9e ) 


1 — 2e—7 + 2e—4m — Dge“9M 4+, 
+ terms in &4 and higher (56) 
= 4-959 8&2 + terms in &4 and higher (57) 
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and we see that the fractional change in capacitance produced by 
the small but finite insulating gaps is a second-order effect. This 
property and those properties expressed by eqns. (33) and (44), 
show that the cylindrical capacitor of square cross-section would 
be an attractive design for a calculable capacitance standard. 


(4) RESULTS FOR CYLINDRICAL CAPACITORS OF OTHER 
CROSS-SECTIONS 
In this Section we list, for some cylindrical capacitors of other 
cross-sections, results corresponding to those given in Section 3 
for the capacitor of rectangular cross-section. 


Mean capacitance per unit length. 


1 1 
Cyp(O,, 9, 83) = (C1 + C2) = en? log. 


iid 

ee 
(1 — cos 6,)(1 — cos 03)(1 — cos 63)[1 — cos (6; + 82 + 63)] iL 
(62) : 


Fraction D(€) of total charge which lies in the gaps B, 6, the gaps \\ 


7 
each having an angular width o 


sin 0, sin (85 + 63) = sin (6; + 0) Ls sin (O, =- 0, + 03) 
ee é 1—cos@,. 1—cos(@,.+6;) 1—cos(@ +02) 1 — cos (0; + @2 + 43) tie papa eee <f b 
aoe 1 if — cos (6, + 2)][1 — cos (2 + eal and higher powers (63) | 
°8 | [1 — cos O,][1 — cos (0; + 02 + 83) if 


(4.1) Circular Cylinder 


Using the notation of Fig. 6 and taking OX as the origin for 
the angular co-ordinate we have: 


Potential at the point (r; ¢). 


Pe TAGs Sg DREN ae dy 
V(r; ¢) = an aiaat (<) sin =z 008 mgo,r<a (58) 


m=1 7T 


V=0 
Fig. 6.—Cross-section and co-ordinate system for cylindrical capacitor 
of circular cross-section (general case). 


Surface charge density per unit length. 


Oy wei 
1 | sm(z+¢) sin -4) 
ie iggerr | ememprpcraret arms pO 
1 —cos (3 +4) 1 —cos(F ~$) 

Capacitance per unit length between hatched portions. 

[1 —= (OES (A, + 65)][1 == (COS (0, a 63)] 

[1 — cos (0, + 02 + 63)][1 — cos 45] 
(60) 


1 
C4, 9, 85) SES) log, 


Capacitance per unit length between unhatched portions. 


Sou [1 — cos (6, + 65)][1 — cos (8, + 03)] 
C01, F283) = 8272 log. [1 — cos 4; ][1 — cos 63] 


(61) 


(4.1.1) Some Special Cases of these Results. 


If we set 
a =o >| | 
6,=7 —6 (. 
6,;=7—0 | 


ff 


we obtain the system of Fig. 3, analysed in Section 2. Sub- | 
stituting conditions (64) in eqn. (61) we obtain 


pay! 2(1 — cos 26) | 
CO) Sy 108 (1 — cos 6)(1 + cos 6) (oo 4 
1 F 4 

= Aa? log. 2 . . . . . . . . (66) 7 


as before. 1 

It is of particular interest in this case to investigate the effect, [> 
on the mean capacitance per unit length, of small deviations of 
all the angles from their nominal values [conditions (64)]. Sub- {) 
stituting the conditions 4 


6,=0+4+ 6, d, < a/2 ; 
6, =7 —04 6, d, < 7/2 . . . (67) Me 
6; = 27-0483, 83 <2x/2 | 


in expression (62) for the mean capacitance per unit length, i 
and expanding in powers of 6, we find, after some reduction, 


bet 1 1 of , (61+8, +83) 
On Og Oe ehh al 3 = 2 


1 05 + 83 | (62 4+63)? (6, + 8)? 
1+ cos @ D 1 —cos 26 2 


++ terms in higher powers of 0 ee (68) 


which shows that the mean capacitance per unit length remains _ i 
constant to the first order. It is clear that this result furnishes |’ 
a corollary to the main theorem given in Section 2, which may 
be stated (referring to Fig. 1) as follows: a 

Corollary.—The arithmetic mean of the two direct capacitances — < 
per unit length, ic. $[C(@B to yd) + C(By to «S)], remains | 
constant and equal to Co, to the first order, for small but arbitrary 
departures from symmetry. : 
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v=0 ' 


Fig. 7.—Cross-section and co-ordinate system for cylindrical capacitor 
of circular cross-section (special case). 


e 


i Another case of interest, shown systematically in Fig. 7, is 
'. obtained by setting 


a, = 8 

Oper 8 (69) 
0; 4 
When we substitute conditions (69) into eqns. (60) and (61) 
' we obtain 
eG) Bee i sia (70a) 
NW, oie Sega re 
1 y 

C,(6) = ) log. Gm cosd (706) 


| ' The capacitances C,(6) and C,(@) are connected by the identity 
(71) 


*)) which is analagous to eqn. (32) for the capacitor of rectangular 
| cross-section. 

Finally we note that, in general, because of the first-order gap 
©) effect [see eqn. (63)], cylindrical capacitors of circular cross- 
)) section are not particularly suitable for calculable standards of 
) high precision. 


E—47C1(0) + g—472C2(6) =| 


(4.2) Infinite-Plane Cylinder 


The system of the infinite-plane cylinder, shown in Fig. 8, 
_ arises from application of the Schwarz—Christoffel transformation 


of Fig. 8.—Cross-section and co-ordinate system for ‘infinite-plane’ 
cylindrical capacitor. 


)) (see Reference 7, p. 197) to a cylindrical capacitor whose cross- 
section is an arbitrary quadrilateral. In particular, if one 
. diagonal of this quadrilateral is an axis of symmetry, then a = b. 
Restricting our attention to the field on one side of the infinite 
' plane, and choosing co-ordinates as shown in Fig. 8, we have: 


Potential at point (x, y). 
i (oe) 
. ka 
sin — 


e—kY cos kxdk, y> 0 (72) 
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Surface change density per unit length. 
ice) 
1 . ka 
o(x) = — =| sin = cos kxdk . (73) 
0 
Capacitance per unit length between hatched portions. 
1 sin a sin k(b + a]2) 
pies |p * 
C(a/b) ED a dk (74) 
0 
1 a 
———— a 75 
472 log. (1 a 4) (75) 


Note that C(1) = pea loe, 2, which is in agreement with the 
TT 


results of the general theorem. 


Mean capacitance per unit length. 


b 
Cye(alb) = 31Clalb) + CbJa)] = gales, 5 16) 


In particular, if a/b = 1 + 6, where 6 < 1, 
2 
355 + terms in higher 


Cy +4) = ae log, 2 
4 powers of 5 (77) 
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Fraction D(&) of total charge on «B which lies in a gap of width 
6 at B. 

alb 

Do=é f 


in high 
(Emiie mer) ae 


powers of € (78) 


which is of the first order in €. 


e $ (a) 


(6) 


Fig. 9.—The neighbourhood of an insulating gap in a cylindrical 
capacitor. 
(a) Cross-section. 
(b) Conformal transformation. 


* The integral of eqn. (92) is readily put in the form of a Frullani integral (see 
Reference 12, p. 479), or may be evaluated as a Fourier integral.13 
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It should be noted that the results of this Section on the 
infinite-plane capacitor provide an alternative proof for the 
general theorem of Section 1. Thus, if a polygon with 4n sides 
is inscribed in the cross-section of Fig. 1, the result of applying 
the Schwarz—Christoffel transformation is, in the limit (n —> 00), 
the system of Fig. 8 with a = 6. The proofs of the theorem and 
corollary then follow from eqns. (75) and (77). 

With this procedure in mind, a result concerning the order of 
magnitude of the error produced by small but finite gaps can be 
established for the general case. 

Thus, considering the neighbourhood of the insulating gap 
shown in Fig. 1, it can be supposed that any discontinuity in 
direction of the curve S lies within the gap itself as shown in 
Fig. 9(a). Application of the Schwarz—Christoffel transformation 
results in the system shown in Fig. 9(d). 

In this neighbourhood, this transformation has the functional 
form (see Reference 7, p. 197) 

z =| F(w)(w — a)*-ldw +C . (79) 
where C is a constant and F(w) is a relatively slowly varying 
function of w. 

In particular we have 


oo +Ac/2 
(Ng = | F(w)(w — wo)*1dw (80) 
@o— Aw/2 
a8 Aw Bes a Awy**1[1 —( aCe] 
me od(> a rGe ya eee alae 
ed a 2[ —(—1)«“#+2 
E ou aN ‘ meres + higher terms . (81) 
Az |= a — (—1)*] 
1.€, F(wo) = 4 <5 awe 
Fw») (Aw/2) [1 —(—1)*+1] | us 
a F@,) al eae + higher terms (82) 
=> Aw [ao + a,Aw + a,(Aw)? =F wie al c (83) 


Reversion of this power series (see Reference 10, p. 129) then 
gives 


Az |ile Az |2/a Az |3l@ 
=| ra | +b) ea +b) ees : 


where the b’s are functions of the a’s of eqn. (83) and hence 
expressible in terms of F(w), its derivatives and «. Taking the 
modulus of both sides of eqn. (84) we obtain 


Aw < (85) 


Eqn. (78) shows that the fraction of charge in a narrow gap 
in the infinite plane system is linear to the first order in the gap 
width. Hence, from eqn. (85), it can be seen that a gap of width 
|Az| in the system shown in Fig. 1 will produce an error in the 
direct capacitance whose magnitude is proportional, to the first 
order, to |Az|!/*, where a7 is the angle between tangents to the 
electrode surfaces at the gap. 

For example, for the rectangular system treated in Section 3, 
we have « = 4 at every gap, and hence the fractional error in 
capacitance is proportional to (gap width), which is in agreement 
with eqn. (57). 

It is clear from eqn. (85) that a configuration highly insensitive 
to the width of the gaps used would result from placing the gap 
in a re-entrant position such that « is as small as possible. A 
configuration which achieves this objective, and at the same time 
has considerable advantages in practice, is shown in Fig. 10. 


. (84) 


< C|Az|'/* + terms in higher powers of |Az| . 
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Fig. 10.—Cross-section of a practical cylindrical capacitor. 


Calculable capacitors based on this design have been con- 
structed, and will be described in detail in a forthcoming publica- 
tion, by the author’s colleague A. M. Thompson, to whom this" 
configuration is due. 


sm 


+. 


=e 


Of some practical interest is the effect, on the direct capacitance 


of a cylindrical capacitor, of filling part of the interior of the — 


cylinder with material whose dielectric constant differs from 


unity. To obtain some idea of the magnitude of this effect, 
particularly in the limiting case of thin dielectric films on the 
electrode surfaces (representing a possible surface contamina-_ 
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Fig. 11.—Cross-section of ‘infinite-plane’ cylindrical capacitor with 
dielectric film. 


tion), an analysis of the symmetrical infinite-plane system shown _ 


in Fig. 11 has been made, with the following results. 


Potential at point (x, y) in Regionl, y<c 


foe} 
1 
(1 _ =e“ (1 — 2) eben 2he 
V(x, y) = sin — cos kx ayaa (GS ses Gane o 
2 ea eo 
(toe) (Ui alae 
5 ‘ 
(86) 
Potential at point (x, y) in Region 2, y> c 
ao 
ka 
fe sin 7 cos kx e—ky dk 
V(x, y) = = (87) 


APPLICATIONS TO CALCULABLE 


_ { Surface charge density per unit length. 
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Z =( ane t= 
o(x) — 55 sin = cos Sch (88) 
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* (89) 


| In particular, for c/a < 1, corresponding to thin films, we find: 


1€é =) we 24 cy? or, 
th (6 472 1086 2 Tele) (1 2) eae 

G a and higher (90) 
' which shows that thin dielectric films produce only a second-order 


\\ effect on the capacitance. 
We note the following special cases of eqn. (89): 


Cc 1 
c(;<) = C(e; 0) = 75 log, 2 (91) 
€ 
(Ex CO) = Tn log, 2. (92) 
y 
v=0 V=1 
: Vie a os 
to-co b to+a@ 


V= (6) V=0 


Fig. 12.—Cross-section and co-ordinate system for “double infinite- 
plane’ cylindrical capacitor. 


(4.3) Double Infinite-Plane Cylinder 
With the co-ordinates and origin as shown in Fig. 12, we have: 


Potential at a point (x, y), whereQ< y<b. 


+ co 
1 1 be sinh ky 
VO, y) = | E + 78(0 | ef Soh Eek (93) 
where 6(k) is the unit impulse function. 
Surface charge density per unit length. 
+00 
: ee ie (94) 
COD ao at Toh) ae : 
— Ve 
mx/b 
chet oe (95) 
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The integral occurring in eqn. (94) is readily evaluated by 
contour integration, using an infinite semicircle in the lower 
half-plane and an indentation of the real axis at the origin. 


Capacitance per unit length between hatched portions. 


ct Gee 


When one gap is directly above the other, we have, on setting 
a5 


Fqa 08: (1 + e—7alb) (96) 


1 
CO) = 75 los, 2 (97) 
which agrees with the general theorem. 
Capacitance per unit length between unhatched portions. 
a a 1 
ae —nalb 
Co(5) = gap + Gye lobe + emma ae 
Note particularly that 
a a a 
Ca(5) — C15) = aap ee 
which is linear in a/b. 
Mean capacitance per unit ites 
Cu( 5) = ae ails (1 + e-74Ib) (100) 


and if we put a/b = 6, where 5 < 1, and expand in powers of 5 
we find 


Cy) = pelos. 2+ es + terms in 63 and higher (101) 


which is in agreement with the corollary to the general theorem. 


Fraction D(&) of total charge on «8 which lies in a gap at « whose 
width is a fraction € of the interplane spacing b. 


Do) =¢ 


ame Talb 


; 2 


and higher (102) 


which result agrees with the conclusions of eqn. (85). 


(5) CONCLUSIONS 


A theorem has been established which states that the direct 
capacitance per unit length of a certain class of cylindrical 
3-terminal capacitors is a constant. 

A first essential requirement in this class of capacitors is that 
the cylinder cross-section shall have at least one axis of symmetry, 
but it has been shown that when the symmetry is slightly disturbed 
in an arbitrary way, the residual error in the mean of the two 
cross-capacitances (per unit length) is of the second order. 

Finally, the effect of the necessarily finite insulating gaps has 
been examined, in an approximate way, and it has been shown 
that, providing that the gaps are placed in suitably re-entrant 
corners, their effect may be made negligible. 

These investigations show that cylindrical 3-terminal capacitors 
are extremely attractive as calculable capacitance standards, one 
precision length measurement only being required to compute 
the capacitance. 
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sinh @ 
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we may write 


oe 1 


> (2n + 1) sinh [(2n + I)7B] 


fee) foe) 1 | 
9) gr ant Das (104) 
~ bs (2n aF 1) 
(ee) ce) Q ~ | 
=2) —-—725+)>D e— Qn+DQs+Dr8gB (105) 
s=0 ae oa) | 
co dp : 
= — —— 10: [9 
23 m(2s + »| sinh [@s + DzB] (106) 
= — D log, { tanh [2s =a ne} (107) 
s=0 ~ 
= log, [[ coth jas + v7 (108) 
C=) 
co ff + ¢—76Qs+) 
= Flog, oUF sl (109) 


where, in passing from eqn. (106) to eqn. (107), we have used the 


result 
po sh: (tann &) (110). 
sinhax a °° pay eh é 
Now the theta functions 03 4(z; q) have the well-known infinite. 
product representation (see Reference 10, p. 469): 


63(z;q) = GTI i + 29¢2"+1 cos 2z + g4"+2) . (111a)_ 
20 


0,(z:q) =G TI (1 — 24?" cos 22 + gAt¥2) (1116) 


where G= 11 — g?n) (1110) | 
and thus it follows that 
AUR eo AN sore ae . 
Oia Gee) (1126 


When we set g = e€-*® and make use of eqns. (112) and (109), © 
we obtain 

> 1 wl 
azo (2n + 1)sinh(Qn+1)7B 2 


which is the required result. 
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SUMMARY 


Reliable equations of performance for the Schrage motor are deduced 
in terms of the angle between the stator and the rotor magnetomotive 
~ (force waves, resulting in an original treatment. The expressions for 
‘torque, slip and current in terms of this angle are derived and are 
_ idiscussed with the aid of graphs and locus diagrams. 


LIST OF PRINCIPAL SYMBOLS 


The primary, secondary and tertiary windings will be 
\referred to as windings 1, 2 and 3, respectively. 
V, = Applied voltage per phase to winding 1. 
Jf = Frequency of supply voltage. 
r = Ratio of effective turns between brushes 
of winding 3 to effective turns of 
winding 2. 
p = Electrical angle by which brush axis 
leads axis of corresponding phase of 
winding 2. 
k = Ratio of effective turns per phase of 
winding | to those of winding 2. 
YS Sito 
R,;, R, and R; = Effective resistances per phase of windings 
1, 2 and 3, respectively. 

1} X41, X2, and X3, = Leakage reactances per phase at frequency f, 

of windings 1, 2 and 3, respectively. 

_ X41, Xz2 and X33; = Self-reactances per phase (exclusive of the 

leakage reactances) of windings 1, 2 
and 3, respectively; all quantities being 
referred to windings 1 at frequency f/f. 
Each of these reactances is due to the 
fluxes produced by all three phases of 
the particular winding. 

. = Mutual-reactances per phase between the 
windings indicated by the subscripts, all 
quantities being referred to winding | at 
frequency f. 

5 = Space angle by which magnetomotive- 
force wave of winding 1 /eads that of 
winding 2, electrical degrees. 

J, and I, = Phase currents of windings 1 and 2, 

respectively. 


p=LI. 


(1) INTRODUCTION 

| The principle of the Schrage motor is well known. Various 

methods of analysis are given in the literature.!»2»3.4.5,6 All 
\these analyses rest on certain simplifying assumptions; the 
»work of Gibbs,7 using Kron’s® tensor analysis, being the most 
rigorous and accurate. 

In the paper an attempt is made to arrive at the equations of 
performance of the machine based on the angle between the 
\magnetomotive force (m.m.f.) waves F, and F, of the respective 
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windings 1 and 2. This results in an original treatment and 
gives a greater insight into the physical phenomena involved in 
the performance of the machine. Besides, these equations are 
accurate, and, in fact, the equations of Gibbs can be deduced 
therefrom on making suitable simplifying assumptions. 


(2) GENERAL 
(2.1) Description of the Machine 


The Schrage motor is fundamentally an induction machine; the 
primary winding (winding 1) is on the rotor and the secondary 
winding (winding 2) is on the stator and receives an injected 
e.m.f. from the brushes riding on the commutator of a d.c. 
winding (winding 3) on the rotor. The d.c. winding acts as a 
frequency-changer, changing the frequency from that of the 
supply to the (slip) frequency of the induced e.m.f. in winding 2. 
In addition, the magnitude of the injected voltage can be con- 
trolled by varying the angle of separation of brushes, thus 
altering the ratio of transformation. Furthermore, the brush 
system as a whole can be shifted from the position in which the 
induced voltage in winding 2 and the injected voltage supplied 
by winding 3 are in direct phase opposition. This constitutes 
the brush shift. 


(2.2) The Method of Analysis 


For balanced steady-state operation, balanced polyphase 
currents flow in all the windings; those in windings 1 and 3 
are at the supply frequency and that in winding 2 is at the slip 
frequency. These sets of currents flowing in windings 1, 2 and 
3 give rise to revolving m.m.f. waves F;, F, and F;, respectively, 
these being relatively at rest and rotating at slip frequency with 
reference to the stator. The angle between m.m.f. waves F 
and F3; is equal to the angle of brush shift, p, and is inde- 
pendent of the load. However, the angle between F, and F, 
depends on the torque, and this angle of separation, 6, will 
be termed the torque angle. The magnitudes of F;, F) and F; 
are proportional to their respective currents; that of F3 being, 
in addition, dependent on the brush separation. 


(2.3) Simplifying Assumptions 
The following assumptions are made in the development of 
the theory: 


(a) Saturation is neglected; this is particularly valid in view 
of the fact that usually the machine is designed for low flux 
densities. Hence for normal operation all reactances may be 
considered to be constant. 

(b) Only the fundamentals of the m.m.f. waves are con- 
sidered, all other harmonics being ignored as secondary effects. 

(c) Iron losses are neglected, since they depend on the 
resultant flux density and frequency; for the stator they are 
practically constant, whilst for the rotor they are functions of 
the slip. Consequently, any analysis which attempts the 
inclusion of these losses becomes involved. In the paper 
these losses are initially ignored, although an approximation 
can later be made as in the case of induction motors. 
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(d) Stray load losses are neglected. 

(e) The influence of the commutating coil on the m.m.f.’s 
and fluxes of the machine is ignored. 

(f) In the formulation of the equations of performance all 
resistances are assumed to be constant; this is in error par- 
ticularly with reference to R3, because of the brush-contact 
resistance, which is a function of the current. However, in 
actual computation the correct procedure would be to cal- 
culate a sufficient number of secondary currents from the 
equations using the appropriate value of R3, this being obtained 
by successive approximations based on the experimental curve 
relating R; to its currents. 


(3) EQUATIONS OF PERFORMANCE 


(3.1) M.M.F. Waves F), F, and F, 


For a constant shaft torque and for a fixed setting of the 
brushes (r and p) the machine runs at a steady speed correspond- 
ing to the slip s. The currents in windings 1 and 3 are at the 
supply frequency /, and that in winding 2 is at the slip frequency 
sf. However, each of the m.m.f.’s rotates at synchronous speed 
with respect to the rotor conductors and hence is relatively at 
rest. The magnitudes of these m.m.f.’s are proportional to 
I,T;, 1,T, and rI,T;, respectively, where r is governed by the 
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Fig. 1.—M.M.F. relationships. 


(a) For e < 180°, 
(0) For 9 > 180°. 


brush separation. With a uniform distribution of the com- 
mutator winding, if r,,,, is the value of r for a brush separation of 
180 electrical degrees, then for a brush separation of 2:/, the value 
of r is given by the relation 


Y = Ting Sin os 


Consider, next, the distribution in space of these m.m.f. waves. 
As seen from Figs. 1(a) and 1(6), F, lags behind F, by the torque 
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angle 8, whilst F, and F; are separated by the angle p of the : 
brush shift. Obviously p can assume any value from 0 to 360 
electrical degrees depending on the position of the brushes; in 
particular, for values of p between 180° and 360° the brushes | 
cross over as shown in Fig. 1(6). 


(3.2) Fluxes and Reactances 
The distribution of the fluxes for assumed currents in all the’ 
windings is shown schematically in Fig. 2. These are as follows: 


(a) The leakage fluxes ®,,, D2, and D3, of the windings 1, 2) 
and 3, respectively, linking with their respective currents. 


2.—Fluxes due to currents in windings. 


(a) Fluxes due to currents in winding 1. 
(6) Fluxes due to currents in winding 2: 
(c) Fluxes due to currents in winding 3. 


Fig. 


(b) The self-fluxes D,,, D5, and D,,, which are the total fluxes 
(exclusive of leakage fluxes) due to currents in the windings 1, 2 
and 3, respectively. 

(c) The mutual fluxes ®,;, 01>, 0,3, ®;;, ®,, and 03, muti 
to the windings indicated by the subscripts, the first subscript 
denoting the actuating winding. ; 


The leakage reactances Xj;, X>, and X3, correspond to the 
leakage fluxes ®,,, , and 3), respectively; the magnetizing 
reactances X11, X, X33 correspond to ®,,,®,, and ®,,, respec- 
tively; and the reactances Xj, X33, etc., correspond, respectively, 
to the fluxes O,,, ®,,, etc. All these reactances are reckoned 
at the supply frequency f, and are referred to the turns of 
winding 1. 


(3.3) M.M.F. Relationships 


To formulate the equations of performance for voltages it is 
essential to determine the rate of change of flux linkages asso- 
ciated with each winding. This in turn depends on the action of 
each of the m.m.f. waves on the particular winding under con- 
sideration. At this stage it becomes necessary to postulate a 
hypothetical current in each winding called the exciting current, 
and defined as that current which, by its independent action in 
its winding, can produce the total flux linkages (exclusive of the 
self-leakage flux) associated with this winding and caused by all 
the m.m.f.’s. Denoting these exciting currents in windings 1 
and 2 by Jp; and Jp, respectively, the balancing equations for 
the m.m.f.’s are as follows: 


For the stator 


IF; => kyl, Tye + 2k Toole + kyr, Tyele-8-0 (i) 
11 4 


For the rotor at sub-synchronous speeds 


[,T,eiC+® + ky bToei8 +52 


X12 
lot = ay = thaT2e°- 2) (2a) 


For the rotor at super-synchronous speeds 


X12 
i 0212 = => Kae me T,Es8— 5) + kybTeI8 + ke pot ERED (2b) 
_ iwhere k, and ti are the revolving unit vectors at frequencies f 
and sf, respectively, and « and f are the angles by which the 
vurrents [, and /,, respectively, lead k, and k. In the formula- 


f on of these equations it must be borne 1 in mind that the various 


a iked by the ampere-turns of winding 2 will be given By the 
‘elation: 


(ampere-turns of winding 3) 


ca reluctance for O 
= (ampere-turns of winding 2) cease ab ote 
reluctance for @,3, 


qe Xx. 
= (ampere-turns of winding 2) —22 
X33 
“his accounts for the presence of the reactance ratios in the 
')bove equations. The various steps leading to these equations 
ire given in Sections 9.1 and 9.2. 


(3.4) Equations of Voltages 


Each of the exciting currents can be split up into active and 
_ wsactive components with reference to the e.m.f.’s induced in the 
ivi Thus for winding 1: 

F 

4 


Lg = Ii cosa X E 4 


i 


alo ihe sin Onx EJ/2—9) 


lvhere the suffixes r and a denote the reactive and active com- 
»onents, respectively, and o is the angle by which J,, lags behind 

1- For the assumption of negligible iron losses, the induced 
)Klectromotive forces V;, V; and V3 in the respective windings 
|, 2 and 3 are given by the following relations: 


vor the stator 


V, =i, (iis at eB Xp ce rX,3¢7 ) (3) 
“or the rotor at sub-synchronous speeds 
. | V= ee K ois dis see ae ay rete) (4a) 
: or the rotor at super-synchronous speeds 
| V; = jh (2 ee ae mee oe ae re+se) (4b) 
“or the tertiary at sub-synchronous speeds 
y,=JL oe seio40 fee go ae en (Sa) 
7or the tertiary at super-synchronous speeds 
Peo, gE ae-io+0 +r(32) e—ie +5 | (5b) 


22 voltage equations are therefore given by 


(7 =1(R; +IX) + V; 


=I, E +X + XD) + je POX 7 re) | (6) 
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and 
: ; 1 
V3 = V3 = O = bl bs Sr r?R3) 
mal Se a 
+ I 75 (8X2 ar PsX) a V; =f V3 (7) 
since windings 2 and 3 are in series. 


(3.5) Equations of Performance 
Eqns. (6) and (7) are obtained in terms of the ratio p = L//, 
and the torque angle 6. The expressions for k/p can be derived 
from either of the two sets of eqns. (7), (4a) and (5a) or (7), (46) 
and (50), and it is seen that in either case, 
kK (Rp + 7°R3) + sXp3r sin p — rXp3 sin p 


Pp Xj. sin 6 + rX;3 sin (8 + p) 


= 5(Xo) + 12X35, + Xp) + 5X53 COS p + 7rX3 COs p + 12X33 
sXj, cos § + rX43 cos (6 + p) 


(8) 


provided that s is reckoned positive for sub-synchronous and 
negative for super-synchronous operation. 
Hence eqn. (7) could be rewritten as 


L 


k 
=e + r 2R; +j- eee + rX136/°) 


+ j[s(Xoy + 17X35) + Xp2 + XogreEF) + rXg3e/° + PXyl} (9) 
Eliminating s from relations (8) gives the quadratic in p as 


2 
(z) n + Fh sin 8 + Icos 8) +m =0 (10) 


where 
j= {7X43 [rXp3 (cos? p — sin? p) + (Xo + X>) ++ r?.X3)) Cos p] 
— rX1pX53 00s p — r?X1nX4} 
T= [1X 3(Xoq + Xo, + 17X3)) sin p +1X12Xo3 sin p — Xj 
(R, aL r7R3) + 2r?X13X>3 sin P Cos p] 
m=r7xX 13X42 Sin p 
nh ={ [rX5, sin ‘Die (R, + r?R3)] [rXp3 cos P + Xo + X>) 
+ 1?X3)| + r?XZ, sin p cos p + 73.X33Xp3 sin py 
(3.5.1) Equations for Slip. 
From eqns (8) the relation in s is given by the quadratic 
s*(acos 6 + bsin 8) + s(ecos 6 + dsin 4) 


+ (fcos 6 +gsin 6) =0 
or 


s= 


1 ccos 6 + dsin 6 
2 Geass 


ccos 6 + dsin 4\? 
= | Cees) 
a= 7rXo3X42 sin p 


b = X49 Xp, + 17X31, + Xo. + X37 Cos p) 
c = [r2X43X13 sin p cos p + X1.(Rp + r?R3 — rXp; sin p) 
-b rX43 sin P(X, = r?X + X99 + X531 cos p)] 
d = [X1,(rXp3 cos p + 17X33) + 7X43 cos p( Xp, + 7X3, 
+ Xz. + Xy3r cos p) — r?X73X43 sin* p] 


fcoosd+gsin 5 i} 
: ne ey 
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if = [rX43 cos p(R + r?R; at 1X53 sin p) 
+ rX43 sin p(rx43 COS p += r?X33)| 


g = [rX,3 cos p(rX3 cos p + 17X33) 

= rX43 sin p(R2 a. rare = rXn3 sin p)] 
In computation it is sufficient to work with either of the signs 
before the root, as values corresponding to the other sign 
are obtainable by replacing § by 7 + 6. Obviously 6 can take 
only such values as would make the quantity under the root 
real. The full significance of 6 is brought out in Section 9.3. 


(3.5.2) Equations of Voltage. 


Solving for p from eqn. (9) and substituting in eqn. (6) it is 
found that 


Y= 1G + G(X + X11) FIX 12 + 1X38 We * 


ee 4) 


(12) 


As in the case of s, here also it suffices to work with either one 
of the signs before the root. 

Alternatively, by eliminating ke/5/p from eqns. (6) and (9) the 
expression for V; is related in terms of s only as 


(13) 
where 

A=R,+7°R3 —rsinp X>3(1 — s) 

i= 5(X5) + X>) + r COS pxX301 +- S) -+ r?(X33 + SX3)) 

C = AR, — B(Xy, + X41) +5X% + PXR +17X12X43 608 pl +s) 
D = BR, + A(X, + X41) + rX1oX 431 = S) sin p 


From eqn. (8) it is seen that 
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As shown in Section 9.3 the locus of the impedance function 
defined by eqn. (12) is a circle for varying values of 5, the para- 
meters of the circle being defined as follows: 


ae IrX 43 eee 


h 
Centre: E ia (X42 + rX43 COs Pa, on 


hr X13 Sin p 


1 
= — 5q*12 + rX13 COS | 


+i] int Xu) + | 
=F + jG, say 


Radius: R = lon + rX43 COS p)* 
| + (rX13 sin p)?]'/2[? + h? — 4mn]') 


where the axis of real values is in the direction of the currents. 
The operating point for a particular value of 6 can easily be fixed 
on the circle (Fig. 8) by the construction outlined in Section 9.3. 
From the impedance locus the current locus could be obtained by 
the method of inversion. This yields for the current locus a: 
circle of the following parameters: 


v2 i 

Centre: PL @ oR pe jG) 
Bat ts ViR 

SEE Pop GR 


where the axis of real values is in the direction of the applied 
voltage. : 

It is obvious that the same expressions for the parameters of 
the current locus could have been obtained from eqn. (13), 
which gives the current in terms of s. 


(5) THE APPLICATION OF THE EQUATIONS 
The authors were unable to apply the theory to an actual 
machine and subject it to test. However, it is instructive to 
apply the equations to a motor whose constants have been given 
by Gibbs,’ with the further assumption that X33; = X12 = X3. 


_ [(R, +r?R3) +sinp(srX>3 = rX>3)/* + [rX23c0s p(s == 1) + s(Xp + Xr +17X3, + 17X33]? 


G) ="@) 
P I, 
whence, knowing J, J, can be computed. 


(3.5.3) Equation for Torque. 
The torque per phase, in synchronous watts, is given by 


T = RIV,I, — 12R, — I7p*(Ry + r?R3) (14) 


The foregoing eqns. (8), (11), (12) and (14) are the equations 
of performance and are sufficient to determine the primary and 
secondary currents, the slip, the power factor, the input and 
output, and the efficiency at any value of the parameter, 6, for 
any specified brush position (including both separation and 
shift). 

The torque obtained is the gross torque in that it includes all 
those losses usually considered independent of load, such as iron 
loss, friction and windage loss, and parasitic-current losses under 
the brushes. A torque equivalent to these steady losses must be 
calculated and subtracted from the gross torque to obtain the net 
output torque. 


(4) LOCUS DIAGRAMS 


For any particular value of x4 and p, the equation of the locus 
of the point representing the primary current J, can be established 
by using either eqn. (12) expressed in terms of 6, or eqn. (13) 
derived in terms of s. 


(SX)? + (7X93)? + 2srX42Xj43 Cos p) 


The values of ys and p are so chosen that the quantity R, can 
reasonably be assumed to be constant from no load to full load. 
For a 120h.p. 3-phase 50c/s motor with a synchronous speed 
of 750r.p.m. the constants are as follows: 


R,=O-'llohm 4X4, + X,; = 16°45 ohms 
X54 + Xo = 16:2 ohms 


X12 = X3 = 15-7 ohms ; 
X13 = 16-2 ohms 


Ry = r?R; = 0:42 ohm 
V, = 400 volts 


For the assumption that X¥3; = X 3 the value of X3, is 0-5 ohm 


X34 + X33 == {Kor ohms 


Dae Oe 


(5.1) Performance at High Speed (for Small Values of e) 
Pp =—l 5° F 
Steady losses (iron, friction, etc.) are assumed to be constan 

in the range considered and equal to 8-2kW. 

Table 1 summarizes the calculations pertaining to input current 
output, efficiency and power factor. The values as obtained b 
calculation by Gibbs’ are shown in parenthesis for comparisor 
Figs. 3(a) and 3(6) show respectively the variation of gross outpu 
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Table 1 
120H.Pp. Moror: HiGH-SPEED CHARACTERISTICS 


Percentage of full load output 100 72:4 47-2 24-4 4-08 


Power factor .. ae =e ae ne 0-993 (lead) 0-953 (lag) 0-570 (lag) 0-184 (lag) 


(0-978 lag) (0-813 lag) (0-485 lag) (0- 184 lag) 
83°7 80-8 70-1 24:9 
(83-7) 


Sige yy eee —0:405 
(—0-43) 


Percentage efficiency . 


w 

7) 

ES 
pH) a 
< = 
: z 
sett = 
= 2-40 
= bE 
— =) 
> ro) 
5 2 
= 
co) O'= 
" iv 
Oo < 
° 
x 
0) 
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EAE 150 160 170 180 190 Fig. 5.—Performance curves for low-speed setting. 
TORQUE ANGLE, 6, DEG (a) Gross output/torque angle. 
(6) (6) Slip/torque angle. 


Positive-root rales, 
Fig. 3.—Performance curves for high-speed setting. oT NEE RUSE OUE TAINES: 
(a) Gross output/torque angle. 
(b) Slip/torque angle. 

Positive-root values. 
—--— Negative-root values. 
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f% 4.—Current and conjugate impedance loci for high-speed setting. Fig. 6—Current and conjugate impedance loci for low-speed setting. 
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Percentage of full load output 


120H.P. Motor: HIGH-SPEED CHARACTERISTICS 


96:4 


Table 2 


87-5 


Power factor 
Percentage efficiency .. 


Slip 


0-695 (lag) 
(0: 62 lag) 


0-734 (lag) 
(0-67 lag) 
79°5 


(77:8) 
0-482 
(0-50) 


67:5 


0-816 (lag) 
(0: 754 lag) 
78-0 
(76:4) 
0-452 
(0-46) 


De) 


0-948 (lag) 
(0-91 lag) 
66:2 
(66:6) 
0-420 
(0-42) 


0-971 (lead) 
(0-89 lead) 
35°4 


(45:5) 
0-402 
(0-39) 


power and slip with the torque angle, 6. Fig. 4 gives the locus 
of the primary current and the point p corresponding to a torque 
angle of 155 electrical degrees. 


(5.2) Performance at Low Speed (for Large Values of p) 
Wi e=65° 

p = 172° 

Steady loss at low speed is 3-4 kW. 


Table 2 and Figs. 5(a), 5(6) and (6) give the summary of the 
performance calculations. 


(6) CONCLUSION 

The equations of performance presented are more compre- 
hensive than those offered by previous authors. In particular, 
the equations presented by Gibbs’ can be readily deduced from 
the foregoing on the basis of the following simplifying 
assumptions: 

(a) aX 12. xX: 23° 

(6) The reactance drop due to leakage fluxes in the tertiary 
winding is assumed to produce a voltage drop 1,X3, in 
magnitude instead of s/,X3,, which is actually the case. 

The main difficulty in any predetermination is the difficulty of 
assigning definite values to the constants involved. This is 
particularly so for this machine as regards the value of R, + r*R3, 
which is:a function of the current due to the presence of the 
brushes. It is obvious, therefore, that the choice of the constants 
must be a matter of successive approximations based on the 
curve relating the resistance to the secondary current. 
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(9) APPENDICES 


(9.1) M.M.F. Relationships 
(9.1.1) For the Stator. | 

Consider Fig. 1(a). The m.m.f. Jp,7; required in winding 1 tc 
produce the same flux linkage with itself as those due to all the 
m.m.f.’s F;, F, and F; may be deduced from the follows 
considerations: 

The m.m.f. F 1 requires an ampere-turn in each phase of wind: 
ing 1 which is given by k,1,7,¢/%, where 1, = k,I,e/*. The m.m.f 
F, lags behind F, by 6 and has a magnitude kJ,T>. This m.m.f. 
however, as seen from Fig. 2, acts on a magnetic circuit different 
from that corresponding to F,. Consequently, the equivalent 
m.m.f. required in winding 1 to replace F, must have a magnitude 
(X49/X11)4T>. Hence the ampere-turns required in winding 1 tc 
produce the same flux linkages as F, is 


| 
| 


Xeon 
7 hhh 


By a similar argument it is seen that the equivalent m.m.f. tc 
replace F; is 
X13 7 j 
713 -£ pTrei@—8—e) 
Xi 
Thus 


ile = od k Te + (2)4 bTpehe- + (38 ees om “8 


(1 
or i= Ala + Gale Sipe (F2)res+0 | 


(9.1.2) For the Rotor. 


In the case of the rotor it becomes necessary to consider, it 
the first instance, the m.m.f. relation for sub-synchronous ant 
super-synchronous speeds separately. 


(9.1.2.1) Sub-synchronous operation (s > 0). 


As seen from the stator [Fig. 1(a)] F; leads F, by & and F 
lags behind F, by p. The magnetic circuits acted upon by eack 
of these m.m.f.’s are as shown in Fig. 2. Following the step 
outlined in Section 9.1.1, it is seen that 

Io2T> = bee 


where L, = kpIhei8 


lence Too = hA+5 ——— ag or Ss — B+ 232 /f ein) 
Xn pe Xn. P 


9.1.2.2) Super-synchronous operation (s < 0). 


z| For super-synchronous operation, as seen from the stator 
Fig. 1(a@)], since the rotation of m.m.f.’s is now in the opposite 
ection, Fj lags behind F, by 6 and F; leads F, by p. Conse- 
> quently 


X12 
qT) = asa 27 Leie= 3) 4+ kyl Tpe/8 eh = rhhT,ei@+0) (2b) 
¢ fence hs es 6 (+5 2 k eis Me Sake) 
Xy DP Xx. DP 


(9.2) E.M.F. Equation 


| For the assumption of negligible iron losses it is easily seen 
at the induced e.m.f.’s V; and V; in the respective windings 
j and 2 are given by the relation 


Vi = ily X41, = Sh, Ee 2y POX a X67) - (3) 


= 


| 7 as sh aan . 
gae V2 = pa hooXo2 = ig (Au5e? + X42 + Xqgre) (4a) 
pr sub-synchronous operation, or 


jpgh(Xuse +- Xn2 -- Xzrei°) (45) 
"or super-synchronous operation. 

It remains only to deduce the expression for the e.m.f. V; of 
“vinding 3 that is effective at the brushes. 

| Consider now the case of sub-synchronous operation for which 
‘he direction of rotation of the m.m.f.’s referred to the stator is 
4s shown in Fig. 1(a). If the instantaneous current in winding 2 
43 ip = v/21, cos (8 + swt), the axis of the m.m.f. F, leads that 
‘sf this winding (in the direction of rotation of the m.m.f.’s) by 
yin angle (8 + swf) as shown in Fig. 7(a). The positions in 
"pace of the m.m.f.’s F;, F, and F3 are also indicated in the 
‘liagram. Since the rotor is rotating at an angular velocity 
)1 —s)w, the angular displacement of a fixed point P on the 
otor at any instant ¢, with reference to the stationary axis of 
winding 2, may be written as 


a+ (Ud — s)wt 


where « is the angular position of this point when tf is zero. 
Consider a coil on the rotor with its axis at Q which is @ electrical 
‘degrees ahead of the fixed point P (in the direction of rotation 
‘of the m.m.f.’s). If Bg;, Pg. and Dg; are the maximum fluxes 
linking this coil due to F;, F,, and F; respectively, the net flux 
Do is, as seen from Fig. 7(a), given by 


Dp = Do, cos [8 + swt + 8 +a + (1 —s)wt — 8] 
+ Do, cos [B + swt + «+ (1 — s)wt — 0] 
+ Dp; cos [8 + swt —p + a+ (1 —s)wt — 9] 
- Consequently, the induced e.m.f. in this coil is 
Vo= £09 =0[ Poi sin(B +8 +a—6+ wf) 
+ Do, sin (8 +a—6-+ wf) 
+ Dp; sin(B +a—p—O@ + wt)] 
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Fig. 7.—Instantaneous spatial positions of m.m.f.’s, of axis of winding 
2 and of a specific coil in winding 3. 


(a) For sub-synchronous operation. 
(6) For super-synchronous operation. 


If the winding between the brushes is replaced by an equivalent 
coil, then for this coil 
6 = [« + (1 — s)wt — p] 


and Do,, Do, and Do3, assume new magnitudes, say, D1, Din 
and ©, respectively. Hence the e.m.f. V3 collected between the 
brushes is given by 


| oie (Vo)o=2+(1—syot—e 
= w[O,, sin(8 + 6 +p + swt) 
+@,,. sin(B + swt + p) 
+@,,;sin(B + swt)] 


From the definition for X33 it follows that 
») 
V 2Q)h 5 X33 = wP ng 


® 


Aes m — Ali %13 004 Da (22 
Ong  MhT2 X33 Om3 rIhTy/ X33 


Bearing in mind that the instantaneous current in winding 2 is 
4/21, cos (8 + swt), the potential drop in winding 3 in the 


288 


direction of flow of J, is — V3 and can be written in vector form as 


. k oR j 
V; =i3(7 X,36/6+0) + rXp36/° + X33) (Sa) 


Consider next the super-synchronous operation for which 
the position of m.m.f.’s, P, Q, etc., are given in Fig. 7(d). 
Here also, if the instantaneous current in winding 2 is 
i, = »/21, cos (B + swt), then, proceeding as before and bearing 
in mind that the angular velocity of the rotor is (1 + s)w, the net 
flux Do linked with a coil having its axis at Q is given by 


Do =o, cos [B + swt — 5 —a — (1 + swt + 8] 
+o, cos [B + swt — « — (1 + s)wt + 6] 
+ Do; cos [B + swt + p—a— (14+ s)wt + 6] 


Proceeding as before, since @ for the equivalent coil replacing the 
winding between brushes is 


? a (le wor 90 
the induced e.m.f. is 
V3 = — w[O,,, sin(B + swt — 5 — p) 
+@,,. sin (8 + swt — p) 
+ ®,,3 sin (8 + swt)] 


: Ek 
Soot) [ex gentore + rXy36I° + 17X33 (5d) 
(9.3) Impedance and Current Circles 


Consider the circle in Fig. 8, where C is the centre of the circle, 
O is the origin, O, a point in the plane of the paper, and 


Fig. 8.—Impedance locus for the Schrage motor, 


O,PP, a secant making an angle « with the axis of real values 
in the counter-clockwise direction as shown. The line O,C leads 
the axis of real values by an angle 8. Then 


SS 
OP =00,+0,P 
__ f 
= 00, + 0,Pe/ 
— 
200; 4 [exe (cos « cos 6 + sin « sin 8) 


+{[0,C(cosacos 8 + sin«sin 6)? — [0,c?—cP)} Je 


KESAVAMURTHY AND BEDFORD: TORQUE-ANGLE ANALYSIS OF THE SCHRAGE MOTOR 


the two roots giving the points P and P, respectively. Th 
impedance function is, from eqn. (12), 


hsin 8 + cos 6 
2n 


ie vi¢ sin ai dese i i dex 


where Ag—jv = X42 + rX 136 4° 


Ry + i(X%, ar X11) + je-{— 


Le. 
Ry +j(%)+ X1) + eras» oe ( 


2n 
Ah sin § + Alcos 8\2_— 4m) 
+ ( 2n ) 7 i 


[Ry +#(X%, + X1)] + &*®[— B+ VB? — A2mjn)] 


where B = 


Ah sin 6 + Al cos °) 


or 


2n 


9 ap eare 


2 


4 Athcos v + Isin v) cos 8 + A(—hsin v + Icos v) sin 8 
| 
and | 


~ 


By comparison with Fig. 8, the impedance function defines ¢ 
circle, where 


—_ r 
OO; = Ry + jf (XX, aig X41) 


OjC= ce h2 + [7 
1 ano! oe ) 


2 
CP?i = A + 1? — 4mn) 


—hsinv +Icosv 


20 ———————— 
hcosv + /sinv 


and 


> — 
OC = 00, + 0,Ccos « +jO,C sin « 


A 
= Ri — 7 hoosy + Isin v) 


A 
+i Xu X11 ao hsin v +I cos »| 
For positive values of 
AP = O\C? — CP? 
O, lies outside the circle. For this case, the operating points ar 
possible for values of @ satisfying the inequality 
0,<0<8, 


where |O,C sin (« — 6;)| = |O,C sin (@, — «| =CP. There- 
fore the corresponding limits of 6 are 


(5 —¥— A) and (5 —v — 6) 


1.314. 


SUMMARY 


The paper analyses five basic types of chopper circuit suitable for 
“nyerting low-level direct voltages to alternating voltages. Three of 
vem are capacitance coupled and two are transformer coupled; all 
ve resistive loads. 

Both transformer-coupled circuits have make-before-break (overlap) 
yyntact action and incorporate a stopper resistor. If the overlap 
> small, this arrangement provides input resistances which approach 
ose of the equivalent buffered underlap circuits, together with 
rveral other advantages. 

_- &xpressions are derived for gain, input resistance and optimum 
‘ jopper resistance in terms of the component values. 


LIST OF PRINCIPAL SYMBOLS 


( ©, = Filter (reservoir) capacitance, farads. 
( ©, = Coupling capacitance, farads. 
Cr = Capacitance across transformer referred to primary, 
farads. 
i = Instantaneous magnetizing current at time ¢, amp. 

Iz, = 1-+ ip, amp. 

i, = Instantaneous current in load, referred to primary, amp. 
—ig = Value of i at t = 0, amp. 
ig = Value of i at t = ft), amp. 
L = Inductance of primary winding, henrys. 
k = Secondary/primary turns ratio (circuit 4). 

= Secondary/half-primary turns ratio (circuit 5). 
-( Q, = Net charge drawn from C; during f,, coulombs. 
_ R; = Filter resistance, ohms. 
+. R, = Stopper resistance, ohms. 
). R; = Load resistance, ohms. 

_ Ry = R3/k?, ohms. 
R, = Secondary winding resistance, ohms. 
R, = R,/k?, ohms. 
R, = Primary winding resistance (circuit 4), ohms. 
R. = Shunt resistance equivalent to C;, ohms. 
a 
R, 


= R, + R,, ohms. 

Ry = Input resistance less filter resistance, ohms. 

R, = R,R,/(R, + R,), ohms. 

t; = Chopping period, sec. 

t, = Through or reverse period, sec. 

t; = Overlap period (circuits 2 and 4), sec. 

ty = 4t, ical ty —: 2t3 (circuit 4), sec. 
= Zero (circuit 5). 

V = Direct input voltage, volts. 

¥, = Voltage across C;, volts. 

’; = Twice mean output voltage during fy, volts. 

3 = V3/k, volts. 

v = Instantaneous output voltage, volts. 

y = v/k, volts. 

» = Angular chopping frequency = 27/t,, rad/sec. 


I 
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PROPERTIES OF SOME D.C.-A.C. CHOPPER CIRCUITS 
By I. C. HUTCHEON, M.A., A.M.I.Mech.E., Associate Member. 


(The paper was first received 25th June, and in revised form 28th September, 1956. It was published as an INSTITUTION MONOGRAPH 
in January, 1957.) 


(1) INTRODUCTION 


Mechanical choppers, or contact modulators, are currently in 
use on a fairly wide scale for applications which include: 


(a) Conversion of low direct voltages to alternating voltages for 
easy drift-free amplification. 

(6) Reconversion to d.c. of amplified a.c. signals. 

(c) Stabilization of direct-coupled d.c. amplifiers. 

(dZ) Isolation of d.c. circuits from one another by means of a 
transfer or ‘bucket’ capacitor. 


One of the principal uses is (a), and commercial designs of 
chopper are available to provide voltage stability of 10~7 to 
10-© volt, and current stability of 10—!2 to 10-!! amp. Even 
better performance has been obtained from choppers specially 
designed for research purposes. Other devices, such as the 
vibrating capacitor and the magnetic modulator, have their 
own fields of use which partly but not entirely overlap that of 
the mechanical chopper. The performance of d.c.—a.c. chopper 
circuits is consequently of considerable interest, and five circuits 
are analysed in the paper. They represent a much larger number 
of practical circuits differing only in minor details. 

Three of the circuits are capacitance coupled, and their analysis 
is straightforward. The two other circuits are transformer 
coupled, with make-before-break (‘overlap’) contact settings and 
a stopper resistor which limits the current drain during the 
overlap periods. If the overlap is small, they can be made to 
give nearly as high an input resistance as the similar circuits 
with underlap contact settings and a buffer capacitor.> They 
also provide some features which are advantageous when very 
small signals are to be handled. 

In all cases the degree of current and voltage stability finally 
obtained is largely dependent on the magnitude of the spurious 
signals introduced by the chopper. Stability also depends to 
some extent on the properties of the other components, on the 
circuit arrangement and on the magnitude of stray pick-up from 
external sources. These factors are discussed briefly, but chopper 
design is not dealt with in the paper. 


(2) FUNCTIONAL ANALYSIS OF CIRCUITS 


Most d.c.—a.c. chopper circuits, of which the five considered are 
typical, have a number of common features. 


(2.1) Input Filter 


The input voltage is generally applied through a low-pass 
RC or LC filter, the capacitor of which acts as a reservoir to 
supply the pulsating currents drawn by the switching section, and 
ensures that a steady current is taken from the source: this mini- 
mizes the effect of source resistance. The filter also attenuates 
spurious alternating voltages which arrive with the d.c. signal. 
Single- or multi-stage filters may be used, and perform identically 
under equilibrium conditions, only the total d.c. resistance being 
significant. LC filters are more efficient, but the inductors 
require heavy shielding against stray magnetic fields, and are 
therefore seldom used. 
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(2.2) Switching Circuit 
The filter capacitor is followed by a switching circuit which 
may be 
(a) On-off. 
(6) Single-pole double-throw break-before-make (underlap). 


(c) Single-pole double-throw make-before-break (overlap). 
(d) Double-pole change-over (underlap or overlap). 


Capacitance-coupled circuits may make use of any of the first 
three arrangements, and the typical circuits shown in Figs. 1(a), 
(b) and (c) are based on them. The fourth arrangement Is 


CONTACTS NONE 
a one NONE 
D B BC-) f-cD 
+N c 
INPUT C i | 
1 |p Ra = OUTPUT = 
iy oe 3 : 
(a) 


( 
Ry 2Ro 
F. B 


INPUT Cy 


(eee 
pee Teele 
(b) 


CONTACTS 
Ry MADE 


+ anced c Co 
a ake Rg S OUTPUT 
EL BSE, 

(9 


Fig. 1.—Capacitance-coupled chopper circuits and waveforms. 


(a) Single-pole double-throw with underlap (circuit 1). 
(b) Single-pole double-throw with overlap (circuit 2). 
(c) On-off (circuit 3). 

(d) Output voltage waveform for circuit 1. 

(e) Output voltage waveform for circuit 2. 

(f) Output voltage waveform for circuit 3. 


generally not suitable for capacitance coupling, because of 
earthing problems. 

Any of the arrangements can be used with transformer 
coupling, but we are here concerned only with the overlap cases, 
i.e. (c) and (d). 

Other circuits, such as a bucket-capacitor circuit for isolation 
purposes, may be combined with any of the above, but do not 
alter the principle of their operation. 


(2.3) Stopper Resistor 


When there is a make-before-break contact action the filter 
capacitor is short-circuited during each overlap period. Con- 
sequently a stopper resistor must be included between the filter 
capacitor and the chopper to limit the discharge from the former. 

If the stopper resistance is varied, the gain passes through a 
maximum, the optimum resistance depending on the other circuit 
values. For reasons of symmetry, the stopper is often split into 
two equal parts. 


(2.4) Output Coupling 


The switch is coupled to the load by either capacitors or a 
transformer. Capacitance-coupled circuits can be made to have 
high input resistances, and transformer coupling is used to 
increase voltage sensitivity at the expense of input resistance, or 
to provide isolation of input from output. Complete d.c. 
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isolation is obtained by using a transformer or two coupling) 


capacitors. | 

Transformer coupling provides a degree of a.c. isolatior| 
dependent upon the inter-winding capacitance [Fig. 5(a)], which is | 
made as small as possible. 


A.C. isolation in capacitance} 
coupled circuits is less practicable unless bucket-capacitor circuits, 
are used.” !4 


\ 


(2.5) Load 


The final load is normally resistive, e.g. the grid resistor of ¢ 
valve. In transformer-coupled circuits the core-loss resistance 
is in parallel with the load, and must be taken into account wher 
the load is high; it is sufficiently accurate to take the loss resistance 
as measured with sine-wave inputs. 

The effect of shunt capacitance, e.g. winding self-capacitance 
will be considered separately. 


eal 


(2.6) More than One Input 


The voltage to be chopped is often the difference between twe 
or more larger voltages, which can be fed into any convenient 
parts of the d.c. circuit before the switch. Usually the measured 
voltage is applied to the filter, while the balancing voltage is fec 
in after the filter capacitor, as shown in Fig. 5. 

In determining circuit performance it is convenient to assume 
that there is a single input only, equal to the difference between 
the two or more actual inputs. This causes no loss of generality 
provided that the voltages are steady. | 

| 


(3) SOME BASIC REQUIREMENTS AND DEFINITIONS — 


Some of the less desirable circuits can be eliminated imme- 
diately by consideration of requirements for symmetry. | 

The remaining circuits can then be evaluated in the light of 
their properties as found by analysis. Two important properties, 
the circuit gain and input resistance, are needed for this, and are 
defined below. 


(3.1) Symmetry | 

Whenever possible, chopping circuits should provide sym- 
metrical switching, i.e. the through and reverse circuit configura- 
tions should be similar and of equal duration. This ensures 
that any pick-up at the chopping frequency is converted so far 
as possible into higher harmonics to which demodulating circuits 
can be made unresponsive. It also assists the cancelling of 
thermal e.m.f.’s generated in the circuit. On-off switching is bad 
in this respect. 

The output impedance should be the same during alternate 
half-cycles, otherwise hum in the following valve may be modified 
undesirably (e.g. 100c/s hum might be modified to 50c/s, which 
would cause errors with 50c/s chopping), and in capacitance: 
coupled circuits, slow variations in grid current of the following 
valve (due, for example, to supply-voltage variations) may be 
chopped and so produce an a.c. output. (A high-pass filter is 
often included between the chopping circuit and the valve tc 
reduce this effect.)® 

The output impedance also should not rise to high value: 
during switching, otherwise the circuit becomes susceptible te 
pick-up effects and transients may occur in the output signal 
Underlap contact settings are bad in this respect. 


(3.2) Gain 


When the waveform is rectangular the gain is defined as th 
ratio between the peak-to-peak a.c. output signal and the d.c 
input. If the output waveform has appreciable droop, as is th 
case with transformer-coupled circuits, it is convenient to defin 
the a.c. output as being twice the mean height of the waveforn 
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) uring the through or reverse period ft. 
und quite satisfactory in practice. 


This definition has been 


(3.3) Input Resistance 


All the circuits draw a pulsating current from the input 
| apacitor, which is assumed to be large, and an equivalent steady 
ent flows through the filter resistor. The input voltage 
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Typical output waveforms are also shown in Figs. 1(d), (2) 
and (/), which also give the terminology for the switching times. 

The method of analysis is similar for all three circuits, and is 
typified by the treatment of circuit 2 given in the following 
Section. Expressions for gain, input resistance, optimum stopper 
resistance, etc., are given in Table 1, and these have been checked 
experimentally. 


Table 1 


PARAMETERS OF CAPACITANCE-COUPLED CHOPPER CIRCUITS WITH C; AND C, INFINITE 


Parameter Circuit 1 


Input resistance 
Ro (opt) for maximum gain 


Maximum gain .. 


Input resistance with Ro(op1) Ri + Ry 


‘\ivided by this current gives the input resistance of the circuit, 
Which is made up of the filter resistance, R,, in series with a 
‘esistance Ry denoting the rest of the circuit. 

) If R, is considered as variable, the gain A is given by 
+1 = KR,/(R; + Ro), where K is a constant, and is halved if R, 
43 increased by an additional amount R, + Ro. The input 
esistance can therefore be defined as that value of additional 
jeries resistance which halves the output signal. 

Differentiation of the above expression gives the following 

‘nore general relationships which enable the input resistance to 
‘ye derived from the gain equation: 


ATs 1/A 
VA/DR, (1 A)/ORy 
t should be noted that, since Rp is treated as constant, the 


(topper resistance (if any), on which Rp depends, must appear 
xplicitly in the gain equation and be treated as constant. 


Input resistance = 


(4) CAPACITANCE-COUPLED CIRCUITS 


\ The three basic capacitance-coupled circuits are shown in 
7igs. 1(a), (b) and (c): the first has equal through and reverse 
‘»eriods with variable contact underlap, and the second is similar, 
‘ow has overlap and a split stopper resistance; both can be made 
Sully symmetrical by replacing C, with two capacitors in series 
1a taking the lower output connection from their junction, at 
fhe same time replacing R, with a resistor in each input lead. 
(he third (on-off) is asymmetrical and less efficient, but is included 
-ause it represents a circuit which has been considerably used 
m practice!4 (this has a bucket capacitor which provides both 
S ating and on-off chopping actions). 


Circuit 2 Circuit 3 


c 


R3 


2 A we) 
ty 


t3 = 
22) 2/2 Rs! 


Tih: 
aS 
t3 z) 
ee le ee) R3 
(= 1—to zt + /(2 zg) R) 
2 ty ty R3 


(4.1) Analysis of Circuit 2 [Fig. 1(b)] 


It is assumed that C, and C, are large and therefore attain 
steady potentials, V; and V,, where V, is rather less than the 
input voltage, V. Consideration of the charges flowing into and 
out of C,, which must add up to zero over one cycle, shows that 
in this case V; = 2V5. 


The peak-to-peak output of the circuit is 


R; 


FM RSEER, 


(1) 


The charges flowing into and out of C, must also add up to 

zero over a cycle, giving 
ie ta anes 
R3 + Ro 


V>) V, 


1 
+ tse (2) 


(No current flows through the connection to C, during the 
overlap period.) Solving eqn. (2) for V; in terms of V, and 
inserting the result in eqn. (1) gives the following expressions for 
circuit gain: 


t; —t) Ry 


Shs 
PE tag Es 3) 


ata Ry RR, 
tf es. aks 
The value of R, giving greatest gain is found by differentiating 
with respect to R,, giving 


13 
Ry opt) = 24| (2RRa) . 


(4) 
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The input resistance is obtained from eqn. (3) in which R, 
appears and is therefore treated as constant; thus 

1 | d(1/gain) 
Gain © dR, 


OUTPUT 


Input resistance = 


(5) 


OUTPUT 


The optimum value of R, given by eqn. (4) can be inserted into 
eqns. (3) and (5) to give the maximum gain and the corresponding 
input resistance. (The latter does not have a maximum, but 
increases continually with R).) 


(4.2) Approximations 


If C; is infinite, the expressions for the three circuits are exact. 
Often they can be simplified to suit particular problems in which 
particular assumptions can be made. For example, if the 
chopper design is such that ¢; is small, the input resistance of 
circuit 1 is approximately R, + 4R3. 


In circuit 2, if t; is small, so is Ry; the input resistance is then (C) 7 
given by the sum of R, and the parallel resultant of 4R; and Fig. 2.—Transformer-coupled chopper circuits. 
ato) ; : i Double-pole change- ith overlap (circuit 4). 
R,(i;/2t3). ‘This can also be seen directly by inspection of the (5) Stilo pole double throw with overlap (circui5) 
circuit. If the value of the parallel resultant is Ro, the gain is (c) Equivalent for (a) and (6). 


approximately Ro/(Ro + Rj). 
Approximate expressions are not listed, since they are best 
derived as required. 


(4.3) Discussion 


If the overlap time, t3, can be made small, circuit 2 approaches 
circuit 1 in efficiency. It is then often to be preferred, because 
the output impedance does not rise to high values during switch- 
ing. The output impedance during f, is largely determined by 
the stopper resistance, and hence by f3, which should be small. 

Circuit 3 is less efficient than the other two and would be used 
only if the additional contact were not available, or perhaps to 
give greater reliability. 

Many of the expressions can be plotted against R,/R; for given 
switching times, thus enabling suitable values of this ratio to be 
chosen rapidly for circuits using a particular chopper. 


(5) TRANSFORMER-COUPLED CIRCUITS 


Two transformer-coupled circuits are considered, both being ate yop ac 3) a] 2] b circuit 4] 
symmetrical and having overlap contact actions which ensure Sr ke rot i GA 
that the transformer primary is never open-circuited. They are Oa 
a double-pole change-over single-primary circuit (No. 4) and a Bc | 
; \ : : 3 . | BCD cD BCD 
single-pole double-throw double-primary circuit (No. 5). They eases ets *e ba } hia 
operate in a similar way, and the first will be considered in detail; i+ ty . 


the results will then be applied to the second. Fig. 3.—Waveforms for transformer-coupled circuits. 


(a) Output voltage. 
(5.1) Operation of Double-Pole Change-Over Circuit (No. 4) a an ae 


The circuit, equivalent circuit and typical waveforms are shown 
in Figs. 2(a), 2(c) and 3 respectively, and the contact arrangement 
of one suitable chopper is shown in Fig. 4. 

When transient phenomena have disappeared during the first 
few cycles after switching on, the large filter capacitor C, has a 
steady potential V, which is rather less than the input, V. 

At time ¢ = 0 the capacitor is connected via R, to the trans- 
former, and currents i,, i and i, flow, varying with time. After 
a time f, the current in L has reached a value + ip and the trans- 
former is short-circuited for a time 44 + 2t;. During this period 


Fig. 4.—Contact arrangement. 


ae flux in the transformer core is maintained by ip, which does 
ot die away appreciably since the primary resistance is low. 

Consequently, when the next half-cycle commences and the 
-apacitor is connected via R, to the transformer reversed, the 
i sitial current in L is +ig; it then falls, during the period tos 


With this information about the limits of current, an analysis 
f one half-cycle enables the currents and voltages at any time f 
> be found in terms of V, and the circuit characteristics. 
» We can then find the net charge drawn per complete half-cycle 
“yom C,, which is 


t 
[G+ todat + 25 ViRo eG 


Jae second term being the charge drained from C, during the 
‘verlap periods t3, when C, is short-circuited through R>. 
»),quating this to the charge flowing into C, per half-cycle gives V;. 
fence the gain can be found. 

) We can then find the input resistance, the value of R, which 
akes the gain a maximum, the corresponding value of the input 
Jesistance, and so on. 


(5.2) Analysis of Circuit 4: General Case 
' The equivalent circuit is shown in Fig. 2(c). 
fect R,+ Rk, =R, 

R, + R; = R, 


R,R 
Res a*<b 
Crear, 


‘then the basic circuit equations for the period ty are 


Viet Pa atean. Gn @ 1 tee (7) 

EG dice Rip 2 ns ky () 

Bert Us eet tee Ie pane Gide te nh) 

‘liminating i, and i,, integrating, and remembering that i = — ig 


When t = 0 and i = + ip when ¢ = hy, gives 


V; Qe—Ret/L 
apd Cea er) (10) 
‘he charge drawn from C, during f, is 
[G+ ae = [ia + Zap 
=| UT hp =| ide + Sf 
x 0 0 R, : 
V; ee 1 — a) 
eee ips R. 1 + e—RetaiL 
1 t 
a 1 — 2 ta nh = ae (11) 


For convenience the tanh term is now replaced by the first 
wo terms of its expansion as a power series. (The consequent 
Hrror in Q, is less than 1% if R,t./L > 1, and is about 12:5 % if 
12.5/L=2. Values greater than unity are of little interest because 
J imply a peaky output waveform with large droop. With 
1,i,/L = 1 the droop is already 63%.) 


' Thus 


V; PAAR iy el 1 Ry’ 
a= Tr, mars alae ep eh Oath 
¥ *( Ryty 1 His) (12) 
R,\R, + Ry 12 R,1? 
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We are now in a pusition to equate Q, + 2t,V,/R>, the charge 
drawn from C, during a complete half-cycle, to the charge flowing 
in during the same time, namely t,(V — V,)/2R;. This gives the 
following expression for V;: 


LER? 2) 


ee (13) 
12R2V? 


! (2 nw 
Peon OR, ao, 


We can now find the gain. The voltage across L at any time 
during f, is 


di Rey er voll, 
Lit 2M; + anny oe 
And the sum of the voltages at t = 0 and t = f, is 
2V,R/R, (15) 


This must be multiplied by R3/R, to give the output across R}. 
The gain, as previously defined, is therefore 


Vea. 
V (Ra + Rp) 


Inserting the value of V; given in eqn. (13) gives 


+n | 
pe wien Hi 


(17) 


(16) 


Gaimn— 


aE EL 


1 o(1/ gain) 


The input resistance, Gain = Ey oe R, thus 
Tee sie 18 ie 
ee = ree 2h jeu ue 
ce LETS Ga 0? 


And the gain is a maximum, with R, varying, when 


(Ry +R,) 1h R, 
R2 2R, R, + Ry 


1 B 
12 


2ty (Reve R)( ie . (19) 


(5.3) Approximations for Low-Resistance Case 


The expressions developed so far are accurate to 1% for all 
component values, with the simple limitations that R,t,/L < 1, 
and that C; can be considered to be infinite. However, they are 
too complicated for most purposes. Therefore we shall derive 
some simpler expressions which are approximately true when 
certain simplifying assumptions are made. 

The first and most obvious step is to assume that L is infinite 
when the circuit resistances are relatively low. Inspection of the 
equations shows that the simplified expressions for gain and input 
resistance will be accurate to 100/K% or better if 


(=): a! KR3 
me Oi as x R, 
2 Rol ne 1-2 i, *) 
Ry Ry 
(In practice it is necessary to assume that the low-resistance 
equations apply, use them to determine R, and then check that 


the above condition has been met.) 
Putting L = 00 we find that 


Q, = V,t,/(Rz + R;) 


which is obviously correct. Other simplified expressions are 
listed in Table 2. The expression for Ro opt) is sufficiently simple 
to be inserted into the expressions for gain and input resistance, 
giving the maximum gain and the corresponding input resistance 


(20) 


(21) 
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PARAMETERS FOR CIRCUITS 4 AND 5 WITH C, INFINITE 


Parameter 
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Table 2 


Low-resistance case 


Assumptions 


Roopt) for maximum gain 


() >* 
to 


(Consequent errors in gain and input resistance R3 
are below 100/K %) 


12Ra( Ze 8 9) 
Rp 


2k 
Gain 
RG Rifte 983 Rag + Rp t3 ni = 2") 
Rte tR p42 2(=~)| ae +2 + 5 a7 ae 
Ra + Rp Ro 
Input resistance .. Raneige ‘: 


1 
21242 


- Ra + | 

Ro 
MIE 
ty 


High-resistance case 


Ro <Lt2 (consequent errors in | 
gain and input resistance are less 
than 1%) 


> KR; 
=> KR2 
> KRp 


R3 


(Consequent errors in | 
gain and input resis- 
tance are about 
100/K %) 


tz Ro 


hale ty R rs) 
3 2 4X2 2 2 J 
+t 7 RS 6 hy 


Vi 24t3 


| iL pres *4 
3 ees fy, 
<2 6s t aA t2 


13 
T ORR 


Ri(Rp Sie Ry)| 
ew 


Maximum gain 


2k 2k P, 


1 


2 
= 38) > 62 aa) 


+ In these cases the input resistance is also a maximum. 


(which is not a maximum). Most of the expressions can be 
plotted against R,/R; for particular values of winding resistance 
and chopper characteristics. 


(5.4) Approximations for High-Resistance Case 


The second set of simple approximate equations is developed 
on the assumption that R; is very large. In practice this usually 
means that the transformer is terminated by a valve with no grid 
leak. R is then the valve input resistance in parallel with the 
core-loss resistance of the transformer. We thus assume 


Ry (= Rz + R) = R; 
Re = Bo Re) = 
R, +R, = 8; 


which implies that Rj > KRj, R;> KR, and R, > > KR,, where 
K is suitably large, e.g. 10 or more depending on the accuracy 
required. 

The first implication is very well met, the terminating resistance 
being far greater than that of the transformer secondary winding. 
The second and third implications depend on R,. It will be seen 
that the optimum value of R, under these conditions is, in fact, 
usually such as to exceed the primary resistance by more than 
10 times, while being more than 10 times less than the terminating 
resistance. Some typical values are given in Section 6.1. 


Rot Ro 4 2(2 tye ut a 


i+ ala) (3) Pvtear) + = 


[PRR i y)| 


1 ; 
Rp +Rpt2 al [Pe as RRs es ty/to aa 
Input resistance with Ro(opr) Iku ae 5 +2, [Pts Ro + Rd] Nome: N. (3) Ata) + | 
ty ty Ry 

Term describing output waveform e—Ret/L e—Rot/L 


assumed additionally. 


The gain equation (17) then simplifies to 


Bee 4 1 BR (28 
43 2 <r) 
Ge ee iee 
the input-resistance equation (18) ne 
Input resistance = R, + Re 23 
: th oR 1BR a 
"Re oe Rae ae 

and the equation for R(,p1, (19), simplifies to 

(24 


13 
WEN RR; 


It is interesting to note that the sib drawn during t, become 


= UN EY Ee 


G@& 
which increases with Rj. This is analogous to the energy loss i 
an LC oscillator circuit due to resistance in series with th 
inductance. 


1 PICK - UP 


LT ee 


v PICK-UP 


aoe , 


[ENS 


(6) 


Fig. 5.—Types of pick-up. 


(a) Leakage and capacitance. 
(6) Magnetic. 


Thus Ry 4p1) is low when R, is low, but rises to a limit dependent 
‘no L as R, is increased. In practice, R,; comprises the filter 
“esistance plus the resistance of the external source and their 
| pmbined value is often so high as to require the upper-limit value 
or R,. To render the circuit flexible for use with low and high 
alues of R, the limiting value of R, would normally be used. 
We therefore make the further assumption that 


; (Re 
: RyRS > 67 (26) 
hich enables us to simplify eqn. (24) to 
Lee (ATs 
Rx opt) = DN t (27) 
his expression is independent of all resistance values. It can 


»¢ inserted in eqns. (22) and (23) to give expressions for maximum 
ain and the corresponding input resistance which, in this case, is 
‘imultaneously a maximum (see Fig. 6). 

) It is interesting to note, too, that this value of R, makes Q, 
‘qual to the charge drawn by the short-circuit action during 
itching, i.e. to 2t3 V,/R>. 


(5.5) Single-Pole Double-Throw Circuit (No. 5) 


) This circuit [Fig. 2(6)] behaves in a manner similar to the 
“nouble-pole change-over circuit. During f, the current in half 
e primary rises from a negative to an equal positive value 
*+ip). Then all three contacts are connected, and no potential 
yan appear across the two ends of the primary. Hence the core 
yux remains almost constant, being maintained by a current 
1),/2 which circulates through the whole primary. When the first 
‘uaif of the primary is disconnected the current in the second half 
wenediately rises to ip, falling during t, to —ig again. While 
ili che contacts are connected an additional current flows from 
-). through the two halves of the primary in opposite directions. 
ls sets up no flux and no back-e.m.f. Hence C, is effectively 
‘hert-circuited through the stopper resistance and the two half- 
ri aary-winding resistances in parallel. 

' “he operation can be described by the equivalent circuit 
fs. 2(c)] that represents the double-pole change-over circuit. 
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INPUT RESISTANCE, kQ. 


Rok 2 


Fig. 6.—Input resistance as a function of stopper resistance for circuit 4 
(high resistance). 
—O—O— R; = 50kQ 
—O—J— _Ri = 20k9D 
—A—A— Ri =0 


C;. Large R3. 120kQ (core loss) t}. 20 millisec 
ZL. 63H Raopt)» 5*25kQ (calculated) to. 9*5 millisec 
Ry. 120Q k. 10 t3. 0-25 millisec 
R;. 6°6kQ ts. Negligible 


The two equivalent circuits are identical and the same expressions 
hold provided that the stopper resistance is denoted by R, — Kee 
the half-primary resistance is denoted by 2R, and we bear in 
mind that t, = 0. 


(5.6) Effect of Capacitance Across Transformer 


All transformers have some self-capacitance, and transformer- 
coupled chopper circuits are often seen with additional capaci- 
tance connected across a winding, usually of a value which causes 
resonance at the operating frequency. It is therefore interesting 
to analyse the effect of capacitance. 


(5.6.1) Effect of Capacitance on Input Resistance. 


Consider a capacitance Cy across the primary of the trans- 
former in circuit 4, of value not greater than that required to 
cause resonance with L; i.e. 


Cr 


IN 


(28) 


If the waveform is not to have excessive droop, R, + L/t); hence 


RiGpek 17tNe 
< galz) ig cos 


t, (29) 


In practice t,/t, seldom exceeds about 3. Hence the time- 
constant R,Cr < t, and Cy charges rapidly at the start of every 
period f,. Therefore it modifies the voltage across L only 
slightly, having at the end of ft, a potential 


Ve Ratall (30) 


When the switch reverses, the capacitor is short-circuited and 
its charge is lost. (Even if it is, in fact, a distributed capacitance, 
or one across the secondary, only the winding resistances are 
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involved, and the time-constant is much less than the short- 
circuit time, 2f3.) 

The process is repeated twice every cycle, and the current 
drained from the filter capacitor is 


CrV; 
ty 


oa Rot2/L A 


2—— (31) 


The effect of Cy is therefore equivalent to that of a resistor 


L ua etRoh/L 


fy 


(32) 


connected across the filter capacitor, and the input resistance is 
reduced accordingly. Experimental checks have shown the 
above analysis to be accurate to within a few per cent. 

Practical values of self-capacitance have a negligible effect even 
when the load is only the core-loss resistance. Capacitance 
sufficient to cause resonance with the winding, however, may 
lower the input resistance considerably, e.g. by about 20% in one 
case (see Section 6.1). 


(5.6.2) Filtering Effect. 

A high-frequency voltage injected with the direct input voltage 
is attenuated by R; and Cy. This effect may be of some use. 
Of greatest interest, however, is the effect on pick-up at the 
operating frequency w. 

A voltage of this frequency across C, is presented to the 
transformer substantially as a second and higher harmonics and 
a possible d.c. component. The impedance of the resonated 
transformer at the second-harmonic frequency is approximately 


a. 
2w Cr 


= = (since Cp = 1/w?L) = —jaL]t, . (33) 
The double-frequency voltage is thus reduced, owing to R, and 


Cr, by an attenuation factor which is not less than 


L[t, —jaL[ty cre 


whose scalar magnitude is 


1 
AN: 
V+) | 
If ¢,/t, does not exceed about 3, the attenuation factor lies between 
1-0 and 0-7. 

Since the resonating capacitor lowers the input resistance of the 
circuit, it also lowers the desired output of chopped direct current. 
Thus the ratio between the chopped d.c. output and the unwanted 
output is scarcely improved by the presence of C;, and may 
actually be made worse. This has been confirmed by experiment 
(Fig. 7). It may thus be concluded that additional capacitance 
connected across a winding in circuits with an overlap contact 
arrangement serves little useful purpose. 


(35) 


(5.6.3) Buffering Effect. 


A small amount of capacitance is desirable, however, in order 
to enable the magnetizing current to continue flowing if brief 
open-circuits of the transformer occur, owing to faulty switching, 
forexample. In the complete absence of capacitance the briefest 
open-circuit causes the flux to collapse, high transient voltages to 
be set up, a loss of energy and a considerable drop in input 
resistance. The self-capacitance of the winding provides suffi- 
cient buffering for brief open-circuits. 
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DUE TO Cr 


R 
LOW IMPEDANC aie 
oc OR Socks Crs B 


REDUCTION IN 100 C/S OUTPUT 
REDUCTION IN 50 C/S OUTPUT 


Reka 


Fig. 7.—Filtering effect of capacitance across transformer (circuit 4) 


Cy. 0-15uF 
R2. 5*25kQ 


Other components as in Fig. Om 
A.C, signal across C; in phase with contacts. 


(6) TRANSFORMER-COUPLED CIRCUITS: DISCUSSION 
(6.1) Circuit Characteristics with Typical Components 


Table 3 gives characteristics calculated for the double-pole 
change-over circuit used with typical components under high- 
resistance conditions. 

The transformer was astatically wound on a Mumetal cor 
and potted inside a double shield of the same material to eliminati 
induced pick-up effects.9»!2 The chopper had the contac 
arrangement shown in Fig. 4, contacts A and E being connected 
for change-over operation. This arrangement has the property 
that, theoretically, the output contacts B and D must always be 


Table 3 1 
CHARACTERISTICS OF CIRCUIT 4 WITH TYPICAL COMPONENTS 
AT 50c/s 
Transformer* 
Turns ratio .. 56 Se so sO 
Magnetizing inductance 45 henrys 
Core-loss resistance (40-60 cls) 100 kilohms 
Self-capacitance 0-016 wF 
Primary resistance 190 ohms 
Secondary resistance . . 60 ohms 
Chopper 
ty a ee re ah ne .. 20millisec ; 
to ne ate - eh He .. As adjusted 
t3 £ - ae we She ..- 0-16 millisec 
Circuit 4 (high resistance) tz = 10 millisec t2 = 6-67 millisec 
; kilohms kilohms 
R3 ae 4 ne me 100 100 
Ibiy 4:5 6-75 
AG 2-4 8-2 
2 
L 24t 
Relop) = = .|—* ee 2:8 5-1 
2 
Input ae R; + 30 Ry + 52 
Shunt resistance equivalent to Cr 
1 
— Rot2/L 
Re 5 CG; phe 1200 1300 


* All values referred to primary. 


yonnected either together or to the input contacts A and C. 
‘oreover, the latter are short-circuited for only a small fraction 
a cycle (4t3/t; = 3% nominal and 5% maximum in this case) 
hich is virtually independent of the contact setting. 
| The circuit is assumed to be terminated by a valve with no grid 
»sistor, so that Rj is equal to the core-loss resistance of the trans- 
srmer referred to the primary. 
| The assumptions on which the formulae were based are evi- 
‘ently justified in this case. For instance, R,<L/t, and 
» < Ry < Rj. R, must exceed 2-4 or 8-2 kilohms; there would 
"(ten be cases in which it did so with the input resistances quoted, 
"» that this is a reasonable assumption to use in calculating R). 


(6.2) Advantages of Reducing 173 


+: Every time the chopper reverses, the filter capacitor is short- 
“xrcuited through R, and energy is wasted. It is interesting to 
‘amine the effects of reducing the duration of the short-circuit 
“tz; per half-cycle) towards zero. In the type of change-over 
c sopper shown in Fig. 4, #3; is a function of the design, which 
ould have to be modified. In the usual single-pole double- 
“row arrangement, ¢; depends on the contact setting and must 
'\: sufficiently large to allow for drifts in setting which could 
»herwise open-circuit the transformer during change-over. The 
ifficulty can be avoided by using contacts ABC or CDE of the 
uange-over type of chopper (Fig. 4)., As t; approaches zero, so 
es the optimum value of R,, and a very low impedance is 
»aintained across the transformer throughout the cycle. This 
wes two practical advantages. First, it proportionately reduces 
“se voltages developed across the transformer by stray currents 
| nich by-pass the inter-winding screen (Fig. 5): these currents 
‘in be a serious source of trouble when the circuit cannot be 
‘yrthed on the primary side. Secondly, it proportionately 
)duces the effect of voltages induced in the transformer by stray 
)clds, and so reduces the shielding requirements (the source 
‘npedance of these voltages is wl or k?wL, where w is their 
equency). 


» sistance. Putting t; = 0, and assuming that R; is high (equal 
‘| the core loss resistance) in eqn. (10) we find that the upper 
‘init of input resistance is 

Re 

R, + Sa ee 
ral + R,R38/12L7] 


ne second term in brackets becomes negligible as R, diminishes 
»ywards its minimum value of R, (circuit 4) or 2R, (circuit 5). 
ence the upper limit of input resistance when there is no load 
Ysistor is Ry + (t,/2t2)R3, ie. it is limited by the core-loss 
isistance of the transformer. The shunting effect of transformer 
if-capacitance is negligible at mains frequencies, but may be 
nificant at higher frequencies. 

Table 3 shows that the input resistance for these components 
‘wuld be raised from R, + 30 kilohms to R; + 100 kilohms 
. = 10millisec) or from R, + 50 kilohms to R; + 150 kilohms 
_. = 6-67 millisec), if t; were reduced to zero. This would be 
veful: more useful still would be the reduction of R, and the 
~yeet of pick-up. 


(6.3) Comparison of Circuits 4 and 5 


{The waveform given by circuit 4 can be adjusted to have long 
"; ®hort zero steps during switching without loss of efficiency. 
nis does not apply to circuit 5, in which the filter capacitor is 
yor-circuited for the full duration of the step. (If the signal is 
«seed through an RC-coupled amplifier and allowed to limit, a 
wese advance is obtainable which depends on the size of the 
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steps: this can be useful.) Circuit 4 permits simpler transformer 
windings but requires a more complicated chopper with four 
pairs of contacts, which may be less reliable. 

The optimum stopper resistance is lower by an amount R, for 
circuit 5 than for circuit 4. In very-low-resistance circuits the 
optimum may be negative, in which case circuit 4 has a slight 
advantage. 


(6.4) Comparison with Underlap Circuits 


Circuits like 4 and 5, but with underlap contact arrangements, 
no stopper resistor, and a buffer capacitor to absorb the mag- 
netizing current during change-over, are used in vibrator power 
supplies. They are fully analysed by Evans,5 and, with ideal 
buffering, can provide an input resistance approaching that of 
circuits 4 and 5 with zero overlap. This is a clear advantage. 
They also provide a flat-topped waveform. However, they 
suffer from the following disadvantages which may be serious in 
low-level circuits: 


(a) Ideal buffering requires a capacitance related to L, R3 and the 
underlap time. In order to allow for drifts in contact setting and 
manufacturing variations in L, over-buffering is common practice, 
although this lowers the input resistance. 

(6) The output-voltage waveform is approximately trapezoidal, 
and there are no zero steps during switching. 

(c) The output impedance is very high during the underlap period. 
This permits sudden increases in the effects of stray currents caused 
by external pick-up [Fig. 5(a)], valve hum, pick-up in the transformer, 
etc. The transients thus set up may block the following amplifier 
or Cause errors in measurement. 


(6.5) Factors in Transformer Design 


The transformer characteristics which set an upper limit to 
the input resistance are the inductance and the core-loss resis- 
tance. Both of these can be increased by winding more turns, 
and the limit is set by space and the gauge of the wire required 
for the secondary. For very-low-resistance working the greatest 
efficiency occurs when R, + R, is a minimum. This requires 
that R; and R, should be approximately equal. In practice it 
may be more useful to allot the secondary more than half the 
volume and so raise the inductance at the cost of increased 
primary resistance. 


(6.6) Types of Filter Capacitor 


Capacitance-coupled circuits and the high-resistance trans- 
former-coupled circuits operate with filter capacitances of a few 
microfarads or less. The dielectrics may be of paper, metallized 
paper or polystyrene. 

The problem is more difficult when low-resistance circuits call 
for capacitances of tens or hundreds of microfarads. Ordinary 
or non-polarized electrolytic capacitors can then be used with 
success if the measured voltages are not too small. Errors of 
10-20.V are commonly found, owing to currents generated 
within the capacitors, which act as batteries of high internal 
resistance. Tantalum electrolytic capacitors show promise of 
being satisfactory at low voltage levels, owing to their very high 
internal resistance. 
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SUMMARY / 
_ (It is shown that the stray loss in induction motors, at fractional slips 
eater than about 0:25, is almost entirely due to tooth ripple in the 
» zag leakage flux. The stray loss is large; it can double the torque 
a slip of 2-0 and can lead to serious errors when calculating 
~celerating and braking performance. In the normal operating range, 
. slip Jess than 0-05, although the stray loss is much lower it is still 
= preciable, and the component associated with tooth ripple in the 
jain flux is of importance. Experimental evidence, both from actual 
/achines and from high-frequency loss in samples of laminations, 
“idicates that the zigzag leakage flux component of the loss is approxi- 
: ely proportional to (speed)!°6 and (current)1°9, and the results of 
papnerican Standard reverse-rotation test extrapolated according to 
is jaw are sufficient, together with the no-load stray loss, to predict 
ae otal stray loss over the whole practicable speed range. 
\\A simple method for calculating the stray loss is given and its limita- 
ns are indicated. Calculated values of the loss are compared with 
= measured losses, but no definite conclusions as to the accuracy 
i the calculations can be drawn until more is known of the high- 


LIST OF SYMBOLS 


B= Flux density, gauss. 

/B,, = Mean flux density over a pole pitch, gauss. 

Dy = Hysteresis factor. 

| f = Frequency, c/s. 

I = Primary phase current, amp. 

K = Stray-loss constant. 

'm = Lamination thickness, cm. 

2 = Number of slots. 

n = Speed of rotation, r.p.m. 

i = Synchronous speed, r.p.m. 

| P = Power. 

\P, = Eddy-current component of surface loss, watts/cm?. 
= Hysteresis component of surface loss, watts/om?. 
P. = Rated output power, watts. 

?., = Stray loss, watts. 

a— Sp. 


= Primary phase voltage. 
9 = Primary e.m.f. per phase, volts. 


= Stray loss factors. 


» = Flux oscillation factors. 


A = Slot pitch, cm. 

1 = Hysteresis factor. 

1@ = Flux, maxwells. 

\ & = Absolute temperature of winding. 
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(1) INTRODUCTION 


Losses in addition to the normal copper, iron and friction 
losses occur in all rotating electric machines. They are usually 
termed ‘stray losses’ and are principally due to high-order flux 
harmonics produced by the winding slots. In induction motors, 
the combination of extremely short air-gaps with slotting in 
both stator and rotor increases these harmonics so much that 
the magnitude of the stray loss is relatively far greater than in 
direct-current and synchronous machines. A typical induction 
motor torque/speed characteristic, together with that obtained 
from the normal induction action, is shown in Fig. 1. It is to 
be noted that the retarding torque due to stray losses, at a slip 
of 2-0, is of the same order of magnitude as the induction 
torque. 

Although the discrepancy between expected and actual 
torques is most marked, it does not appear to be widely appre- 
ciated. This may be accounted for by two facts: first, the stray 
loss is small at small slips covering the normal operating range; 
secondly, any discrepancy between measured and predicted 
torque in this region is more readily attributed to a very much 
smaller error in speed measurement. However, the present 
tendency towards better utilization of material and operation 
at high slips for acceleration, reverse-current-braking and 
asymmetrical voltage control makes a better understanding of 
this loss most desirable. 

Much theoretical and practical work on stray loss at small 
slips has been published, the latest contribution being that of 
Rawcliffe and Menon.! The general conclusion is that this 
loss is small in magnitude, being of the same order as the line- 
frequency iron loss. The only published data regarding stray 
loss at large slips are those derived by Morgan, Brown and 
Schumer?»? and extended by Ware.* Their results, while giving 
no theoretical explanation of the loss, are most valuable since 
they indicate that it is a function of the square of the current 
and the square of the speed of rotation. This has resulted in 
the formulation of a simple test for the measurement of stray 
loss, the reverse-rotation test, which is now incorporated in the 
induction motor test code of the American Institute of Elec- 
trical Engineers.» The measurements made by the authors 
suggest that the index of variation with speed should be reduced 
from 2-0 to about 1-6, and that the results of the reverse-rotation 
test are not directly applicable to operation at small slips, 
allowance having to be made for the no-load stray loss. This 
is supported by the published data for Lohys sheet steel® and by 
Dannat’s measurements’ of loss in Stalloy at medium audio 
frequencies. 

The discovery that the stray loss depends upon the square of 
current, rather than of voltage, is of the greatest importance. 
It suggests that the source of loss is the leakage flux, rather 
than the main flux as has been previously supposed, and it is 
claimed that the calculations of Section 8 confirm this view. 

The present paper is the result of an experimental study of 
the stray losses of four medium-sized induction motors over a 
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wide speed range. As indicated earlier, the results differ in 
detail from those published by Morgan. The experimental 
method is also different from Morgan’s because of the necessity 
to consider harmonic torques in two of the machines. An 
analysis of the source and magnitude of loss is given which is 
simple, but probably sufficiently accurate for practical purposes. 
The major source of stray loss is shown to be slot ripple in the 
zigzag leakage flux and, by comparison, the loss due to ripple 
in the main flux is shown to be small. 


(2) EXPERIMENTAL PROCEDURE 
The stray losses of the four machines listed in Table 1 were 
measured over the slip range 0-2-0 by the following method. 
The electrical characteristics of each machine were measured 
over the whole speed range at four different voltages, and their 
exact equivalent circuits were determined in the manner described 


Table 1 
DETAILS OF THE MACHINES TESTED 


Machine 
number 


Type of 
secondary 


Synchronous 
speed, r.p.m. 


1500 
1500 
1000 
1500 


Squirrel-cage 
Squirrel-cage 
3-phase 
3-phase 


Table 2 


EXPERIMENTALLY OBTAINED VALUES OF «, 8 AND K IN EQn. (1). 
Ng R.P.M. IS THE SYNCHRONOUS SPEED 


Machine 


NTIS Speed range 


0-—n 
0--+ 10 
0-—no 
0--+-7N9 
0-—no 
0-+n0 
0-—n0 
0-+n0 


3-3 x 10-3 


228s 
aor ocoofhoo 


4-7 x 10-3 
6-4 x 10-3 


WNT 36 Oe 


rere DON 


Se 
(ooo oO, Eo) 


by Morris. Their output torques due to the induction motor 
action were calculated from these circuits and were compared 
with the actual torques as measured by a calibrated d.c. machine. 
This machine was operated at a low flux density, so that flux 
loss due to armature reaction and increase in stray loss with 
load current were small. Because of this, the majority of results 
needed no correction for these effects. The difference between 
the predicted and the measured torque is the retarding torque 
due to stray losses, and from this the stray-loss power is derived. 

Numerous refinements of the above procedure were necessary 
in order to obtain consistent results. Although skin effect in 
the rotor bars of the two squirrel-cage machines was negligible 
over the frequency range considered, allowance had to be made 
in all machines for the increase in winding resistance with 
increase in temperature. The stator-winding temperature was 
measured by the resistance method immediately after each 
experimental result, and sufficient time was taken between 
readings to keep the temperature variations within reasonable 
limits. The rotor-winding temperature was assumed equal to 
that of the stator winding, a reasonable assumption for all 
machines except No. 2, whose rotor resistance is about three 
times the normal value. However, the absence of a method of 
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measuring rotor temperature during the tests necessitated t] 
assumption in this case also. : 

Allowance was also made for the variation of leakage reactan 
with current. The leakage reactances of machines Nos. 1 and 
decrease slowly with increasing current for currents exceedil 
1-2 per unit. Owing to its rotor slots being closed, the lea 
age reactance of machine No. 3 is large at small currents b 
decreases rapidly with increasing current to a more-or-less steac 
value. Short-circuit characteristics were used to establish tl 
current/leakage-reactance relationship in all cases. ; 

The fifth-harmonic torques of machines Nos. 1 and 2 we 
calculated from experimentally derived fifth-harmonic par. 
meters. The seventh harmonics, although present, were tc 
small to be determined by this method and were ignored. Tl 
resultant errors will be small, probably no greater than tl 
experimental error, and will occur at low speeds when the stré 
loss is unimportant. It is to be noted here that the method 
torque measurement used by Morgan, in which the pow 
crossing the air-gap is equated to the torque in synchronol 
watts, is vitiated by the presence of harmonics. 


(3) DISCUSSION OF THE RESULTS 


The measured and predicted torque/speed characteristics « 
machine No. 1 are shown in Fig. 1. The discrepancy betwee 


| 
1500 
TORQUE, eos 
SYNCHRONOUS \ 
WATTS ye 


4 


+1000 a 


—_— 
-— 
-— 


4. Se ee Se —L 
-1500 ~-1000 -500 ie) 500 1000 


1500 
SPEED, R.PM 
Fig. 1.—Torque/speed characteristics for machine No. 1 at 119 vol 
per phase. 
Measured. 
----- Calculated. 


the two is large, much larger than is generally considered to t 
the case, but is typical of all induction motors within the author 
experience. 

The stray-loss power was plotted, on log-log paper, as 
function of current at constant speed and speed at constai 
current, the results for machine No. 4 being given in Fig. — 
Within reasonable limits, all the graphs were linear, indicatir 
that the relationship between stray loss P,,, current J, an 
speed n, may be written as 


P= Krel® a eee 


where K, « and 6 are constants. The values of the constan 
are given in Table 2, from which it is seen that 


P,, = Kn 61-200 2 


is a close approximation to the measured results in all cas 
except the positive speed ranges of machines Nos. 2 and 3. 
may be that in this speed range the stray loss does follow 
different law in these two machines, but it is considered mo 
probable that the difference is due to experimental error. 
both cases the stray loss at positive speeds is obtained as the ve 
small difference of two large quantities with a conseque 
increased possibility of error in the results. 

Allowing for this point, the coincidence of the positive ai 
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91500 RPM. 


600 


400 


200 


STRAY LOSS, WATTS 
° 
(e} 


500 
SPEED, R.P.M. 


800 1000 1500 


"ygative speed/loss characteristics at constant current supports 
© view that current rather than voltage is the parameter of 
aportance when considering stray loss, since the voltages at 
‘ynstant current and positive and negative speeds are widely 
“fferent. This was checked by measuring the stray loss of 
‘achines Nos. 1 and 2 at synchronous speed and 1/+/3 times the 
‘sted voltage. The losses were found to be 18 watts and 43 watts, 
pectively. The voltages used for measurements at high slips 
‘id not exceed one-half the rated value, and it is concluded that 
e stray loss associated with the main flux is small compared 
ith that associated with the leakage flux, except at very small 
eps. 

/With regard to the magnitude of the indices « and f, it is 
»teworthy that the high-frequency loss in laminations of the 
‘ume thickness and of similar material to those used in machines 


: 


ios. 1 and 2 follows closely the law® 
P= 128 x 10—!2f!-6B!-9 watts/kg . . . (3) 
“ver the range 400—2000c/s, 100-2000 gauss. 


(4) THE PREDICTION OF STRAY LOSS 


‘A rigorous analysis of the problem of induction motor stray 
“sss is extremely complicated and requires data which are not 
yailable; e.g. the iron loss due to three simultaneously applied 
uxes of different frequencies and the variation of flux density 
‘ove semi-closed slots when the tooth tips are saturated. 
“sence, in order to present a compact overall view of the problem, 
‘© method of calculation described is highly simplified on 
xicts of detail. Nevertheless it probably yields results of 
iffcient accuracy for most purposes. The simplifying assump- 
“ors and points where present knowledge is inadequate are 
Viicated. 

Calculation of stray loss has been carried out only for machines 
‘0°. 1 and 2, since design details were not available for machines 
‘yoe 3 and 4. Details of the calculations for machine No. 1 


’ ziven in an Appendix, Section 8. 


(0) 0:5 08 1:0 tS "2-0 
PER UNIT PRIMARY CURRENT 


Fig. 2.—Stray-loss characteristics of machine No. 4. 


O Negative speed experimental points. 
x Positive speed experimental points. 


Since the tooth ripple associated with the main flux is 
generally much smaller than that in the zigzag flux, it will be 
assumed that the two phenomena can be analysed independently. 


(4.1) Loss Due to Tooth Ripple in the Main Flux 


The loss due to tooth ripple in the main flux has three com- 
ponents: the first is due to flux-density variations in the air-gap 
surfaces of the laminations, the second to pulsations in the tooth 
fluxes, and the third to high-frequency circulating currents in a 
squirrel-cage winding. The latter component has the effect of 
damping the flux pulsations in the rotor teeth and correspondingly 
increasing the pulsations in the stator teeth. A phase winding 
has such a small response to the high-order ripple harmonics 
that it may be neglected, and, fortunately, the rotor bars of a 
squitrel-cage are usually skewed by one stator slot pitch, i.e. 
by one cycle of ripple, and are effectively open-circuited. In 
this latter case, some circulation can be set up if the bars are in 
contact with the laminations, but, owing to the high impedance 
of the latter, it can be neglected. 


(4.1.1) The Surface Loss. 

This has been investigated by Gibbs’; his expressions for the 
eddy-current loss, P,, and the hysteresis loss, P,, in watts per 
square centimetre, are given in eqns. (4) and (5). 


= 2:14mdAB2BA(nN,)# X 10-4... A) 
P, ='16:67 1D-(nN,)(8B,,)' °° x 10-9 : . (5) 


Values of £,, Bz, 11, and Dy are taken from Gibbs’s paper. 

Although the above expressions were derived assuming an 
unslotted pole-face, they have been applied directly to machines 
Nos. 1 and 2, since these have semi-closed slots and short air- 
gaps, thus minimizing the interference of the stator and rotor 
slot effects. 


(4.1.2) Loss Due to Tooth Flux Pulsation. 
It is evident that the tooth flux, apart from its supply frequency 
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alternation, varies between a maximum value when a tooth is 
opposite a tooth and a minimum when a slot is opposite a tooth. 
Excepting the small effects of interference between stator and 
rotor slots, the variation of flux density over, say, a rotor tooth 
due to a stator slot can be determined by the use of Carter’s 
fringing curves. The tooth flux, and its variation with relative 
stator and rotor position, is then readily calculated, and 
Hoseason!° has shown that the results so obtained are reasonably 
close to those obtained in practice. However, in a modern 
machine, with semi-closed slots, there is usually some degree 
of saturation of the tooth tips when loaded, so that the effective 
slot opening is greater than the actual slot opening. Because of 
uncertainty as to the effective slot opening, the method of cal- 
culation of tooth flux pulsation given by Chapman!! has been 
adopted. Briefly, this assumes a constant air-gap flux density 
between tooth and tooth, and zero flux density over a slot 
opening. With unsaturated tooth tips, Hoseason’s measurements 
show that this method gives values of pulsation considerably 
higher than those obtained in practice, and it is therefore probable 
that the calculated values of tooth pulsation loss are too great. 

Having determined the variation of tooth flux density, its 
fundamental component has been derived by harmonic analysis 
and the iron loss determined by using eqn. (3). 


(4.2) Loss Due to Tooth Ripple in the Zigzag Flux 


Fig. 3 shows the two zigzag leakage fluxes, ®, and ®,, in a 
tooth due to the slot currents on either side. It is well known 


Fig. 3.—Tooth flux produced by zigzag leakage. 


that D, and ®, vary with the relative positions of stator and rotor, 
the derivation of the value as a function of relative position 
appearing in the majority of books on machine design. How- 
ever, it is not widely appreciated, and in fact the authors have 
found only one relevant reference,!* that, unless the stator and 
rotor slot pitches are equal, the variations of D, and ®, are not 
in phase and there is a resultant variation of tooth flux at the 
tooth ripple frequency. 

The method of calculation adopted is to determine the zigzag 
flux due to the current in a slot as a function of relative rotor 
position by the well-known method, i.e. that given by Vickers.!3 
Its fundamental component is then obtained and the variation 
of tooth flux density is derived. The tooth loss is then obtained 
from eqn. (3). 

When the slot currents on either side of the tooth are in phase, 
the resultant tooth flux is obtained simply as the difference of 
the components ©, and ®,. However, if the currents are not 
in phase, as, for example, for squirrel-cage rotor teeth or for 
teeth between phase belts, the superposition of the supply 
frequency and the slot ripple frequency results in the resultant 
tooth flux having three components. One of these alternates at 
the supply frequency, another at a frequency equal to the dif- 
ference between the tooth ripple frequency and the supply 
frequency, and the third at a frequency equal to the sum of the 
tooth ripple frequency and the supply frequency. Iron loss 
values under such conditions are not available, and since the 
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slot ripple frequency is normally very much greater than th 
supply frequency, the vector mean of the two slot currents j 
taken as the equivalent in-phase current. Since iron loss is ne 
linearly dependent on the amplitude of flux density variation, } 
is expected that the beats produced by the two different frequer 
cies noted above will result in a loss somewhat higher than tha 
obtained by the simplified calculation. 


(4.3) Comparison of the Calculated and Measured Values 


The calculated components of the tooth ripple loss and th 
experimentally derived equations for machines Nos. 1 and 
are given in Table 3. The equations are rewritten in terms ¢ 
per-unit speed (n/1500), per-unit current (//J;,) and per-un 
voltage (Vo/400). 

When interpreting these equations it must be remembere 
that Vo is the e.m.f. of the machine and therefore decreases 4 
the slip increases, being approximately half the applied voltag 
at standstill, owing to the voltage drop of the primary leakag 
reactance. However, when operating at normal voltages an 
high slips, saturation of the tooth tips results in increased effectiv 
slot opening with a consequent increase in loss. 

The calculated results indicate that, for fractional slip 
exceeding 0:05, the stray loss associated with the zigzag flu 
predominates over that associated with the main flux; e.g. at 
slip of 0:25 the former loss is about five times the latter in bot 
machines. In the normal operating range, below 0-05 slip, th 
two components of the stray loss are of more-or-less equé 
importance. 

In both cases the calculated loss is considerably lower tha 
the measured loss. This error is to be expected from a con 
sideration of the main sources of error in the calculations: 


(a) The iron loss formula has been extrapolated to flux densitie 
higher than those for which experimental results are available. An 
error due to this is thought to be small. 

(6) The iron loss equation is derived from measurements on 
carefully constructed core, and the actual lamination loss will b 
considerably higher than that given by the equation. Clayton,]! 
when referring to low-frequency loss, states that the eddy-currer 
loss in the teeth of a carefully made machine is normally of th 
order of three times the loss in a carefully made-up sample of th 
laminations. 

(c) The tooth pulsations in the main flux and zigzag flux ha 
been treated separately. Since they are of the same frequency | 
would be more accurate to consider the resultant combined pulsatior 


Where, as is usually the case, it is desirable to minimize th 
stray loss, the ratio of primary to secondary slots should be a 
near unity as possible, and the number of slots per pole shoul 
be as small as possible. This will reduce both the magnitud 
and frequency of the flux ripples, but is in conflict with th 
requirements for freedom from rotor locking, crawling an 
objectionable noise, so that some compromise is necessary i 
practice. 


(5) CONCLUSIONS 


The great effect of stray loss on induction motor performance 
and the fact that this loss is a function of current rather tha 
voltage, noted by Morgan, Brown and Schumer,” are cor 
firmed. However, the experimental results described het 
indicate that the indices of variation of the loss with speed an 
current should be about 1-6 and 1-9, respectively, rather tha 
2-0 in each case as proposed by Morgan et al. This conclusio 
is supported by the published data regarding iron loss under tk 
relevant conditions. 

The method, used by Morgan, for determining the torqu 
produced by the normal induction action is shown to t 
inaccurate when the torques produced by space harmonics ¢ 
flux are appreciable. 


| Theoretical considerations indicate that the principal source 
f loss at slips greater than about 0-1 is due to high-frequency 
ariations in the component of tooth flux produced by the 
igzag leakage. These variations could be eliminated by making 
ne rotor and stator slot pitches equal, but this is not practicable 
wing to rotor locking and crawling effects. However, the 
variations can be minimized by having the two pitches as nearly 
qual as possible and by using the least possible number of slots 
er pole. This is a well-known rule of induction motor design!2 
» dopted in order to reduce high-frequency variations in the tooth 
»omponent of the main flux. 

Because of its dependence on approximately the square of the 
urrent, the stray loss associated with zigzag leakage flux is 
/ynuch reduced under normal operating conditions, i.e. below 
(-05 slip. However, it is by no means negligible, and in com- 
fination with the loss associated with the main flux, can be an 
")ppreciable proportion of the motor output, especially when it 
considered that it is supplied via the mechanical output of 
» me machine, thus entailing extra power-frequency loss. As an 
» «ample, the stray loss of machine No. 1, at full load and normal 
oltage, is about 300 watts, ie. about 5% of its output. Under 
» aese conditions the stray losses associated with the main flux 
' nd the leakage flux are comparable, so that neither the reverse 
tation test nor the determination of the no-load stray loss is 
Gividually sufficient to determine the loss. It is essential to 
' jomnbine the results of the two tests in the manner indicated by 
ae expressions of Table 3. 


Surface loss due to main flux .. 


Tooth pulsation loss due to main flux 
Tooth pulsation loss due to zigzag leakage fl 
Experimentally derived loss equation. . 
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(8) APPENDIX: CALCULATION OF THE STRAY LOSS IN 
‘ MACHINE No. 1 
Machine No. 1 has a 3-phase 4-pole single-layer primary 
winding rated at 400 volts 6-3amp per phase. There are 552 
conductors in series per phase and the core length is 11-5cm. 
Other dimensions are given in Fig. 4. 


Table 3 


ALL LOSSES ARE IN WATTS 


Machine No. 1 Machine No. 2 


42(n/1 500)1-5(¥/400)2:0 
12+ 5(n/1 500)1-6( 9/400)! °9 
97(nf1 500)1-6(1/6-3)1°9 
206(n/1 500): 51(T/6- 3)1°9 


44(n]1500)1-5(W%/400)2:0 
118(n/1500)1-6(V/400)1-9 
244(n]1 500)1-6(I/9 -0)1-9 
318(n/ 1 500)1°52(1/9-0)2-0 


‘579 


STATOR 
36 SLOTS 


0-952 
1:064 pe erese 
0: 957 
0-676 ROTOR 

44 SLOTS 

| SKEW, ONE 

STATOR SLOT 

0523 PITCH 
3-80 


Fig. 4.—Slot dimensions, in centimetres for machine No, 1. 
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(8.1) Loss Due to Tooth Ripple in the Main Flux 


The mean air-gap flux density, B,,, is related to the phase 
e.m.f., Vp volts, by 
B,, = 12:5 Vo gauss 
(8.1.1) The Surface Loss. 
The hysteresis component of the surface loss is negligible, 
and by substitution in eqn. (4) the eddy-current component is 


42(n/1 500)!>(V/400) watts 


(8.1.2) Tooth Pulsation Loss. 


Assuming zero flux density over slot openings, the mean air- 
gap flux density between teeth is 33:6V) gauss. Hence the 
flux density in rotor tooth, Bpr, is 


33-6 Breadth of rotor tooth top opposite stator teeth 
° Breadth of rotor tooth x core stacking factor 


Taking a mean rotor-tooth breadth of 0:6cm and a stacking 
factor of 0:95, the variation of the ratio Bpr/Vo with rotor 
position is shown in Fig. 5, together with its fundamental 
component. 


30 


25 


ONE CYCLE 


FUNDAMENTAL COMPONENT 


ROTOR MOVEMENT, CM 


Fig. 5.—The variation of the main flux component of the rotor-tooth 
flux density with rotor position. 


The variation of stator-tooth flux density is determined in a 
similar manner and is found to be negligible. 
The use of eqn. (3) gives the rotor-tooth pulsation loss as 


12-5 (n/1 500)!-6(%/400)!:9 watts 
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(8.2) Loss Due to Tooth Ripple in the Zigzag Leakage Flu 


The zigzag leakage flux due to the current in one slot is ca 
culated, and the flux density produced by it in adjacent teeth i 
then found, taking a mean breadth for the tapered teeth. Th 
latter density varies with rotor position, and the amplitude ¢ 
its fundamental component, B! and B!, in stator and roto} 
respectively, is found by harmonic analysis. In this case 


B! = 210 gauss/amp of stator phase current 
B! = 290 gauss/amp of stator phase current 


The flux variations, due to in-phase currents in adjacent slots 
have a phase difference of 84° in the stator teeth and 66° in th 
rotor teeth. Hence, the amplitudes, B, and B,, of the resultan 
tooth flux density variations, when the slot currents on eithe 
side of the tooth are in phase, are given by Ps 


B, = 281 gauss/amp of stator phase current 
B, = 316 gauss/amp of stator phase current 


On the stator, since there are three slots per pole and phase 
only two-thirds of the teeth have the amplitude B,. In th 
remaining third, since the slot currents on either side differ i 
phase by 60°, the amplitude is taken as B,cos 30°, ie 
243 gauss/amp. On the rotor, since it has a squirrel-cag 
winding with 11 slots per pole, the phase displacement betwee 
currents in adjacent slots is 16-35°, and the amplitude of th 
tooth flux density ripple is taken as B, cos 8+2°, i.e. 313 gauss/amp 

The frequency of the flux ripple is 0-735n in the stator teet] 
and 0-6n in the rotor teeth, and the loss produced by the rippl 
is obtained by substitution of the above values in eqn. (3). 


Total loss = 128 x 10—12[3 -330-74n)!-°(281 D9 
+ 1-67(0:74n)!:°(243 1}? 
+ 2-45(0-6n)!:9(313 Tye 
= 97(n/1 500)!-°(1/6-3)!-? watts 


The fraction J/6-3 is used in the above expression since 6-3 amy 
represents the full load phase current. 


(8.3) The Total Tooth Ripple Loss 


Adding the various components, the expression for the tota 
tooth ripple loss, P,,, becomes 


Py, = 42(n/1 500)!*5(Vo/400)? + 12-5(n/1 500)!- *(Vo1400)"— 4 


+ 97(n/1 500)!: ce: 3)!-9 watts 


14 /1.313.362 


SUMMARY 


) (Tensor analysis is used to develop a comprehensive theory of the 
~ator-fed 3-phase shunt commutator motor. Before proceeding with 
2 general analysis, the simple case of a machine where all the phase 
“tift between the secondary standstill induced voltage and the secondary 
nipressed voltage is either in the motor or the regulator is considered. 
» yom the equations of performance of the simple machine, the existing 
 yaivalent circuit proposed by Coulthard is derived. The limitations 
| this circuit are discussed and better circuits are proposed. For 
» 2 general analysis, the machine has an auxiliary winding on the 
~nior displaced from the main winding for power-factor improvement, 
» isbift of the brushes from the neutral position, and a biased double 
\ gulator with completely dissimilar-component single regulators for 
weed and power-factor control. An equivalent circuit for the general 
“4xcsine is proposed and a method of measuring its parameters is 
iicated. Certain modifications to the theory to overcome inherent 
| inifations are discussed. 


(1) INTRODUCTION 


| {The stator-fed polyphase shunt commutator motor is essen- 
ily an induction motor with auxiliary apparatus for injecting 
“proper electromotive force at slip frequency into the rotor 
‘xcuit for speed regulation and power-factor control. It thus 
‘insists of the following: 


 (@) An induction motor with wound rotor, the rotor windings 
lbeing connected to a commutator instead of being short-circuited. 
(8) A device to obtain a variable e.m.f. at supply frequency in 
» phase with the rotor standstill e.m.f. for speed regulation. 

- (oc) A device to obtain an e.m.f., variable or fixed, at supply 
+ iifrequency in quadrature with the rotor standstill e.m.f. for power- 
éfactor improvement. 

(d) The commutator and brushes, which act as a frequency con- 
“wertor for changing the injected e.m.f.’s of (6) and (c) from supply 
0 slip frequency. 


There are many variations used for obtaining (4) and (c). In 
“ime machines a single device gives both, while in others separate 
‘vices are used to obtain each. 


(2) THEORY 
| 7 The performance of a machine can be determined theoretically 
yi many ways, the most widely used being vector and circle 
agrams, equivalent circuits, mesh equations and coupled- 
“rcuit theory, and tensor analysis. 
‘These methods have been used by different workers in 
veloping the theory of the stator-fed shunt motor. Ridsdale,'* 
hwarz,!5»27 and others!3!4-2! have used vector and circle 
‘aerams in illustrating the operation of the motor. Adkins 
“id Gibbs,®: 2° and Coulthard?® used the technique of equivalent 
“yevits in evolving a common theory for all polyphase com- 
iutator machines. Klima’s paper?? illustrates the use of mesh 
juetions, while tensors have been successfully used by Kron* ? 


“<erespondence on Monographs is invited for consideration with a view to 
)pieation. : : : 
Jha was formerly at the Heriot-Watt College, Edinburgh, and is now with the 
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The use of vector and circle diagrams as well as of equivalent 
circuits, except those developed from exact impedance tensors, 
usually suffers from approximations. When the machine con- 
nections become complex the analysis can best be carried out 
by tensor methods. The scope of the application of tensor 
analysis in dealing with the behaviour of commutator machines 
is very wide indeed, because, by connecting the windings of a 
machine in different ways, a large number of workable con- 
nections can be evolved. Though the basic theory in many of 
these different workable connections may remain the same, the 
exact performance equations in different cases may be widely 
different. When tensors are used, different ways of connecting 
the windings are taken care of by changing the connection 
tensor involved, the final equations being thus easily obtained 
by putting the new connection tensor in place of the old and 
carrying out the algebraical processes. 

In the following, first a simple machine is analysed and its 
equivalent circuit established before proceeding to the analysis 
of a general machine. 


(2.1) Assumption of Symmetry 


In the analyses of the motor it has been assumed that it is 
symmetrical across both sides of the air-gap. This presumes a 
sinusoidal current distribution in the commutator winding. 
Practical experience over a number of years has shown that this 
assumption, though not theoretically justifiable owing to the 
action of commutation, does not introduce any appreciable 
errors. !? 


(2.2) Sign Convention 


In subsequent analyses, the positive direction of the induced 
voltages both in the motor and the regulator secondary windings 
is taken to be the same as that of the applied voltage (i.e. the 
transformer effect is neglected). The impressed voltage on the 
motor brushes is thus considered positive when it opposes the 
rotor standstill e.m.f. and negative when it is in phase with it. 
Phase shifts always refer to shifts from the positive direction of the 
neutral-axis voltage. 

The direction of rotation of field in all cases has been arbi- 
trarily taken as clockwise, and for clarity it has been shown by 
the direction of the arrow in the diagrams concerned. 


(2.3) Analysis of a Simple Machine 


In an actual machine the phase shift between the rotor im- 
pressed voltage and the rotor standstill induced e.m.f. is obtained 
in a variety of ways. A simple machine connection is shown 
in Fig. 1. The regulator is supposed to be of a type which can 
be represented by a transformer with two windings per phase 
and a variable turns ratio. The phase shift is introduced by a 
brush shift from the neutral position, by a shift present in the 
regulator, or by a combination of both. For analytical purposes, 
as can be seen later, all the phase shift can be considered to be 
either in the motor or the regulator without affecting the final 
equations of performance. 
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SUPPLY 


MOTOR REGUL ATOR 


Fig. 1.—A simple machine. 


(2.3.1) Analysis when all the Phase Shift is Considered to be in the 
Motor. 

Let the brushes on the motor be shifted by an electrical angle 

B from the neutral position in the direction of rotation, and 

let the effective turns ratio between the motor windings 

(secondary/primary) be k,, and between regulator windings 

(secondary/primary) be k,, the latter being variable. Fig. 2 shows 


i! SUPPLY. ;2 

+ + + 
v= 1s 2s 
+ + 

eo 
ir 2r 

4 
¢ 
(a) (b) 


Fig. 2.—Actual and primitive systems of a simple machine. 


(a) Actual system. (6) Primitive system. 


the actual and primitive systems. In the primitive system the 
dotted line has been drawn to make the rotation of the winding 
apparent. The assumption of symmetry (see Section 2.1) permits 
the consideration of only one phase for analytical purposes. The 
primitive tensor in terms of actual (not referred) resistances and 
inductances is given by 


Zinn = Rian oe LiinP Gain GinnDO a Rin 8 LrayP — jp?) 


Z mn in the expanded matrix form becomes 


2r 


m\” 1s Ir 
Is | Ry + Lp 


Ir | M(p — jp0)| Ry + L,.(p — jp?) 


Ryo la Lop M ’P 


2r 


M'p 


(1) 


where M and M"’ are the mutual inductances between the 
windings 1s and Ir and between 2s and 2r, respectively. 
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In the torque tensor G,,,,, 7 takes the value Ir only, since only 
the winding Ir is rotating in normal machine operation. For 
steady-state operation the operator p equals jw, and (p — jp@) 
equals jws, where s represents the slip of the machine. 

If X,,1 is the reactance of the motor primary winding due to 
the mutual flux between motor stator and rotor, and X,,,. is that 
of the regulator stator winding due to the mutual flux in the 
regulator, 


wM = V (Xmtk3 Xm) a Kin Xmi ; wM' = V (Xm2k?Xm2) = k,Xmg 


(2) 
Hence 
m\n ls Ir 2s 2r 
Is sl TkimXm\ 
Ir TKimSX mi Ry + jsX,1 
Mga = —_— | ———_——_ 
2s Ryo + IXs2 Tk, Xmn2 
2r Ik, Xm2 R,2 st iX,2 


3) 


where X,;, X,1, Xj., and X, are the self-reactances of the 
windings 1s, Ir, 2s, and 2r, respectively. 

The above impedance tensor can be easily recognized as that 
of an induction motor at slip s with another induction motor 
at rest. 

Let the actual system reference frame components be 1, F, 
and 2 as indicated in Fig. 2(a). The connection tensor C”, for 
transformation from the primitive to the actual system is given 
by the relation i7 = C”,iv. Hence, by inspection, 


n\v 1 r De, 


4 


The impedance tensor for the actual system is given from the 
equation Z,, = Cj"*Z,.,C%, by 


KimZome* J8 
Zig Ze (5, 
sahp lop 
where 
Zom Te IXnis Lup Fay, IXmn2 
25 = Roy FIX = Ro +X + IX = 211 + Zom 
Lie = (Re “ R,) + j(sX,4 as X,2) 
= (Ry + Ry) + H(o% 1 + %,2) + Hk2SXni +IkeXme ¢ - 


Sa ae 2 SZ om te R2Zop 
and 


Za2 = Roo + 1X52 = Roy + 5X2 + iXm2 = 222 + Zo 
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_ and Z refer to self- or mutual-reactances and self- or mutual- 
mpedances respectively, while x and z refer to leakage reactances 
ad leakage impedances, respectively. 
| The admittance tensor is given by Y = (Z,,,)—}. 


Seal PU Ane Apne ae 


r*~om™ or 


Kip ZomZr2e* Je 


211272 


K,Z,Z1 Z1Z,, — KR SL orm 


vhere D = 243Z,,Zo2 — Zk2Z2, — Zy2k2,sZ2,, . +» (8) 
+phe actual voltage tensor 
BN 
: 
w= Fr (9) 


dence from iv = Y+v,, we have 


Y it — om Per, ny keZer i Kink ZomZoré* 7*) - @ 

2 — (kin ZomZ226 8 = K, LiL ») bee oo : (b) 
- (10) 

ji? = peZ11Zrr ps ke SLom — Kink SZomZor€ 1") - (c) 


[Feed lalate lee Wied EN oe eee (CQ) 


e above relations give the equations of performance of the 
aotor with regulator under steady-state conditions. Under 
} ormal operation, k, and B may vary. 


23.2) Analysis when all the Phase Shift is Considered to be in the 
Regulator. 
Keeping all the machine constants the same as in the previous 
yection but considering all the phase shift 6 to be in the regulator 
econdary winding, the connection tensor will become 


i yr’ Da 


(11) 


? =: considered to be the electrical angle by which the regulator 
eeondary is shifted from its neutral position against the direction 
f -otation of the field. 

Jsing the connection tensor of eqn. (11) and carrying out the 
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regular algebraical processes, the final impedance and admittance 
tensors become 


i r’ De 


poy 


—k,Z,,e+58 | . (12) 


and Yvu — 


v\ py LE r 2: 
—kyLom@22 


211222 


where D has the same value as in eqn. (8). 
The equations of performance are then given by 


Vo 
= pEndZ, Th a k2Z2, Sy Kink, ZomZoré* 1°) . (a) 
a — ins Yipee’ ty KZ opZ1€ tI®) ae (6) 
(14) 
i?’ = BAe, — k2.sZ2, — Kink SZomZore 1%). (Ce) 


and the supply current, 7= i!’ +i?’ . . .(@) 


(2.3.3) Comparison of the Two Cases. 


If the equations of performance as obtained in eqns. (14) are 
compared with those obtained in eqns. (10), it is evident that the 
two cases give the same values of motor primary, regulator 
primary and the total supply currents under conditions of the 
same speed, same applied voltage, and same shift angle B. 
However, it is worth remembering that f in Section 2.3.1 was 
supposed to be the angle of shift of brushes in the direction of 
rotation of flux in the motor (thus giving a lagging motor 
secondary e.m.f.), while in Section 2.3.2 it was assumed to be a 
shift in the regulator secondary e.m.f. against the direction of 
rotation of flux in the regulator (thus giving a leading regulator 
secondary e.m.f.). Thus a lagging phase shift in the brushes is 
equivalent to a leading phase shift in the regulator by the same 
amount. There is no exact equivalence in the rotor-circuit 
currents in the two cases i” 4 i’’, except when f is zero. A simple 
relationship i’ = i’’e-J@ can be detected, which indicates that 
the two currents are equal in magnitude but differ in phase by 
the phase-shift angle 8, which is to be expected owing to the 
nature of the introduction of phase shift in the two cases. 


(2.3.4) Ideal No-Load Speeds. 


The ideal no-load condition occurs when there is no power 
output. Thus, in the absence of quadrature e.m.f. in the rotor 
circuit, under ideal no-load conditions there will be no current 
flowing in the rotor circuit and the motor will run up to a speed 
such that the voltage appearing at the brushes will be equal and 
opposite to the impressed voltage. When quadrature e.m.f. is 
present, the ideal no-load condition can be supposed to occur 
when all the no-load secondary current is due to the quadrature 
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e.m.f. only. Hence if the equation of i” is expressed in the form 
of voltage divided by impedance, that component of the 
numerator which is in phase with the brush standstill open- 
circuit voltage should be zero under ideal no-load conditions. 
From the analysis of Section 2.3.1, i” on simplification is given 
by 
— Kn ZomlZ1) Ve 4s — mcos B — jm sin B) 
Ly — k2L3,1Z22 — kiSZomIZ11 


m = k,Z,211]kmZomZ22 


= CES) 
(16) 


m has the physical significance of the ratio of the regulator 
secondary open-circuit voltage to the motor secondary open- 
circuit voltage, when there is no phase shift between them or 
when both are referred to their neutral axes. Hence, under 
ideal no-load condition, since k,,(Z,,,/Z1;)Ve 7 is the brush 
standstill open-circuit voltage, 


i’ 


where 


s —mcos 8 = 0, 
giving the no-load slip s = mcos f, and the no-load speed 


N, = N, — mcos f) (17) 


where JN, is the synchronous speed of the motor. 
In the case of analysis in Section 2.3.2, i’, on simplification, 
becomes 
= ka(ZomlZ)WV(s — mcos B — jm sin B) 
Lien a kK2Z2,|Zo2 - k2sZ?1Z11 


phe 


(18) 


where m has the same value as in eqn. (16). In this case, since 
the brush standstill open-circuit voltage is k,,(Z,,/Z11)V, under 
ideal no-load condition, 


s —mcosB =0 


giving the same no-load speed as in eqn. (17). 

It is obvious that s has, under no-load condition, the same 
sign as mcos 8. If m can be considered to be always positive, 
B then referring to the shift from the positive direction of 
the secondary e.m.f., s will have the same sign as cos f. 
Hence at sub-synchronous speeds B must be within the limits 
m/2 > 8 > —7/2 and at super-synchronous speeds within 
nl[2<B< —n2. 


(2.3.5) Power-Factor Correction. 
The supply current J = i! + i? = il’ +72’ is given from 
eqn. (10d) or eqn. (14d) on simplification by 


ae v{ 1 x 1 4) k2(ZomlZ11)°|s — mcos B + m(m—scos f)] 
Zi Lyr — k}Z2,1LZo2 — ke S22 IZ 11 


272 
K2(ZomlZ14)°m(s saa UKyic B } 
Li - kK2Z2, |Z 7 k2sZ2 IZ 


It is obvious that the last term on the right-hand side of eqn. (19) 
is the phase compensation term as it contains the quadrature 
e.m.f. component. Since, in general, the first three terms give 
lagging current, if a power-factor improvement is desired, 
ms — 1) sin 8 must always be positive. (s — 1) is negative over 
the entire speed range except at s = 1, when, of course, the 
quadrature component has no effect on the supply current. 
Hence m sin 6 must be negative over the entire speed range to 
give phase compensation, and as m is always positive in the con- 
vention adopted in the paper, 8 must always lie within the 
limits 7 < 8 < 2m. Comparing this with the limits for sub- 
and super-synchronous operations established in the previous 
Section, a power-factor correction at sub-synchronous speeds 
requires f to be in the fourth quadrant and at super-synchronous 
speeds in the third quadrant. 


wed) (19) 
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Stated more simply, while mcos 8 must change sign frot 
positive to negative under the two conditions of operatior 
m sin B must always be negative. This means that, though th 
speed-regulation component of the regulating voltage shoul 
change sign with respect to the rotor standstill e.m.f. in orde 
to permit both sub- and super-synchronous operations, th 
quadrature component should maintain the same sign to giv 
compensation in both the ranges. 

It is thus clear that a fixed shift of the brushes, coupled wit) 
a regulator which can only give voltages positive and negativ 
to the rotor standstill neutral-axis e.m.f., can give correctio; 
only in the sub-synchronous or the super-synchronous spee 
range but not in both. A small shift (less than 90°) of th 
brushes against the direction of rotation (8 in fourth quadrant 
will give a power-factor improvement in the sub-synchronou 
range, while a similar shift in the direction of rotation wil 
improve the power factor at super-synchronous speeds (sino 
the total shift B is the sum of the shift due to brush positio1 
and a shift of +180°, owing to reversal of regulator polarity 
and is therefore in third quadrant). 

The simplest way of obtaining a quadrature component 0 
voltage which does not change sign in the sub- and super 
synchronous speed ranges is from an auxiliary apparatus, e.g. i 
compensating transformer, or an auxiliary winding on the stator 
A biased double regulator also gives such a voltage.*4 Sine 
msin B’ should be negative, the quadrature e.m.f. obtained i 
the regulator should lag the positive direction of the neutral 
axis voltage, because when the shift is in the regulato 
(Section 2.3.2) B is the angle of lead from the neutral position 
The quadrature e.m.f. injected is limited by consideration of th 
permissible no-load current in the rotor circuit, since, as expressec 
earlier, under ideal no-load condition the rotor-circuit current i 
entirely due to the quadrature e.m.f. 


(2.4) Equivalent Circuit of the Simple Machine 


Though the performance of a machine can be calculated fron 
the equations of performance, it is sometimes useful to establist 
equivalent circuits to facilitate numerical solutions. Before 
deriving exact equivalent circuits, it will be shown how the 
existing circuit can be derived from the tensor equations. 


(2.4.1) Coulthard’s Circuit. 

One of the equivalent circuits in use at present is that propose 
by Coulthard,?° and also by Taylor,!! which gives only the 
current taken through the motor. This circuit can easily be 
derived from the equation of motor primary current [eqn. (10a 
or (14a)]._ We have, on simplification, 


Ly k7Z2,1Z2 mn Kink, Zom(Z orl Zay)€* J? 
L127 — kK}(Z3,12o2)Z 1 — k2,8Z2,, 


(hie 


V. (20 


which, from eqns. (6), reduces to 


. ; 1 k2(s — bet Js) . 

i= (V —ilz | ++ | . ai 

on “on 2 yr + k2(Z,,]Z52)Z72 ( A 

where 5 is the ratio of the regulator neutral-axis open-circui 

voltage (v,) to the motor secondary standstill neutral-axis e.m.f. 

U2, y 
Le. = K(Zorl Zaa)V 
KV —i421)) 


(22 


But z,, + KL 1 Z2)Z29 is the sum of the leakage impedance 
of the rotor circuit (i.e. motor and regulator secondary windings 
and the referred leakage impedance of the regulator primary 


'r, + jx; represent the total effective leakage impedance of the 
) gulator referred to its secondary side, 


Zp + kP(Zo1Zo2)Z22 = (Ra + 1) + 5x1 + x) (23) 


yom eqns. (21) and (23) the equivalent circuit becomes as 
hown in Fig. 3. In this circuit, from eqn. (22) b = x, /v>. 


jl Rs1 jXst 


Fig. 3.—Existing equivalent circuit for the simple machine. 


E Ry +r 
R ee 
esistor A EN TRIER, 
. SXr1 + Xt 
Resist ad 
esistor B i,b sin © 
SXpy + Xt 


Inductor C: j k2,(s — bcos B) 


Rr +1 
Inductor D: j 71 
Ee ie et Deeb sine® 


em the convention in Section 2:2, v, is positive when it 
proses V2. Sometimes the positive direction of v, is taken as 
‘at which aids v2 in a series circuit. Under such a convention, 
jhas to be replaced by —d in the equivalent circuit of Fig. 3, 
) hich then takes the same form as the Coulthard’s”° or Taylor’s!! 


f .4.2) Limitations of Coulthard’s Circuit. 


“4 Apart from giving only the motor current and thus requiring 
dditional calculations for finding the total supply current, a 
irious disadvantage of this circuit is the dependence of 5 on 
‘ie current i! [eqn. (22)]. In many cases, v, is approximated 
‘) the open-circuit standstill motor secondary voltage, i.e. 
+ = VK, AZomlZ11), giving 6 = k,Z,,Z11lkmZomZ22- However, 
‘sis approximation is not justifiable, because the final equation 
‘ir i! using this approximate value of b becomes 


a k2Z2,1Zo2 — KinkrZom(Zorl Zo2)€t 9 — Kink (Zorl Z22)2118 + 8 
Ma Zer — K2(Z2,Z92)Z11 — k2,8Z2 mq — Kk (ZorlZ22)Z11211€ + 
Ver. (24) 


eqn. (24) is compared with eqn. (20), it is seen that the last 
s in the numerator as well as in the denominator for the 
pression of i! in eqn. (24) are superfluous. Thus for exact 
“ypresentation of the machine performance by the equivalent 
«cuit of Fig. 3, b must be considered as a function of the 
yotor primary current. This makes any numerical solution very 
‘ifficult, and for exact calculation it is necessary to revert to 
yn. (20). 


4.4.3) Exact Equivalent Circuit of the Coulthard Type. 

‘t However, an exact practical circuit of the same type, i.e. one 
hich gives the current through the motor only but does not 

“fer from the limitation outlined in the last Section (i.e. 

pendence of b on i!) can be easily established. On simplifica- 

or of eqn. (10a) or (14a), the general equation for the 

)etor primary current can be written 


Nota three 
2 ab pee geal +30) 
1B,(Zoml ZisP(s oe 


amet ines. Saullo or ne 2°, |\\.(25) 
Zit Ze FRA S(LomlZiZ11 + P(LorlZ22)222 


J 
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Zip + KF S(LomlZ1 211 + k2(Z,,/Zy2)Z29 is the sum of the leakage 
impedances of the motor and regulator referred to their secondary 
sides. Hence, if (r,, + jsx,,) is the total leakage impedance of 
the motor referred to its secondary side, and (r, + jx,) is the 
total leakage impedance of the regulator referred to its secondary 
side, 
Cin 1 SX p) Py) 

= Zr a K3S(Loml Z11)2 11 rm K2(Z,,1Z1)Z22 (26) 


Kn = Kin(ZomlZ1 ) (27) 


ky, having the physical significance of the ratio of motor 
secondary open-circuit voltage (neutral axis) to the applied 
primary voltage. 


Let 


Then eqn. (25) reduces to 
ae | Es kiz(s —mecosp) jk2m sin B | 
2% Ur) Gigs) Or) IG) 
(28) 


where m has the same value and significance as in eqn. (16). 
The equivalent circuit of Fig. 4 is a direct representation of 


Fig. 4.—Exact equivalent circuit of the Coulthard type. 


- r 
Resistor A: ees Lk Ss 
ki32(s — mcos 8) 
Resistor B: — =n si ee 
ki2m sin 8 
cs SXm + Xt 
Inductor C: j =——~>—~— 
4 ki2(s — mcos #) 
tm +t 


Inductor D: j ————— 
J kam sin 3 


Impedance Z11: Rs; + jxs1 + Zom 


eqn. (28). This circuit does not suffer from the dependence of 
b on i! because the corresponding quantity m in this circuit, as 
shown in eqn. (16), is independent of the motor current. More- 
over, the impedance branches are all in parallel, which facilitates 
numerical solutions. 


(2.4.4) Equivalent Circuit giving both Motor and Regulator Currents 
The equivalent circuits given by Figs. 3 and 4 suffer from the 
common defect of giving only the motor current. However, a 
circuit of the type of Fig. 4 can be easily established to give both 
the motor and regulator currents. From eqn. (10c) or (14c), 
after simplification, the regulator primary current is given by 


pls: v| 1, _kekm(m — s cos B) kk,,s sin B | 
Zp At ISX ce) ler, eit ake, op) 

(29) 

where ki = k,Z,,[Z9 - (30) 


k* has the physical significance of the ratio of the open-circuit 
regulator secondary voltage (neutral axis) to the applied primary 
voltage. The equivalent circuit to represent eqn. (29) is shown 
in Fig. 5. The complete equivalent circuit is obtained by com- 
bining the two circuits of Figs. 4 and 5 and is shown in Fig. 6. 
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Fig. 5.—Equivalent circuit for the current taken through the regulator. 
Tm + Mt 

kiki,(m — s cos 8) 

SXm + Xt 

kkms sin B 
ae SXm + Xt 

Inductor C: j Wekin = 3 cos B) 

tm +r 
Kik/,s sin B 


Resistor A: 


Resistor B: 


Inductor D: — j 


Fig. 6.—Equivalent circuit giving both motor and regulator currents. 


Resistor A: Be nea) Pactucion ey eee aS 
Reciston Be aa Inductor F: j EEnne 
Resistor C: EEG aD oS SO) Bae Se 
Resistor D: wee 3 Tadurtor Ms = 7 mean 


This circuit gives both the motor primary and the regulator 
primary currents and hence the total supply current. If only 
the supply current is needed, and knowledge of currents taken 
separately through the motor and the regulator is not required, 
the circuit of Fig. 6 can be reduced to the form shown in Fig. 7. 


Fig. 7.—Equivalent circuit giving the total supply current. 


. tm + It 
R : 3) 

esistor A K2[(s — mcos 8) + mim — scos B)] 

4 SXm + Xt 

- gp eS 

esistor B k2m(s — 1) sin B 

: SXm + Xt 

Inductor C: >) 

nductor C: j k2[(s — mcos 8) + mim — scos 8)] 

tm + Wt 


Inductor D: = j ——————___— 
ae tad 1 K3m(s — 1) sin 6 


It is interesting to note that the expression 
k2[(s — mcos 8) + m(m — s cos B) + jm(s — 1) sin B] 


is, as expected, the exact transformation ratio between the rotor 
and supply impedances. If the supply voltage is V, the voltage 
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in the rotor circuit when the phase shift is considered to be b 
the brushes is (k/,se-J® — kj)V. Hence the voltage transforma 
tion ratio (supply : rotor) is 


1: (K;,se 76 — K,) 


Therefore, the current transformation ratio (supply : rotor) i 
(kj,et+s® — kf) 31 
and hence the impedance transformation ratio (supply : rotor 
is 1: (ki, se8 — k/)(k,,e+4® — k,) 
which, on simplification, yields 
1: k2[(s — mcos B) + m(m — s cos B) + jm(s — 1) sin p] 


(2.4.5) Equivalent Circuits from Impedance Tensor. 


In the preceding Sections, equivalent circuits have beer 
derived from actual performance equations. In systems wher 
the performance equations are more complex, such derivatior 
not only takes time but becomes very difficult to establish 
It is, however, possible to establish an equivalent circui 
from the final impedance tensor of the system.*9 1° Wher 
the impedance tensor is asymmetrical as in eqns. (5) and (12) 
it is necessary either to make it symmetrical by easy transforma: 
tions* 19 or to use the principle of the ideal transfer network 
with asymmetrical voltage and current transformation ratios 
A number of equivalent circuits for the simple machine undei 
consideration can be easily established using these techniques.* 
Two such circuits, using ideal transfer networks, are shown it 
Figs. 8 and 9. As can be seen, they refer to the impedance 
tensor in eqn. (5). Similar circuits can also be established fot 
the machine with the impedance tensor given by eqn. (12). The 
circuit of Fig. 8 has been named the ‘orthodox circuit’ becaust 
it is a combination of an orthodox induction-motor circuit witk 
that of a transformer. The circuit of Fig. 9, however, is termec 
the ‘exact practical circuit’ owing to its similarity in principle tc 
Morris’s?° exact practical circuit for a transformer. 


(2.5) General Analysis 


The auxiliary winding on the stator for power-factor improve 
ment and the double regulator for speed regulation introduc 
complications which make the simple analysis of Section 2.3.1 0 
2.3.2 no longer exactly applicable. Since the auxiliary winding i 
in the motor main field, it introduces mutual coupling with bot! 
the stator main winding and the rotor winding. Owing to it 
internal winding connections, a double regulator cannot be repre 
sented by an impedance tensor of the transformer type, ie. b 
one representing two mutually coupled windings. To make th 
analysis more general, consideration is given to the case of : 
motor which has its brushes shifted from its neutral position, ai 
auxiliary stator winding connected in its rotor circuit, and | 
biased double regulator for speed regulation and further power 
factor control. 

Let 6 be the brush shift against the direction of rotation, an 
let the auxiliary-winding e.m.f. lag the stator e.m.f. by y (neg 
lecting transformer effect). The biased double regulator i 
considered for the sake of generality to be composed of tw 
completely dissimilar single regulators. 

The primitive and actual systems for the general machine at 
shown in Fig. 10. It may be noted that in the primitive syster 
the biased double regulator is left with its internal termina 
connected, and is thus treated as a four-terminal network wit 
currents i7” and i?5 flowing through the output and inp 
terminal, respectively. 


; : : me 
4s is poe erst Pie ee tseho 
Oty 


Zor 


VOLTAGE 1:kmse 
CURRENT k,, eR 


VOLTAGE k,: 1 
CURRENT 1:kp 


“ 2ig. 8.—Orthodox circuit for the simple machine using the ideal 
; transfer network. 


| It has been shown in an earlier paper? that the impedance 
»ensor for a biased double regulator with dissimilar component 
xements treated as a four-terminal network is given by 


“\ 8 2s 


ZuZp1 
Za + Zp 


7 (tf on 00s =e de 


kyZctet in) 
Zoi + Zips 


a 
Zal Zo1 


» ‘here « = Electrical angle by which the regulator shaft is 

} rotated from its neutral position. 

k, and k, = Effective turns ratios of the two component 
single regulators. 

Zai> Za2 Zp, aNd Zz. = Self-impedances of the four 

windings of the regulator (la and 15 represent the two 

primary windings, and 2a and 2b the two secondary 

windings). 

Zoqg and Z,, = Impedances of the windings la and 1b 
due to the mutual fluxes between la and 2a, and between 
15 and 2b, respectively. 


If Z,= aiZpil(Z, a1 + Zs) = Self-impedance of the two 
primary windings in parallel. 

Zr = Z,2 + Zp = Self-impedance of the two secondary 
windings in series. 

Ke, a KZ AZ As and ks — kpZonlZp1 5 5 4 ° (32) 


m\. n 1 AY Ir ZS 
Is | Rey + 7X5 
Ir 
2s Zp 
ask a 
or ZlkieH + kjer 
35 


ZaZp1 
Ly Zui Zot Z51 


Ly ZED 
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VOLTAGE 1: k/séJP 
CURRENT ky 6JB:1- 


VOLTAGE kp: 1 
CURRENT 1:k/.} 


Fig. 9.—Exact practical equivalent circuit for the simple 
machine, 


R= Rn + Rr + kPR; RK’ = kiZRea 
X= Xy2 + ky2x523 x’ = Xp + Kira 


2r 


k Zong + ja + ksztte-in) 
H2@!) 


Li oes = k3Z2, = A akpZloaZov cos 2« 


SUPPLY 


Fig. 10.—Actual and primitive systems for the general machine. 


(a) Actual system. (6) Primitive system. 


2r 


Z Akiget 3” + ke) 


(33) 


e primitive impedance tensor for the general machine is found by inspection: 


Dr, 35 


Z kgetJ® + ke J) 


(34) 


Zp — 2,( kes + ke 


al 


— 2kik, cos 20) 
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The only winding rotating in the system is the motor secondary 
winding tr, and hence terms containing s appear in the com- 
ponents Z1,1., Zip1p> and Z1,3;, but nowhere else. 

If X,,; is the reactance of the motor primary winding due to 
the mutual flux between the stator and the rotor, and k,, and k, 
are the effective turns ratios between the motor secondary and 
primary windings and between the motor auxiliary and primary 


windings, respectively, 
wM, KinX mi» wM, a k,Xmi> and wM, 3 Kink Xmi (35) 


The primitive impedance tensor then becomes 
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from which the admittance tensor becomes 


2r 3s 


m\n Is Ir 2s 
ls sl TkmX mi 
Ir ml Ry + jsX,. 
2s 
Linn na 
2r Z Ake Ret) 
3s Tkimnk Xi 


The connection tensor is established by comparison of the actual 
system currents with the primitive system currents, and is given 
by inspection as 


n\v 1 r 2 


Oe (37) 
Since the actual system impedance tensor Z,,, is Cj,"*Z,,,,C%, 
Zuy = (38) 
where 24; = Ry + IX = Roy + HX. + IX 
= 214, + IXm 

Zi, zi IX Kime” a kets) 

Zr = [Xin (k, set = ke SY) 

Ze a Ry + jsX,4 ais Ry + jX,3 ar Zp ca 

Zp1 (39) 


Z 
7 i EL eos ) 
( Zig Pez id Oh at 
— Kink Xm lEFC+®D + seit 0] 
Zyn = Z lke + kiet ie) 
Zo, = Zlkierl® + kjeria) 


and 22 => Zp 


TEX mi 
IskinkXmt 
Z,lkigti® + kgemH) a) 
= (36) © 
i 4 Zi / , 
Le —Z,( kes + kp — 2kky cos 2a) 
Zp1 Zat 
where = Dy = 212,292 — Z1Z,2% — 41rZ,1422 (41) 
The voltage tensor for the actual system is 1 
BN 
: 
2 V 
H ea 
ence, Lar. p,(4rr222 — LL — Zi,LZ2) 
eal 4 a 
r= p 41122 — Z,4Z2) (42) 


: V 
z= pee = 2,727 2 Z3,) 


The actual values of i” can be calculated for any given values of 
9, 5 Kins Kx» Ka k,, © and s. In general, the only variables in 
any particular machine are « (depending on the regulator shaft 
position) and s (depending on load conditions), while 0, Y, ke 
k,, k,, and k,, are all fixed. Thus the performance equations 
can be expressed in terms of « and s if numerical values of all 
other parameters, supposed constant, are substituted in eqns. (42). 
From the general impedance tensor of eqn. (38), the actual 
impedance tensor to suit any particular machine arrangement 
can be easily derived. The absence of an auxiliary winding can 
be taken into account by putting k, = 0, and R33 + X,3 =a 
and the absence of any brush shift by putting 6 = 0. The ase 
of a biased double regulator with similar primary, or secondary 
windings, or the use of an unbiased double regulator, can be 
taken into account by making suitable changes in the regula- 
tor parameters, ie. by putting Z,, =Z,, (similar primary 
windings), or Z,. = Z,) (similar secondary windings), or 
Za = Zp, Zan = Zp2, and k, = k, (unbiased regulator). A 
two-winding regulator can be covered by making the self- 


be 


timpedance of one of the primary windings infinite and that of 
yone of the secondary windings zero. 

Iron losses in the machine have so far been neglected. If 
‘experimentally determined, they can be added separately to the 
| umachine power input as determined by the theory. A better 
method, universally adopted in the theory of iron-cored trans- 
“formers and induction machines, is to consider the mutual- 
uiimpedance terms to have power components in addition to 
utual-inductance components. Thus, in the case of the motor, 
()jX1 18 replaced by Z,,,, where Z,,, includes a resistive com- 
yponent. Similarly Z,, and Z,,, the mutual-impedance terms in 
‘ithe regulator, can be considered to include iron losses. As they 
"pare sums of leakage and mutual-impedance components, the 
'self-impedance terms in the theory thus include resistive com- 
*yponents to account for iron losses in addition to the actual 
\winding resistances. 


(2.6) Equivalent Circuit for the General Machine 


The value of equivalent circuits for machine performance 
alculations cannot be over-emphasized. The use of tensors 
“tin establishing equivalent circuits for complicated machine 
“ywconnections has been widespread,* 9 !9 and they scarcely need 
ieiaboration. The impedance tensor for the general machine 
Hdeqn. (38)] is asymmetrical, and the asymmetry is such as to 
“wrake the formulation of an equivalent symmetrical circuit by 
“easy transformations very difficult. However, when the concept 
ot an ideal transfer network with different voltage and current 
“itransformation ratios is used, no equivalent symmetrical circuit 
“sis necessary. Using this concept both the orthodox and the 
‘exact practical types of equivalent circuits can be easily estab- 
“ilished.23 However, as the practical circuit is always easier to 
‘manipulate, for both the experimental measurement of para- 
eters and the calculation of performance, only this type will 
be discussed. The circuit for the general machine is shown 
yin Fig. 11, where 


Ky = (ky stt 3? — ky€ I) ZomlZ113 
ky = (ke? — ky€t I) ZomlZ115 
ky = kye* + kyet it, kf = Kiet se + kyo 


Mand Z' = Z,, — kyk,Z,, —k3k}Z,, where Z,, is the rrth 
" component of the general impedance tensor [eqn. (38)]. 


Z’ on simplification becomes 
4 (Ry ae JSX-1) a (Rs3 ty Jsx53) 
i {k2, 5+ — KighkleFOt® + seier+ OS 


Zh Zz Zi 

He + Zp +( Kapa a8 zee) - (43) 

= Leakage impedance of (motor rotor + motor auxiliary 
+ referred value of motor primary + regulator secon- 
daries + referred value of regulator primary). 

= Total leakage impedance of the machine referred to the 
rotor circuit. 


“ 


~%24.1) Measurement of Parameters. 

The parameters of the equivalent circuit of Fig. 11 are as 
teilows: 

Z,; = Self-impedance of the motor primary winding. _ 
ZL, = Self-impedance of the regulator primary windings in 


parallel. 
k, = Voltage ratio of the ideal transfer network representing 


the motor. 
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k, = Current ratio of the ideal transfer network representing 


the motor. 

k3 = Voltage ratio of the ideal transformer representing the 
regulator. 

} = Current ratio of the ideal transformer representing the 
regulator. 


Z' = Total leakage impedance of the motor and regulator 
referred to the rotor circuit. 


IDEAL 
TRANSFER IDEAL 
NETWORK 7’ TRANSFORMER 
as. ir = j2 
z 
p 
VOLTAGE 1: k, VOLTAGE k, 1 
CURRENT k,:1 CURRENT 1 ae 


Fig. 11.—Equivalent circuit for the general machine. 


In normal induction machines, an open-circuit and a short- 
circuit test are sufficient for the measurement of equivalent 
circuit parameters. It will be shown that the same is true for 
this machine. 

Open-circuit test.—-In this test the rotor circuit is open-circuited 
and the motor and regulator primary windings are connected 
to the normal-voltage normal-frequency supply. The rotor 
must be locked to prevent rotation due to currents in the coils 
short-circuited by the brushes. If, in the test, 


V = Supply voltage, volts per phase. 


i! = Motor primary current, amperes per phase. 
i? = Regulator primary current, amperes per phase. 
V,, = Voltage across the motor brushes and auxiliary 


winding in series, volts per phase. 
= Voltage across the regulator secondary terminals, 
volts per phase. 


and V, 


From the equivalent circuit, 
Zi, = Vii! ohms; Z, = Vji? ohms; ky = V,,/V; andk3 = VJV 
(44) 


Short-circuit test.—In this test, the rotor circuit of the machine 
is broken at any convenient point and the terminals are con- 
nected to a balanced 3-phase normal-frequency supply, while 
the motor and regulator primary windings are short-circuited. 
If, in the test, 


V,. = Voltage in the rotor circuit, volts per phase. 
il, = Short-circuit current in the motor primary winding, 
amperes per phase. 
i2, = Short-circuit current in the double regulator primary 
winding, amperes per phase. 
ir, = Current in the rotor circuit, amperes per phase. 
then Z' = V,,fil, ohms; ky = il, fi?,; and k¥ = iZ/it, (45) 
Since all the parameters are complex, the phases of all the voltages 
and currents with respect to the supply voltages in the tests 
must be measured. The parameters Z’, due to the presence of 
the slip-dependent portion of leakage impedance, and k,, since 
it contains a slip-dependent term, are functions of speed; and to 
find their dependence on speed, the values should be measured 
at a number of speeds. However, as the dependence is linear, 
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measurement at two different slips is sufficient. When taking 
measurements at any speed other than when s = 1 (stand- 
still) the motor rotor should be driven by an auxiliary drive. In 
practice, the measurement can be slightly modified by separating 
the motor and regulator parameters. The latter can be measured 
with great accuracy, as the regulator is a static piece of equip- 
ment.34 The motor parameters can be measured by tests similar 
in principle to the open-circuit and short-circuit tests described 
above. 


(2.7) Limitations of Theory and Suggested Modifications 


The theory and equivalent circuits as developed in earlier 
Sections have inherent limitations, since, in their development, 
no consideration has been given to the following: 

(a) Effect of non-linearity in the rotor circuit due to carbon- 
brush contact resistance. 

(b) Effect of short-circuited coils under the brushes, 

(c) Effect of the slip-independent portion of motor-armature 

leakage reactance. . 

(d) Effect of variation of no-load losses with speed. 


(e) Effect of unbalance, harmonics and non-sinusoidal flux 
densities. 


(2.7.1) Non-Linearity in Rotor Circuit due to Carbon-Brush Contact 
Resistance. 

In the shunt motor, the brush contact resistance constitutes 
the major part of the rotor-circuit resistance. The carbon-brush 
contact resistance is known?»® to have non-linear properties 
and is a function of the current flowing through the contact. 
The effect of this non-linearity has been studied by Gibbs?* for 
the Schrage motor. The only way of taking this effect in con- 
sideration in the general theory and the equivalent circuit is to 
resolve the motor secondary resistance R,; into two com- 
ponents—R;, representing the winding resistance per phase 
and &, representing the brush contact resistance per phase. 
Since R, is a function of i’, at any given slip and regulator 
setting, 


ia A constant 
Function (i”) + Another constant 


It is obvious that the solution for i” becomes involved. However, 
successive approximation can be used to good purpose in obtain- 
ing a fairly accurate value of i’, if the variation of R, with i* is 
known. 

In addition to non-linear resistance, the carbon contact 
has other properties which may affect the machine behaviour. 
It has a negative temperature coefficient of resistance, and at 
high peripheral speeds (above about 4000ft/min)® shows a 
dependence on the speed of the contact surface. Many of the 
divergences in theoretical performance calculations and experi- 
mental results in machines where carbon contact plays an 
important part can be traced to the susceptibilities of the contact 
to various outside and inside influences (e.g. temperature, 
humidity, current density, peripheral speed, etc.). 


(2.7.2) The Short-Circuited Coils under the Brushes. 


In commutator machines a number of coils are always 
short-circuited by the brushes. When the number of brushes 
is large, the parasitic brush currents affect the behaviour 
of the machine to a considerable extent. A detailed analysis 
of this phenomenon for a repulsion motor has been carried 
out by Morris.** In the stator-fed shunt motor, these currents 
increase the losses of the motor, produce cross-modulation of 
flux in the motor air-gap and develop additional torque. Kron? 
has suggested that the short-circuited coils may be replaced for 
analytical purposes by an additional layer of rotor winding below 
the main winding and having a different resistance and leakage 
reactance from the actual rotor layer. Hence, for accurate 
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analysis, an extra mesh should be added in the actual and 
primitive systems of the machine while developing the tensor 
equations. Though in small machines the effect of cross- 
modulation of flux and of the additional torque may be neg- 
lected, any design-office calculation must take into consideration 
the extra no-load losses, particularly at high values of slip. 


(2.7.3) The Slip-Independent Portion of Armature Leakage Reactance. 


In the theory developed in earlier Sections, the motor-armature 
leakage reactance is taken as sx,, (since the self-reactance of the 
motor secondary winding is taken as sX,; = sx,, + k2,5Xjq1). 
This assumes that the leakage reactance of the motor armature 
as measured at the brush terminals is a linear function of the 
slip. Arnold,! Richter? and Franklin?> have all shown that the 
leakage reactance of an armature with a commutator winding, 
measured across the brush terminals, includes a part which is 
independent of the slip. Adkins and Gibbs® have suggested that 
this slip-independent portion is usually about one-fourth of the 
total standstill value. The presence of this portion can easily be 
taken into account by substituting (sx;, + x/4) in place of sx,4, 
where x/, is the slip-dependent and x;, the slip-independent 
component of the armature leakage reactance. 


(2.7.4) Variation of No-Load Losses with Speed. 


In the general derivation of equations of performance, the 
losses in the magnetic circuit were neglected. It was stated later 
that the iron losses at the operating voltage could be separately 
added, or the mutual impedance Z,,, could be considered to. 
have a resistance component. Since the motor operates at 
practically constant voltage, the mutual-inductance component 
of Z,,, can be considered as constant, but since the no-load 
electrical losses in the machine are a complicated function of 
speed, a fixed resistance in Z,,, will not represent actual con- 
ditions. In order to take the effect of variation of no-load 
electrical losses with speed into consideration, the resistive and 
reactive components of Z,; can be considered to be in parallel, 
the reactive branch having a fixed value depending on the 
magnetizing current, and the resistive branch being expressed 
as an experimentally determined function of slip. 


(2.7.5) Unbalance, Harmonics and Non-Sinusoidal Flux Density. 


The theory has been developed for steady-state balanced 
operation, and the effect of unbalance, harmonics and non- 
sinusoidal flux-density distribution due to commutation is 
beyond the scope of the paper. In normal operation of the 
machine these factors always affect its behaviour to some extent, 
the effect being particularly noticeable near synchronous speed. 


(3) CONCLUSIONS 


_The purpose of the paper was to evolve a comprehensive theory 
of the stator-fed polyphase shunt commutator motor. The ease 
with which tensor analysis can be used for developing equations 
of performance and establishing equivalent circuits has been 
demonstrated. Some tests have been carried out to verify the 
theory and have given fairly encouraging results.?3 It is intended 
to discuss the practical measurement of parameters and the 


comparison of test results with theoretically predicted behaviour 
in a later paper. 
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SUMMARY 


The paper is the first of a series dealing experimentally with various 
aspects of the conductivity of oxide cathodes. The present Part starts 
with a brief survey of existing knowledge and then proceeds to examine 
the practical circumstances under which a non-uniformity of potential 
gradient can arise across the matrix under a modest continuous current 
loading. Using active-nickel cores to enclose a rectangular slab of 
barium-strontium oxide, it is found by probe experiments that non- 
uniformity of potential gradient occurs only in the presence of residual 
gas, and that the gradient tends to increase in those parts of the matrix 
likely to accumulate negative ions. 


(1) INTRODUCTION 
(1.1) Object of Work 


The object of the present paper is to describe an experimental 
survey carried out on the general properties of oxide-cathode 
conductivity. The failure of receiving valves by deterioration of 
electron emission is accompanied by large changes in matrix 
conductivity, and it is thought that a greater knowledge of the 
nature of these changes may help towards a closer understanding 
of the life processes of such valves. 

It is proposed in this Part of the paper to examine the distribu- 
tion of potential across the oxide matrix under various conditions 
likely to be found in common receiving valves, the whole of the 
work being carried out at the conventional working temperature 
of 1020°K. It is shown that in a well-activated cathode the 
potential gradient is constant across the matrix, but that the 
gradient may increase towards the outer surface as deactivation 
occurs. 

In subsequent Parts certain other aspects of the electron- 
transfer mechanism will be examined, and the following schedule 
will give some idea of the general shape of the work: 

(a) Influence of ionic movements consequent on electron flow. 

(6) Distribution of power dissipation in matrix in the activated 
and deactivated states. 

(c) Resistance to passage of free electrons through a cold matrix. 

(d) Relative importance of the activation states of the two 
boundary surfaces of the matrix, etc. 

As a consequence of the experiments a matrix model has been 
constructed and will be set out in the last Part. 


(1.2) Survey of Published Information 


Although literature on the resistivity of the oxide cathode is 
widespread, there is as yet no firm understanding of the mech- 
anism of electron transfer through the oxide matrix. The bulk 
of effort seems to have expended itself on determining the tem- 
perature dependence of resistivity, p (or conductivity, o), and in 
this direction there is general agreement that the relationship 
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holds over a limited range of absolute temperature. Perhaps the 
most significant advance in this direction is that of Loosjes and 


Correspondence on Monographs is invited for consideration with a view to 
publication. 
Dr. Metson is at the Post Office Research Station. 


Vink,! who have shown that a much wider range can be covered 
if two intersecting straight-line characteristics of the type given 
by eqn. (1) are used. The two different characteristics are 
explained as being due to two different types of electron transfer: 
in the low-temperature range by solid n-type semi-conduction, 
and in the higher-temperature range by the drift of an electron 
cloud through the interstices of the porous oxide matrix. _ The 
two mechanisms have become known as ‘solid’ and “pore’ con- 
duction, and conventional valves working at 1020°K are com- 
monly supposed to rely mainly on pore conduction. 

These views on the transfer mechanism have been opposed by 
Hannay, McNair and White,* who find that a cathode working 
in helium at a pressure of one atmosphere has the same con- 
ductivity as a similar cathode working in a vacuum. It is argued 
that such a pressure of helium filling the pores would inhibit the 
drift of the electron cloud and the conduction mechanism must 
therefore be a wholly semi-conducting one making exclusive use 
of the activated (BaSr)O lattice. Loosjes and Vink! rebut this 
argument on the grounds that the mean free path of an electron 
in helium at one atmosphere is about one micron, and since the 
probable pore dimension in the matrix is of this order, there 
should be no effect on pore conductivity. The general question 
of solid or pore conductivity at the normal working temperature 
of 1020° K therefore seems to be still an open one. 

A certain amount of attention has been directed towards the 
phenomenon of potential rise through the oxide matrix under 
current load. Loosjes and Vink? use a series of embedded probes 
at different distances from the metal core and find a progressive 
rise of potential through the matrix: With the aid of a movable 
anode and some inspired extrapolation they predict the surface 
potential and show that a steep increase is to be expected in the 
surface layers under high-current-density pulse conditions. This 
supposedly high gradient at the surface has also been used by 
such workers as Coombes* to explain the decay effects in high- 
current-density pulse work on oxide cathodes. Wright,> however, 
points out that such effects may be incidental to basic cathode 
action and may be due to extraneous causes, e.g. positive-ion 
bombardment and deactivation of the cathode surface consequent 
on residual gas ionization in the cathode-anode space. This 
view is backed up by some convincing evidence on diodes, which 
show no pulse decay effects when they have been well aged to 
clear up residual gas phenomena. It seems, then, that, while a 
rise of potential across the matrix occurs under current load, there 
is no certainty that its gradient is constant. 

The last point of interest concerns an observed proportionality 
between the conductivity of an oxide matrix and the temperature- 
limited electron emission that can be drawn from its exposed 
surface. This relationship has been widely observed and is not 
a subject of controversy. 


(2). POTENTIAL DISTRIBUTION 
(2.1) Experimental Valves 


The basic experimental valve is designed with an eye to the 
provision of the necessary experimental facilities whilst main- 
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Fig. 1.—Arrangement of basic S-type assembly. 


»)a:ning as far as possible a likeness to the cathode matrix of a 
“common receiving valve. Fig. 1 shows the essential details of 
he arrangement, which will be described as an S-type assembly. 
» Two rectangular box-like cores provided with insulated internal 
) eaters are coated with oxide matrix and pressed together by 
‘ight tungsten springs. The cores are prepared from a nickel 
Jilloy commonly employed in the manufacture of cathodes 
O’ nickel) and contain the activating elements magnesium and 
)lilicon to the extent of about 0:05%. The matrix is the conven- 
*donal co-precipitated equimolar barium-strontium carbonate with 
. methacrylate binder, applied to the individual cores by spray- 
ng to an accurately known thickness and density. After break- 
jlown of the carbonates to oxides, the density of the matrix 
‘5 about 1-0 and the thickness between the core faces is about 
504. The composition, form and density of the matrix are 
herefore similar to those used in common receiving valves, while 
‘he thickness is some 2-3 times greater. Power is led to and 
rom the cores through the usual form of ‘tail’. The whole 
")\trangement is mounted on a standard valve pinch, sealed in a 
» lass envelope and vacuum processed on a high-grade bench 
‘yump, the process schedule being shown in Table 1. A typical 
ielationship between temperature of the cores and the common 


Table 1 


PROCESSING OF ACTIVE-NICKEL S-TYPE ASSEMBLY 


(1) Seal to pump manifold and evacuate to manifold pressure of 
; about 10-5mm Hg. 

(2) Bake at 400°C for 1 hour: pressure is then lower than 
10-°mm Hg. 

(3) Degas getters. 

(4) Decompose carbonates by passing current through both heaters 
i in parallel. 


Approximate temperature Time 
of cores °K min 
740 1 
910 1 
1010 1 
1150 1 
1 280-1 300 Until manifold pressure is below 


2 x 10-6mm Hg (approxi- 
mately 3—5 min). 


j (5) Flash getters and seal from pump, with core temperature still 
1 4 280-1 300° K. 
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Fig. 2.—Relationship between core temperature and common heater 
voltage in S-type assembly. 


voltage applied to both heaters is given in Fig. 2 for future 
reference. 

About a hundred of these basic valves were made during the 
course of the work, and they provided a vacuum ‘diode’ with 
metallic contact to both sides of a slab of (BaSr)O matrix 
approximately 9-Omm long, 2:5mm wide and 150, thick. 
This basic S-type valve provides only limited experimental 
facilities, and the bulk of samples were, in fact, modified in 
detail to meet particular requirements. For example, in experi- 
ments involving the use of a temperature gradient across the 
matrix, the heaters in the two cores were brought out separately, 
so that the thermal power delivered to each core could be indi- 
vidually controlled. In such cases it was usually convenient to 
fit each core with its own thermocouple for purposes of tem- 
perature control. For measurements of potential within the 
matrix a fine (25 2) wire probe of pure platinum was included at 
the centre point of the matrix, and special arrangements were 
made to see that the lead-out wire of this probe was highly 
insulated from all other electrodes. Other special arrangements 
of the basic valve will be noted in the course of the work. 


(2.2) Potential Measurement 


The circuit arrangement for measurement of probe potential 
relative to either core is shown in Fig. 3. The heater circuits 
are supplied separately with d.c. power from large secondary 
cells to ensure an adequate short-term stability. The two 
thermocouples, T; and T>, share a single switched instrument for 
measurement of core temperature. Power in the heater circuits 
is adjusted until T, = 7, at the desired temperature with no 
current, Z,, in the main diode circuit. The driving of the main 
circuit is undertaken by a variable d.c. stabilized power-pack 
feeding through a 100-ohm ballast resistor. Power in the diode 
circuit and its resistance, Ry, are indicated by the milliammeter I, 
and voltmeter V,. The potential of the probe wire is measured 
by a high-quality potentiometer calibrated against a standard cell. 

A potential measurement is carried out in the following 
manner: The current 1, is set accurately to some predetermined 
value (say 50mA) and potentiometer measurements are taken 
between core 1 and the probe and between the probe and core 2. 
This operation results in two values, Vp; and Vp. The current 
I, is then reduced to zero and the measurements are repeated to 
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Fig. 3.—Circuit arrangements for probe potential measurement. 


give the thermo-electric correction e.m.f.’s, Vp; and V7». Then, 
the potential across the leading section of the matrix is Vp; — V7, 
that across the trailing section of the matrix is Vp — V2 and 


Vig = (Vey — Voi) + Vex — Vr2) - (2) 
should be closely realized in practical measurement. 
A point of nomenclature must now be introduced. It will be 


observed in Fig. 3 that the electrons enter the system at core 1 
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Fig. 4.—Invariance of resistance with current. 
Thus, 
Vp, — V. 
Re Pi T1 
I4 
Vp2 — Vro 
R= y - & 
A 
Ra = Vall 
and R, oe Ry = Ry 
should be closely realized in practical measurement. Since the 


two sections of the matrix are in series to a common current, it 
follows that the potentials across the section are in similar ratio 
to the resistances of the sections. A typical test run, concerning 
the temperature characteristics of the two section resistances, is 


Table 2 < 


TYPICAL SERIES OF POTENTIOMETRIC MEASUREMENTS 


~ 
Ry 


= 
~ 
a 


vo 
4:0 
4:5 
5:0 
5)05) 
6:0 
6°5 
HEY 
15) 
8:0 


and leave at core 2 after passing through the two halves of the 
matrix. That half of the matrix which is first traversed by an 
electron is termed. the ‘leading section’, of resistance R,, and the 
other half is termed the ‘trailing section’, of resistance R>. If 
the direction of electron flow is reversed, the symbols in Fig. 3 
change over on an image basis, i.e. an electron always enters the 
system at core 1, traverses the leading section before the trailing 
section and leaves at core 2. 

At this stage a useful simplification can be introduced. It is 
shown in Fig. 4 that the matrix is almost ohmic in its voltage/cur- 
rent relationship over the current range 10-100mA, and it is 
therefore possible to replace probe potentials depending on 
current I, by the leading- and trailing-section resistances R, and 
R,, which are independent of current. 


set out in Table 2 to give some idea of the magnitude of experi- 
mental error to be expected in the measurement. 


(2.3) Resistance/Time Characteristics 


Perhaps the best point at which to open a discussion of the 
properties of the several resistances of the diode is by way of a 
life history or time characteristic. In new valves it is always 
found that the diode resistance, R,, is high but decreases steadily 
with operating time to some stable value. The usual method ol 
test is to set the two core temperatures to 1020°K and adjust 
I, to 50mA. Since R, changes with time, J, is maintained 
constant by variation of V,. Regular potentiometric measure: 
ments of Vp,, Vp2, Vr; and V7 are made to determine the time 
characteristics of R, and Rp. 


60 le) 100 120 
TIME , HOURS 


(a) 


a) oe 
bese 
reg eae) 


cleat 
Le 


600 
“TIME , HOURS 


(b) 
Fig. 5.—Time characteristics. 


(a) 100 hours. 
(6) 500 hours. 


Time characteristics for R;, R, and R, for valve S-52 over a 
- eriod of 100 hours are shown in Fig. 5(a), and those for S-51 
»yver 500 hours in Fig. 5(5). These results can be regarded as 
~eing typical of all valves tested, and the following general con- 
tlusions are drawn. 


(a) At 1020°K Rg falls steadily from approximately 50 ohms to a 
constant value of about 14 ohms. 

(b) Almost the whole of this fall in Rg is accounted for by decre- 
ment in R2. 

OT rcuehout the period of change of Ry and R>2 the leading 
resistance, R1, remains substantially constant. 

(d) When the stable low-resistance state of Ra has been reached 
*he following condition holds: 
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‘he decrease in R, with operating time will cause no surprise to 
Va've engineers familiar with the properties of an oxide cathode 
win an active nickel core. The phenomenon, known as ‘activa- 
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tion’, is due either to a decrease in oxygen content or an increase 
of barium. What is perhaps surprising is that the whole of this 
betterment appears to occur in the trailing section of the matrix. 

It has been shown that at zero time in the life of the 
S-type device the trailing resistance is always greater than the 
leading resistance, and this may seem peculiar in an arrangement 
which has physical symmetry. Two-possibilities suggest them- 
selves—either that the processing of the valve prior to test has 
given the device a directional property, or that polarization occurs 
on the first instant of electron flow. The first possibility can be 
eliminated, since the device is thermally activated on the pump 
and no current passes through the matrix until the time-charac- 
teristic measurement is actually started. The alternative can be 
readily tested by reversing the direction of electron flow during 
the period of decay of the diode resistance. Fig. 6 shows a time 


RESISTANCE , OHMS 


_— 


LEADING POSITION 


TIME, MIN 
Fig. 6.—Effect of current reversal on resistance distribution. 


characteristic of leading and trailing resistances carried out at 
a constant current of 50mA and a cathode temperature of 
1020°K. At zero time the leading and trailing sections of the 
device are designated X and Y respectively, and these letters 
are to be regarded as permanently fixed to the actual physical 
sections and independent of any subsequent change in direction 
of electron flow. For the first 30min of life test the electron 
flow is in the X-Y direction with the X-section acting as leader 
and the Y-section as trailer; for the next 30 min the electron flow 
is reversed into the Y—X direction, with the Y-section moving into 
the leading position and the X-section moving into the trailing 
position; and so on in cyclic fashion every 30min of the test. 

The results in Fig. 6 show with some clarity that a physical 
section changes its activation state almost instantaneously with a 
change of direction of electron flow. The small difference in 
the leading-position resistances of the X- and Y-sections is 
possibly due to a minor deviation of the probe wire from the 
mid-point of the matrix. 


(2.4) Influence of Oxygen Attack on Matrix 


The influence of oxygen de-activation of the matrix on R,, R, 
and R, was examined in a standard S-type valve fitted with a 
controllable oxygen generator in the form of a tungsten-wire 
spiral coated with barium peroxide and heated by an externally 
regulated current. The valve was processed in the usual way, 
was sealed from the pump and its getter was flashed. 

After 20 hours of operation with both cores at 1020°K anda 
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current of 50mA the valve had shown the normal decrement of 
R,and was approaching the stable state of equality of R, and Ro, 
actual values being: R; = 8-1 ohm, R, = 10-2 ohm, and 
R,/R, = 1-26. The oxygen generator was now brought into 
action and adjusted for a period of 20min to give a suitable rate 
of gas flow. During this period the current flow, J,, was main- 
tained constant at 50mA by continuous adjustment of V4, while 
regular potentiometric measurements were made on the probe 
wire. To avoid interference with J, during the gas attack, the 
thermo-electric functions were not measured, but a comparison 
of the values at the beginning and end of the run showed that 
average values could be accepted without sensible error. Fig. 7 
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Fig. 7.—Influence of oxygen attack on resistance distribution. 


shows the behaviour of R, and R, during the gas attack. At the 
end of the run the oxygen generator was cut off and the getter 
‘flash’ was found to have shrunk in area to about one-half of its 
original size. It is of practical importance to leave some gettering 
power within the tube to work during the recovery phase. 

Recovery of the system was carried through without change of 
the core temperatures (1 020° K) and with regular potentiometric 
measurement of the probe functions Vpand V;. After 120 hours 
the whole system had regained the stable state with equality of 
the two section resistances and an overall resistance, R,, of 
about 14 ohms, i.e. 


R, = Ro = 4R, = 7 ohms 


The recovery phase is shown in Fig. 8, and the ratio R,/R, for 
both phases is plotted in Fig. 9. From these results the follow- 
ing conclusions can be drawn: 
(a) During matrix de-activation the trailing resistance grows more 
rapidly than the leading resistance. 
(6) During matrix activation the leading resistance falls more 
rapidly to the low stable level than the trailing resistance. 
(c) There must be some significance in the fact that the overall 
resistance, for the constant matrix dimensions used, approaches, but 
never seems to go lower than, about 14 ohms at 1020°K. 


(2.5) Correlation between Resistance and Total or 
Temperature-Limited Emission 


That the fall of R, coincides with a rise in total or temperature- 
limited emission of a well-processed (BaSr)O cathode on an 
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Fig. 8.—Reactivation after oxygen attack. 
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Fig. 9.—Time characteristic of R2/R. 


active-nickel core is shown in Fig. 10, the total-emission charac- 
teristic being taken as the mean of a group of conventional-type 
diodes with closely-spaced electrodes measured by the low-tem- 
perature (700° K) technique. The diodes have the same active- 
nickel core as the S-type valves and the oxide matrix is similar in 
constitution but only half the thickness. 

The result shows a pronounced activation* effect in the conven- 
tional diodes, and it is suggested that this is due to the same cause 
as gives rise to the decay of R, in the S-type valve. 


(2.6) Elimination of Barium Orthosilicate Interface Layer as 
Cause of Resistance Unbalance 


The S-type assembly uses the same type of core metal as com- 
mon receiving valves which are known to developahigh-resistance 


* The reason for the rise in total emission in active-core oxide-cathode diodes has 
previously? been considered as being due to an excess of metallic barium in the matrix 
over the optimum value for minimum work function. More recent experience has 
changed this view, and the emission rise is now believed to be due to a decrease in the 
gas content of the matrix. 
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assembly and total emission (at 700° K) of conventional diode. 


“ynterface—supposedly due to a reaction between the silicon con- 


‘\aminant in the core metal and barium oxide: 


Si + 4BaO -— Ba, SiO, + 2Ba (5) 


‘This barium orthosilicate by-product forms as a thin layer at the 


woundary between the core and the matrix. 


Owing to the 


oresence of excess barium, the layer has a very low resistance 
‘»<1 ohm) at the beginning of life, but as time goes on and the 
‘»arium becomes dissipated, the resistance rises to 100 ohms or 


nore. 


Now a potential gradient across the matrix consequent on 
urrent flow results in an electrolytic action with migration in 


i referred directions of negative oxygen and positive barium ions. 
‘yn the S-type assembly this action may conceivably result in the 


<le-activation of the orthosilicate layer at the trailing core and 
yurther activation of the layer at the leading core. 


The whole 


‘lirectional phenomenon of resistance unbalance [(R, — R,) > 0] 


a, a in al | ca a, cls ae a a li 
‘ 


xould therefore be readily explained in terms of the interface 
wyer. Fortunately, the question can be easily settled by removal 
wf the silicon contaminant from the trailing core: if resistance 
imbalance disappears, the phenomenon is due to the orthosilicate 
».ction. 

Two groups of experiments were undertaken to decide the 
uestion. In the first, assemblies were built with the trailing 
ore prepared from pure electrolytic nickel containing less than 
ne-tenth of the silicon possessed by the standard ‘O’ type 
sickel. This group behaved in the normal way, exhibiting an 
inbalance which approached zero after 100-200 hours’ running 
e under the usual test condition. In the second group the 


“railing cores were prepared from very pure platinum; these, too, 


howed the normal unbalance reaction. =. 
The conclusion reached from these tests is that de-activation 


fan orthosilicate interface layer makes no appreciable contribu- 


ion to the resistance unbalance phenomena shown in Fig. 5. 


(3) DISCUSSION OF RESULTS 
The essential feature of the experimental valve used in the 


‘work is its dimensional symmetry about a probe wire buried in 
(ne centre of the (BaSr)O matrix. 


Other aspects of the valves 
re the use of active-nickel cores, which tend to increase the 
4:ium concentration in the oxide lattice, the avoidance of 


2~perature gradients and the use of a matrix structure com- 


321 


parable in density and composition with that used in common 
valves. All work has been carried out at the conventional 
operating temperature of 1020°K. 

Under the conditions outlined above, the matrix has been 
found to have two distinct operating states, namely a transient 
state in which the diode resistance is high and a function of 
running time, and a state where it is low and independent of time. 
These states are identified with the degree of activation of the 
matrix, i.e. with its concentration of excess barium metal. If 
the overall resistance is analysed by potentiometric measure- 
ments across the two dimensionally similar sections of the matrix, 
two further resistances, R, and R», emerge, and the ratio R,/R,; 
is found to define the state of the matrix. Furthermore, the 
potentials across the sections are in similar ratio to the resistances 
and we can write, 


Stable or activated state: 


R, _ v2 
NEE OEE 6 
Ry Vi 2 
Unstable or de-activated state: 
R,_ v2 
ele 1 
Vy, SI (7) 


If the thickness of each section is d, the potential distribution 
across the matrix can be drawn for both states as a 3-point ‘fix’ 
as in Fig. 11(@). In the activated case the potential is a linear 
function of distance measured normally through the matrix with 
the gradient constant throughout; in the de-activated case the 
gradient is steeper in the trailing section than in the leading 
section. The distribution is settled in Fig. 11(a) from a 3-point 
‘fix’, but a more likely form is visualized in Fig. 11(d). 
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Fig. 11.—Potential distribution through matrix in activated and 
de-activated states. 


(a) Linear distribution from 3-point measurement. 
(5) More probable distribution. 


An attempt must now be made to explain the discontinuity of 
resistance or potential gradient across the matrix in terms of 
matrix de-activation. This phenomenon of de-activation is taken 
as being synonymous with gas attack, and it involves the destruc- 
tion by oxidation of a proportion of the excess barium metal on 
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which the matrix activity wholly depends. The supposed course 
of action is on the following lines: oxygen enters the vacuum 
pores of the leading and trailing section and becomes negatively 
ionized; under the influence of the potential gradient across the 
matrix the ions drift in the direction of the trailing core, about 
which they begin to congregate in atomic form after discharge; 
a concentration gradient of oxygen is therefore set up across the 
matrix, with the trailing section tending to accumulate a progres- 
sively higher proportion of the total quantity of gas within the 
matrix. The action of the gas within the pores is readily 
imagined. Anatom or ion within a pore is continually rebound- 
ing from the (BaSr)O walls until it strikes by chance a free barium 
atom with which it combines. The number of journeys that it 
is likely to make before finding a free metal atom can be estimated 
from the known concentration of barium in the matrix and is 
about 104-10°. The process of finding barium is therefore 
time-consuming and the rate of destruction within a pore will 
clearly be proportional to the number of gas atoms or ions 
present. The rate of de-activation of any particular layer within 
the matrix will therefore be directly proportional to the gas 
concentration within that layer, and that part of the matrix 
adjacent to the anodic or trailing core must be expected to suffer 
most. 

Suppose the supply of gas is now shut off. As the last negative 
ion crosses the central plane of the matrix the leading section 
becomes gas-free and has only to make good its barium losses 
to recover its fully active or low-resistance state. These barium 
losses are relatively small, since by probability and symmetry, 
only half of the total gas entering the matrix goes into the 
leading section and then, owing to ionic migration, spends only a 
fraction of its life within the section. Barium losses in the 
trailing section are, of course, much heavier, since half the total 
gas entering the matrix spends its whole life, and the other half a 
fraction of its life, there. Moreover, the bulk of destruction will 
have occurred close to the anode, where matrix de-activation may 
well approach completion. The process of re-activation is depen- 
dent on the chemical nature of the active-nickel cores, which dis- 
pense magnesium vapour into the matrix. 


Thus Mg + BaO+>MgO+Ba... . (8) 


Since the cores have the same composition and temperature, the 
rate of barium generation is the same in both sections, and the 
rate of recovery of a particular section will therefore be a function 
of the degree of de-activation to which it has been previously 
subjected. 

It will be appreciated that the essential step leading to the 
resistance-unbalance condition, (R, — R,) > 0, is the conversion 
to the negatively-ionized state of gas atoms or molecules lying in 
the matrix pores. The assumption has been made in the paper 
that this conversion occurs as a form of contact phenomenon 
between a gas atom and the hot pore walls of the activated 
(BaSr)O matrix. Such a mechanism is not understood, but its 
existence is supported by the evidence of many writers®.? working 
with oxide cathodes in an imperfect vacuum. 


(4) APPLICATION TO RECEIVING-VALVE CATHODES 


It has been shown that, in the presence of oxygen or in an 
otherwise de-activated state, the S-type assembly develops a high 
resistance in the matrix adjacent to the electron exit boundary. 
The resistance of the layer is largely independent of current and is 
present at such moderate cathode loadings as 10 mA/cm?. 

There is now a clear temptation to apply the result direct to the 
common receiving valve, and to assume that in the de-activated 
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state its cathode develops a high-resistance surface layer. The 
two cases, however, have one essential difference, namely tha 
the electron exit boundary in the receiving valve is open t¢ 
the escape of both electrons and negative ions of oxygen, whereas| 
in the S-type valve only the electrons escape, leaving the dis. 
charged ions to congregate in, and de-activate, the trailing sectior 
of matrix. This free exit to negative ions therefore seems tc 
preclude the possibility of surface-layer de-activation in receiving) 
valves, but here again the obvious deduction proves wrong ir 
practice. Consider, for example, the hypothetical case of ar) 
S-type assembly working in the unstable state, (R, — Ry) > 0, 
and with a trailing core of platinum, which can be regarded as 
being unreactive to oxygen. If the trailing core is now movec 
away from the matrix by a distance b which is small comparec} 
with the length and breadth of the matrix face, the assembly) 
becomes a conventional vacuum diode with closely-spaced elec. 
trodes. Both electrons and negative ions now freely traverse the 
free surface of the matrix and fall on the anodic core, where the! | 
ions are discharged but not chemically absorbed. The oxygen) 
atoms are thus free to move, and many of them—owing to the’ 
geometry of the system—will return to the matrix surface tc 
de-activate the surface layer. The efficiency of the oxygen-return 
mechanism clearly increases as b decreases, until in the limit 1 
becomes equal to unity. The S-type assembly is therefore the) 
limiting case, with unity return factor, of the more general system 
typified by the common receiving valve, with a return factor 
always less than unity. This hypothesis concerning the develop.) 
ment of high-resistance surface layers in receiving valves will be 
put to test in a subsequent Part, and a case will be made for its) 
actual existence. 
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SUMMARY 


' In order to make further progress with the solution of multi- 
“machine transient problems, it is necessary to augment the facilities 
a of network analysers, the most convenient of the analytical tools 
“available to the power-system engineer. The paper describes a new 
“ ximulator which enables the symmetrical a.c. transient component of 
® surrent or voltage of a synchronous machine, subsequent to any 
| 4-phase disturbance, to be obtained. The simulator is based on the 
duals of equivalent circuits for the direct and quadrature axes of 
“synchronous machines, and is entirely electronic in its operation. 

-| xperimental results are given and a comparison is drawn between 
~ihese and the results obtained by calculation. It is concluded that 
“# veh a simulator is an essential preliminary step towards a more 
" wecurate representation of machines and their associated apparatus, 
“wither individually or when interconnected in a power system. 


LIST OF PRINCIPAL SYMBOLS 


E = Induced e.m.f. in the synchronous machine. 
E, = Voltage behind synchronous quadrature-axis 
reactance. 
V, = Terminal voltage. 
Vz, Vz, = Voltages impressed on the direct- and quadrature- 
axis windings, respectively. 
) ¥a0; V,o = Initial values of the direct- and quadrature-axis 
voltages at short-circuit point. 
V; = Voltage impressed on the field winding. 
E’ = Voltage behind transient direct-axis reactance. 
E, = Voltage behind transient impedance of the syn- 
chronous machine. 
E” = Voltage behind subtransient direct-axis reactance. 
1 = Voltage behind subtransient impedance of the 
synchronous machine. 
Vp = Voltage behind the resistance of the synchronous 
machine. 
) Yra> Veg = Components of Vp in the direct and quadrature 
axes, respectively. 
V,= Voltage behind the leakage reactance of the 
machine. 
Vigo Vig = Components of V; in the direct and quadrature 
axes, respectively. 
Gp) = Operator for voltage Vy 


om (Rya + XpaP)Xaa — XtaP 
(Reg + XpaP)( Rea + XkaP) — X2,p* 
I = Load current of the machine. 
Iq, I, = Components of I in the direct and quadrature axes, 


respectively. 
R = Resistance of the synchronous machine. ' 
R, = External resistance connected to the machine. 


( 5rrespondence on Monographs is invited for consideration with a view to 
Wahlication. 
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Ry = Field-winding resistance. 
Rig = Direct-axis damper-winding resistance. 
Ryg = Quadrature-axis damper-winding resistance. 
T,, = Transient direct-axis time-constant = 
x2 
ra ( ad 
= a. Xy oi x, 
Rya 
T; = Subtransient direct-axis time-constant 
D Oat) Aiatia— 441) — Nigh art Aes Apter 
Ryal (Xe - Xy)Xpq ae XZi] 
T,’ = Subtransient quadrature-axis time-constant 


Ae; 
Ses 


T, = Armature short-circuit time-constant 
UNG eX ak) 
(Ree RC eA PA 2X5) 
X, = Reactance external to the machine. 
X, = Synchronous direct-axis reactance. 
X, = Synchronous quadrature-axis reactance. 
X, = Armature leakage reactance of the machine. 
6, = Angle of phase ‘a’ with respect to the direct-axis 
at the instant of short-circuit. 
q — Direct-axis magnetizing reactance. 
X qq = Quadrature-axis magnetizing reactance. 
X,.q = Direct-axis damper-winding reactance. 
Xjq = Quadrature-axis damper-winding reactance. 
Xjq = Field-winding reactance. 
Xp) = Direct-axis operational reactance 


(Regt X KaP)X, 2iP ar (Rg aia XpqP)X, 21D — 2X, 2" 
(Rg + XpaP) Rea + XkaP) — XZ,b7 
(p) = Quadrature-axis operational reactance 


I 


Xx, 


a 


=X, 


Xq 


= X, 
eZ Req + XkgP 


Xj = Subtransient direct-axis reactance 
XpaXty + XpaXda — 2Xd4 


ae XpaXxa — XGa ; 
X , = Transient direct-axis reactance = Xz — nel, 
fd 
X, = Subtransient quadrature-axis reactance 
Wien ty 
q Xe 


p@ = Angular velocity of rotation. 
Xi, = Reactance determining the asymmetrical component 


— UXS + X MX + X,) 
X, +X + 2X, 
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X,, = Reactance determining the second-harmonic com- 


ponent 
7 245 Aig dae 
xX, —X7 


(1) INTRODUCTION 


Synchronous generators, as sources of electrical energy in 
power systems, are of prime importance, and there has been 
interest recently in improved ways of predetermining their per- 
formance. The fundamental theory of this class of apparatus 
is substantially complete. Convenient analytical methods for 
the solution of transient problems of machines connected to 
power systems do not, however, exist; attention has conse- 
quently been paid to improved methods of simulation of syn- 
chronous machines. Although much work has been published 
which deals with the simulation of inertia and damping, little 
progress has been made towards simulation of the purely elec- 
trical characteristics of the machines, automatic voltage-regulator 
action and saturation. 

The theoretical basis and construction of a simulator for the 
fundamental-frequency transient performance of the synchronous 
machine is described in the paper, together with the results of 
the simulation of a generator under short-circuit conditions. 


(2) PROBLEMS OF SYNCHRONOUS MACHINES 


(2.1) Problems of Synchronous Stability 


Stability is concerned with the ability of the machine to remain 
in synchronous operation under abnormal system conditions; 
it is usual! to neglect the effect of regulating systems, and the 
machine in the transient state is represented as a constant 
voltage behind a constant impedance. This gives an acceptable 
solution only for the first swing of the machine subsequent to an 
external disturbance; however, consideration of this problem 
should not be restricted to the first swing alone if high-speed 
regulator effects are to be taken into account. 


(2.2) Problems of Electrical Characteristics 


The problems of electrical characteristics are concerned with 
the predetermination of electrical quantities, i.e. current, voltage 
and electrical torque, from the known data and parameters of 
the machine and, where necessary, the system to which it is 
connected. Information relating to these quantities is needed 
for fault studies and for protective-gear selection. Unlike the 
case of stability, with problems of electrical characteristics it is 
customary to assume that the machine speed is constant; this 
has a sound foundation only for small rotor angular changes. 
With voltage-regulator action, the terminal voltage is appreciably 
affected by rotor angle. 

The paper is primarily concerned with the problems of electrical 
characteristics rather than synchronous stability. 


(3) THEORETICAL APPROACH TO THE ELECTRICAL 
TRANSIENT CHARACTERISTICS 


(3.1) The Two-Reaction Theory26 


In synchronous machines, most self and mutual inductances 
between stator and rotor circuits are periodic functions of rotor 
angular position. Thus the characteristics of a synchronous 
machine may be expressed by simultaneous differential equations, 
most of whose coefficients are periodic functions of rotor angle. 
The 2-reaction theory was introduced to overcome this difficulty 
by replacing the three phases of the armature winding by two 
equivalent, but fictitious, stationary windings, one in the pole 
axis (direct axis) and the other in the interpole axis (quadrature 


priate, the subtransient, transient or synchronous reactances foi 
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axis). In consequence, the windings on each axis are mutually 
coupled as on a transformer but differ owing to the addition 0 fi 
voltage due to rotation. The schematic arrangement of winding: 

of the 2-reaction theory is illustrated in Fig. 1. } 


DIRECT AXIS 


}aAXTSIOnee 
PHASE ‘a 


QUADRATURE 
AXIS raat 


AXIS OF , 
PHASE ‘b 


Fig. 1.—Ideal synchronous machine. 


The general equation of the synchronous machine is then 
i — GoyPVy | us 
Vz — GipypOV 
[ —(R+R,)—p[X,+ Xap] 
axe = Xap)|PO 


[X. + Xq¢p)]P0 | EB . 
(RFR) —P[Xe+ Xa] as} 


amplitude varying with time; the wave may be displaced in| 
phase from the reference axis. In the case of multi-machine! 


to eqn. (1) is formidable, since, in addition to the expressions) 
relating to the direct and quadrature axes of each machine 
there are the transformation equations between the axes. Solu-{ 
tion of such problems on a digital computer is, however, 
conceivable. 

Considerable simplification in the solution of eqn. (1) can be) 
obtained if only the fundamental-frequency component of the! 
transient is required. This can be done by neglecting the terms’ 
—(R, + R) — p[X, + Xap) and — (R, + R) — p[X, + Xap ' 
which is equivalent to ignoring the interaction between the’ 
direct and quadrature axes. (This is discussed in Section 11.1.) 

Such problems may also be solved on a steady-state basis, 
and instantaneous values can be obtained by using, as appro- 


the commencement of the subtransient, transient and steady: 
state periods, respectively. The voltage behind these reactances 
is dictated by the theorem of constant flux linkages;7 thereafter, 
by the use of appropriate time-constants, it is possible to deter- 
mine the conditions at any time. The vector diagrams of the 
synchronous machine in the steady state, and in the initial sub- 
transient and transient states but on a steady-state basis, are 
shown in Fig. 2. The maximum possible d.c. component ca 
be found by subtracting vectorially the initial load conditions 
from the initial instantaneous current in the subtransient period. 
and multiplying the resultant by 1/2. With the appropria 

value of the time-constant and instant of short-circuit, the d.c’ 
value at any other time can also be found. It is very difficult 


QUADRATURE AXIS 


1Xq 


Fig. 2.—Vector diagram of the synchronous machine. 


0 find the values of time-constants for complicated cases, and 

he method appears to be suitable only when initial instantaneous 
"values alone are required. This method can be extended for an 
‘pproximate solution of the fundamental-frequency component 
‘under unbalanced conditions. 


(3.2) &, B, 0 Components’ !° 

a, B, 0 components are useful in dealing with the unbalanced 
conditions of synchronous machines. These components are 
“quivalent to the replacement of the three phases on the machine 
sy two phases and a fictitious zero-sequence winding fixed with 
*eference to the stator; this results in linear differential equations, 
he coefficients of which are variable. The solution for unbalanced 
onditions is not sinusoidal and may contain a large percentage 
lof harmonics. 


(3.3) The Rotating-Field Theory !!-!% 


The rotating-field theory is an important alternative to the 
2-reaction theory, and has recently been reintroduced by Ku. 
1f it, the direct and quadrature axes are replaced by two axes, 
m2 rotating forward in the same direction as the rotor and the 
Mer rotating backward. Physical representation of this theory 
's difficult and computation is laborious. 


4) USE OF COMPUTING MACHINES AND ANALYSERS 


fhe theories quoted are extensible rarely to multi-machine 
rblems, and never if the action of regulating systems and non- 
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linear phenomena are to be included; for the solution of such 
problems non-manual methods of computation are necessary. 
The methods available are simulation by small machines in 
miniature system, direct analogy (network analysers), mathe- 
matical analogue (differential analyser), or the use of a digital 
computer. 

(4.1) Scale Models 


Robert!* has described the use of rotating machines of low 
power (1-10kVA), which produce some of the same charac- 
teristics as large ones. Although this method of simulation is 
the most exact to date, it is complicated. It is not easy for some 
of the parameters, e.g. saliency, saturation and damping, to 
be adjusted over a wide range, and adjustment may take a long 
time. The number of components required to represent a given 
system is large, and the small rotating machines, under unbalanced 
conditions, differ from their prototypes mainly because the 
zero-sequence impedance is dependent on the design of the 
stator itself. 

(4.2) Analogue Computers 


For the solution of the equations of a synchronous machine, 
differential analysers have been found useful,!>1° but with 
complicated systems with many sets of differential equations, 
the amount of equipment required is formidable. 


(4.3) Network Analysers 


The network analyser is the computing device most readily 
available to electrical-power engineers. Also, it is needed for 
representing the extensive static network of the power system 
even when the devices mentioned in Sections 4.1 and 4.2 are 
used to represent the generator. There are several different 
ways of using a network analyser. 


(4.3.1) Initial Instantaneous Quantities. 

One method has been considered by the authors in an earlier 
paper.!’ Initial values, appropriate to the reactance and voltage- 
behind-the-reactance selected, are obtained; thereafter time- 
constants must be used for further elaboration of the solution. 


(4.3.2) Coupled-Network Method. 

A 2-reaction representation of a synchronous machine is 
possible through the reciprocal and non-reciprocal couplings of 
inductors and resistors. Such an arrangement may be set up 
on a network analyser for solution, the non-reciprocal coupling 
being represented by electronic amplifiers. 

The coupled-network method is useful only for solving for 
single machines, since with multi-machine problems it is difficult 
to represent the transformation from one machine to another 
on the network analyser. The method may be useful if, for a 
given machine, there is interest in the electrical quantities in the 
different windings on the rotor. 


(4.3.3) Adkins’s Equivalent Circuits® 

Adkins has developed equivalent circuits, shown in Fig. 3a, 
to determine the alternating components of the short-circuit 
current in the two axes separately. Unfortunately, these 
equivalent circuits are ideal since the inductances are loss-less 
and it is thus impossible to set them up directly on network 
analysers. They are, however, the basis of the simulator 
described in Section 5. 


(4.3.4) Steady-State and Hunting Equivalent Circuits. 

Kron!8 and Ku!?:!3 have established equivalent circuits 
resulting from the rotating-field theory to represent synchronous 
machines and their conditions of hunting (small oscillations 
superimposed upon the steady-state rotation). These can be 
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aq 


Xfd~Xad 


QUADRATURE-AXIS. 


DIRECT-AXIS EQUIVALENT CIRCUIT 
EQUIVALENT CIRCUIT 


Fig. 3A.—Equivalent circuits for alternating component of current 
after a sudden change. 


set up on the network analyser, and interconnection between the 
equivalent circuits of any number and type of rotating machines 
and transmission lines may be made. For transient problems, 
the constant-flux-linkage theorem can be used to solve for the 
initial instantaneous values and, with appropriate time-constants, 
values at any other time can again be calculated. Once again, 
the time-constants are difficult to estimate in complicated cases. 


(5) DIRECT SIMULATION OF TRANSIENT CONDITIONS ON 
A NETWORK ANALYSER 

In the view of the authors, the most fruitful approach to 
transient analysis is through the network analyser and the 
development of economical apparatus for the simulation of 
generators in the transient state, thereby avoiding the formu- 
lation of differential equations and permitting considerable use 
of existing apparatus. 

In its present form, the analogue simulates the fundamental- 
frequency component of the electrical transient under balanced 


Xa-Xad 


° S 


DIRECT-AXIS EQUIVALENT CIRCUIT 


Fig. 38.—Equivalent circuits for direct and quadrature axis of synchronous machine. 
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Fig. 3c.—Design details of direct-axis equivalent circuit. 
Variable capacitors can each be switched in 10 steps. 


OF THE TRANSIENT PERFORMANCE OF 


conditions, and may be used as an ordinary generator unit oll 
the network analyser. There is no theoretical limitation to th 
number of machines being studied in the system, and it is thougl|: 
that its principle is well suited to an easy solution of the voltagi|) 
regulator problem and to more unusual problems such ¢ 
transient stability after the first swing; in this latter case, 
would be necessary. to associate the apparatus with automat)|; 
phase-modulating equipment such as that described in a) 
earlier paper.!9 ; 

(5.1) Principle of the Simulator 


Equivalent circuits containing lumped impedances are used t}s 
represent the 2-axis equations of the synchronous machine. 4|: 
representation such as this is not possible with the alternativ); 
rotating-field theory. The equivalent circuits are shown i 
Fig. 38. If the components of the voltage behind the resistanc|) 
of the machine in the two axes have been applied as shown, th) 
solution gives the axis components of the fundamental frequenc}) 
as proved in Section 11.2. 

It is interesting to note that these equivalent circuits are th): 
dual of those of Adkins shown in Fig. 34; they can be derive} 
therefrom by dividing all the applied voltages and impedances i}: 
Adkins’s equivalent circuits by the operator p. 


(5.2) Essential Features of the ‘Simulator 


The simulator depends on the representation of a synchronou) 
machine by a varying voltage behind a constant reactance. Th) 
equivalent circuits in Fig. 3B are used by applying to theil) 
terminals the components of voltage behind the resistance c} 
the machine, Vp. A phase-conscious rectifier followed by 


ponents of Vp in each of the two axes, i.e. Veg and Vp, ar ( 
both d.c. signals; a suitable d.c. signal supplied through a d.q 


QUADRATURE -AXIS EQUIVALENT CIRCUIT 
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Fig. 3D.—Design details of quadrature-axis equivalent circuit. 
Variable capacitors can each be switched in 10 steps. 
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amplifier is used to represent the e.m.f., E. These voltages are 
ypplied to the equivalent circuits in the simulator, which consists 
two feedback loops, one for the direct axis and the other for 
1¢ quadrature axis, as shown in Fig. 4; this is equivalent to 
e transformation of the phase quantities on the machine to 
ae axis quantities. The synchronous machine is represented 
n the network analyser by the leakage reactance and the voltage 
jehind it, the latter obtained by modulating the two voltages 
(q and V;, taken from the equivalent circuits. The modulated 
ignals are filtered through band-pass filters, added, and fed 
jack to the network analyser: this is equivalent to the trans- 
prmation of the axis quantities back again into phase quantities. 
‘or any balanced disturbance in the power system, V;4z and Vj, 
yill vary according to the transient equation of the synchronous 
achine, i.e. eqn. (11). It should be noted that the simulator also 
fepresents the synchronous machine under steady-state con- 
Litions. 

(5.3) Time Scaling 


By analysing the equivalent circuits of the two axes, the funda- 
aental-frequency components of the transients in both the axes 
vill result. These components can be transformed to phase 
juantities by the process of modulation in the simulator, the 
vesultant being an a.c. wave which changes in magnitude with 
the axis quantities. It is possible for the time scale of the a.c. 
equency to differ from that of the transient, as there is no 
elation between them. The frequency of the a.c. signal is a 
matter of the design of the network analyser, and the time scale 
‘Wf the transient is dependent mainly on the transient response 
sf the various units of the simulator. The components with the 
ingest rise-time are the filters, mentioned in Section 6.3; the 
«duction of this rise-time has been one of the most difficult 
esign problems of the simulator. A scale factor of unity was 
ound suitable, i.e. the per-unit time corresponds to S0c/s. 


sec. 


“bas, 1p.u. time = 


1 
1007 
“he per-unit values of the components of the equivalent circuits 
were chosen as follows: 

: 1 
1 p.u. capacitance, i.e. 1 p.u. ree 0:01 pF. 


1 p.u. resistance, i.e. lp.u. X = 318-5 kilohms. 


Fig. 4.—Simulation of transient characteristic of synchronous machine. 


(6) DESIGN DETAILS OF THE SIMULATOR 
(6.1) Phase-Conscious Rectifier and Modulator Circuits 


The purpose of the phase-conscious rectifiers is to give d.c. 
outputs proportional to Vg, and Vp,, respectively; the operation 
depends on the design of a balanced rectifier modulator. The 
switching signals of the modulator are square waves, one in 
phase with the signal E and the other 90° out of phase with it, 
and supplied from two square-wave generators. Should the 
square waves be applied directly to the modulator, a large value 
of capacitance, of the order of 1 wF, would be required, with 
detriment to the transient response subsequent to any change 
in the a.c. signal. This difficulty may be overcome, and small 
values of capacitance can be used, if the square wave is applied 
by means of an r.f. carrier; this device was adopted, the grid 
of an r.f. oscillator being modulated by the square wave and the 
resulting output used for switching purposes, as shown in Fig. 5. 


alee RFE t- CATHODE Ne 
OSCILLATOR MODULATOR FOLLOWER 

SQUARE OUTPUT, 

WAVE 


Fig. 5.—Block diagram of modulator arrangements. 


Thus the input signal, Vp, which is applied through a cathode 
follower, is switched, and the output contains a d.c. signal 
proportional to Vpg and Vp,. The relevant waveshapes are 
shown in the first two sets of oscillograms of Fig. 6. 

The same circuit design is used for modulation of the d.c. 
signals V;z and V,,, and the output waveforms are shown as 
the third set of oscillograms in Fig. 6. 


(6.2) The Square-Wave Generators 


The inputs to the square-wave generators are taken from two 
windings at right angles on the rotor of a magslip. The two 
required square waves are produced, one corresponding to the 
e.m.f, E, the other being 90° out of phase. The design is similar 
to that described in a previous paper.!” 
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@ = 90° 


6=0° 0 = 60° 
Fig. 6.—Oscillograms at different points on the feedback loop. 


(a) Both the input and the signal, EF. 

(b) Output from the phase-conscious rectifier. 
(c) Output from the modulator. 

(d) Output from the feedback loop. 


(6.3) Filters 


Two types of filter are used. The low-pass filter is used to 
filter the modulated wave from the phase-conscious rectifier so 
as to leave only the d.c. components, which are proportional to 
Vrqand Vp,. The band-pass filter is used to filter the modulated 
wave from the modulator in order to separate the fundamental- 
frequency component. These filters require careful design 
since they have the longest time-response and greatly affect the 
accuracy. They are of standard form; it was found that the 
low-pass filter had a build-up time of about 1 millisec (0-314 p.u.), 
whilst the band-pass filter had 0-7 millisec (0:2p.u.) build-up 
time. 


(6) 


Fig. 7.—Oscillograms of output voltage. 


(a) From the quadrature- 


(6) From the direct-axis equivalent circuit. 


(6.4) D.C. Amplifiers 


As shown in Fig. 4, the main purpose of these is to apply the 
signals to the equivalent circuits with low output impedance, 
and to isolate the equivalent circuits from the input of the 
modulators. Each consists of a Miller-compensator amplifying 
stage followed by a cathode-follower stage. Feedback is applied 
overall and the drift is better than 10millivolt. The output 
impedance is about 60 ohms, i.e. about 0:02% of the per-unit 
resistance of the equivalent circuits. 
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(6.5) Adding Stage 


In this stage the two signals V, and V;, are added to give tl IV! 
voltage behind the leakage reactance, V;. This output is appli i 
to the network analyser by a network-analyser output amplific! 


(6.6) The Design of the Equivalent Circuits 
Ty 


The magnitudes of the equivalent-circuit elements are shown 


Wh 
Figs. 3c and 3p. | 


(7) PERFORMANCE AND RESULTS 


(7.1) Steady-State Performance 


The overall steady-state performance of one of the feedbac Ib 
loops, with the other disconnected, shows that the loops a» 
linear within +6% over the working range. 


(7.2) Transient Performance 


With reference to Fig. 3B, the equivalent circuits were set for | 
typical synchronous machine, the constants being as follows: © 


X, = 1:15p.u. X, = 0-75 p.u 
Xd = 1:0 p.u Xiq = 0°6 p.u 
Xxqg = 171 p.u Xxqq = 9°7 pu 
Xjq = I oPSyyoE ttl, Ra 0:04 p.u 
Rig = 0-03 p.u 


Ryg = 9-001 p.u. 


An input to the feedback loop, Vp (= 1p.u.), was switched obe 
and off. The phase angle, with respect to E, was maintaine 
zero in One case so that only the direct-axis equivalent circu) 


. - 2 
was energized; in the other case, the phase angle was maintainels 


axis equivalent circuit. 


at 90° out of phase so that the quadrature axis alone 
energized. 

The resulting input voltage to the equivalent circuits wa’ 
found to have a reasonably vertical side and no ripples. Th 
output from equivalent circuits [Figs. 7(a) and 7(b)] together wit) 
the output from the feedback loops [Figs. 8(a) and 8(5)] wer” 
analysed; the deviation from the theoretical calculation wa 
+7% in general, and at some points +10°%. This includes th! 
errors involved in the analysis of the oscillograms. : 


(7.3) Study of a Synchronous-Machine Problem 


As a further check on the performance of the simulator and 
+ demonstrate its principle, a simple problem, which could 
iso be calculated, was considered. The problem is that of a 
mchronous machine connected to a busbar through a 1p.u. 
sternal reactance. The constants of the synchronous machine 
ve the same as those mentioned in Section 7.2. The e.m.f., E, 
f the synchronous machine and voltage of the busbar were kept 
nstant at 1p.u. A short-circuit was applied at the mid-point 
* the external reactance, the initial condition being no-load. 
ig. 9 shows the oscillogram of the alternating component of 
1e short-circuit current; Fig. 10 shows in detail the shape of 
e envelope of this short-circuit current, theoretical and simu- 
or results being compared. The calculated equation for the 
avelope of the short-circuit current is 


lenvelope = 0°309e5 118-42 a 0-807e— 4/644 + 0-857 p.u. 


The equation of the same envelope, but derived from the 
‘sults of the simulator, is 


lenvelope = 0:34e—48-5 + 0-73e—4665 + 0-87 p.u. 


‘It may be seen, from a comparison of these two expressions, 
zat the error in the time-constant is within +3-5%, for the 
itial values within +10°%, and for other points on the curve 
ithin +5°%. Again, this includes errors in the analysis of the 
cillograms. 


(7.4) Discussion of the Results and Accuracy 


The main sources of error are: 


(a) Inherent errors in the phase-sensitive rectifiers and modulators, 
extimated to be +3 % in each case. 

{b) Drift in the zero settings of the individual units of the 
apparatus, especially in the d.c. amplifiers. 

{c) The accuracy in setting up the problem; this depends on the 
accuracy of the network analyser, which was estimated to be +5 Vas 
(d) The error in the analysis of the oscillograms. 
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Fig. 8.—Oscillogram of the output for a step-function input. 


(a) From the quadrature-axis feedback loop. 
(6) From the direct-axis feedback loop. 


Fig. 9.—Oscillogram of the alternating component of the short-circuit current from the no-load condition. 
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Fig. 10.—Envelope of the short-circuit current from no-load condition. 
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In general, it may be said that the overall accuracy of the 
simulator is within +7%, but at a certain point, e.g. the initial 
value of current at the beginning of the subtransient period and 
when the amplitudes become small, the error with that involved 
in the analysis of the oscillograms may be as high as +10%. 
However, this error is relatively unimportant, since information 
concerning the constants of synchronous machines is not avail- 
able within these limits, since it is frequently derived from 
oscillograph results. 


(8) CONCLUSIONS 


The simulator which has been described above is satisfactory 
for a direct representation, on an a.c. network analyser, of the 
alternating component of the short-circuit current of a syn- 
chronous machine. It may be used for direct solutions of multi- 
machine problems on a network analyser, there being no need 
to solve specifically for the angular relationships between the 
axes of the individual machines. 

For a more complete simulation, other factors have to be 

12 
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considered. Thus, a representation of the d.c. component of the 
short-circuit current is of importance for fault analysis and 
protective-gear applications; the influence of voltage-regulator 
action may be significant in some cases. It is considered that 
the association of this apparatus with electronic or electro- 
mechanical phase-modulating equipment for the automatic 
solution of power-system swing-curve equations is likely to be 
fruitful. 
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(11) APPENDICES 
(11.1) The Equations of the Synchronous Machine 


impedance to a busbar, on the assumptions of the two-reactic): 


theory. The convention for the signs of eee: and current P 


1) 


as positive, whilst that i in the quadrature axis, due to the dire j 
axis, is negative for positive current. 


synchronous and that the excitation is constant, then 
pe=1 
GiyPp = 9 
Gop POV; = (Xaal Ra Vp = E 
Eqn. (1) then becomes 
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both axes as follows: 
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The resultant short-circuit current in phase ‘a’ is thus: 
I, = I,cos (t + 8) — J, sin (t + 4) 
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In order to solve for the fundamental-frequency component 
lly, a great degree of simplification can be achieved by omitting 
ve terms, 


-{(R + R,) + pLX, + Xagy]} and . 
—{(R +R.) + PLX, + Xp] 


qn. (2) then becomes 
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ad the solution of eqn. (6) is 
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It will be observed that the fundamental-frequency terms in 
igns. (3) and (4) are identical with the solutions for J, and L, 
« eqns. (7) and (8). It thus follows that eqn. (6) forms a simple 
iad satisfactory basis for the simulator. 


1,2) Establishment of the Equivalent Circuits of the Synchronous 
| Machine 


| By writing down the equations of the equivalent circuits 
nown in Fig. 3B: 
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If, in eqn. (6), the resistance term R + R, is introduced, then, 
after re-arrangement, this equation becomes: 


Veer Re RX L, ee 6 ay hele 
VG FL tee K,) 1, renal a —Xap) 0 Bl OY 


By combining the busbar voltage V, the voltage drop in the 
resistance, and the voltage drop in the external impedance, the 
voltage behind the resistance of the machine, VR, is obtained. 
Vp has the components Veg and Vp,, and the equation of the 
machine is now: 


eee hr 
Vipgie ae dep 0 IE 


Eqn. (12) is exactly the same as the matrix equation of the 
equivalent circuits, if the components of the voltage behind 
the resistance of the machine, Vp, and Vp,, are applied to the 
terminals in addition to the signal E. Thus, such equivalent 
circuits are suitable for the solution of the fundamental-frequency 
component of the transient, the resistance of the machine and 
the external impedance being taken into account. 

It should be noted that the reintroduction of resistance, leading 
to eqn. (11) above, has no effect on the principle of the simulator 
and is independent of the fact that the terms 


(12) 


—{(R+R) + pLX, + Xap]} and 
—{(R+R).+21X, + Xa]} 


were neglected in order to extract the fundamental-frequency 
solution only of eqn. (2). The asymmetrical d.c. and second- 
harmonic terms are a consequence not of resistance, but of the 
interaction between direct and quadrature axes due to rotational 
voltages.® If the resistance terms in the two expressions above 
had alone been retained in eqn. (2) then the solution would 
still have been for fundamental-frequency terms only;> however, 
in this case the magnitude of the current is reduced and its 
phase slightly altered, since the current is encountering the total 
impedance and not merely the reactance of the machine. 
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AN EXPERIMENTAL INVESTIGATION OF TOOTH-RIPPLE FLUX PULSATIONS I 
SMOOTH LAMINATED POLE-SHOES 


By Prof. J. GREIG, M.Sc., Ph.D., Member, and K. C. MUKHERJI, B.E., Ph.D., Graduate. 


SUMMARY 

The paper describes certain experiments designed to investigate the 
mode of penetration of tooth-ripple flux pulsations in smooth laminated 
pole-shoes. Simple measurements made by means of search coils 
embedded in holes drilled axially at different radial depths from the 
pole face have revealed that a dynamic mode of flux pulsation, which 
corresponds to the static tooth-flux distribution, persists, at significant 
amplitude, at the normal operating speed of the machine. Measure- 
ments have been made with two sets of laminations of different thick- 
ness and material at a range of tooth-ripple frequencies. The results 
provide substantial evidence in support of an analysis of tooth-ripple 
phenomena contained in a companion paper. 


(1) LIST OF PRINCIPAL SYMBOLS 


The rationalized M.K.S. system of units is used, unless other- 
wise stated. 
d = Classical depth of penetration. 
J, = Tooth-ripple frequency, c/s. 
h = Lamination thickness. 
k = 2nd. 
A = Armature slot-pitch. 
p2 = Incremental permeability. 
p = Resistivity. 
w = Angular tooth-ripple frequency. 
The symbols 8p and R, are explained in the text. 


(2) INTRODUCTION 


The initial experiments which resulted in the series of measure- 
ments reported in the paper and in the theoretical investigation 
of the companion paper’ by Prof. H. Bondi and K. C. Mukherji, 
were prompted by a consideration of the theoretical work on 
tooth-ripple losses by Dr. W. J. Gibbs.4 Gibbs’s theoretical 
treatment for laminated pole-shoes assumed that tooth-ripple 
flux pulsations would suffer attenuation on passing in from the 
pole face at a rate corresponding to the classical depth of pene- 
tration.* Consideration of the physics of the problem raised 
doubts as to the validity of this assumption, and it was decided 
to make a simple experiment on a machine which had been built 
for work on tooth ripples. This experiment, which has already 
been partially reported, consisted in the measurement of tooth- 
ripple-frequency electromotive forces induced in search coils 
embedded in axial holes in a laminated pole-piece at a range of 
depths behind the pole face. The classical depth of penetration 

* The ‘depth of penetration’ is here defined as 1/4/2 times the depth from the 


pole face in which the amplitude of the tooth-ripple flux pulsations attenuates to 1/e 
times the value at the pole face. 
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literature was reviewed. 

It was found that all theoretical treatments were in agreeme 
about the rate of radial attenuation of the tooth-ripple fh e) 
pulsations in the idealized case of an infinitely long solid pol} | 
shoe, namely that it was dependent only on the permeabili}> 
and resistivity of the material of the pole shoe, and on the toot bi 
ripple frequency f; (= w/27); i.e. the depth of penetration is tl} 


classical one, d, where 
p \12 
(6) 
pw 


Similar unanimity was not found, however, in the publishi); 
literature dealing with the problem of the laminated pole-she : 
A ‘skin-effect? phenomenon along the thickness of each lamin " 
tion in a laminated pole-shoe had been anticipated by Adar}! 
and his associates.! Spooner and Kinnard? had held a simil)) 
view; they had also suggested that, for laminated materials sud ® 
as were commonly used in commercial machines, ‘the depth | 
penetration of the pulsating flux is only slightly affected by te 
tooth-ripple frequency and is determined almost completely le 
the dimensions of the slots, air-gap, etc’.* F. W. Carter ai} 
Gibbs,* on the other hand, had assumed the classical depth | 
penetration to apply to the case of a laminated pole-shoe 6: 
well. Prof. G. W. Carter’s> treatment took no account of ail 
skin effect along the thickness of a lamination. However, it wi 
one of the conclusions of his analysis that the depth of penetratic : 
of the tooth-ripple field in a very finely laminated pole-shoe wh 


ness rather than the electromagnetic properties of the material / 
the tooth-ripple frequency. | 


(3) THE EXPERIMENTAL MACHINE 


The machine employed in the investigation had six saliep 
poles with suitable field coils, and an unwound rotor with 
semi-closed slots (see Fig. 1). The design figure for the mez) 
air-gap induction for an output of 30kVA at 50 c/s, correspondiili 
to a speed of 1000r.p.m., was 0:68 Wb/m?2. Two sets of pel 
punchings were available, namely 3-18 mm-thick cold-rolliy 
close-annealed sheet steel and 0-40mm-thick Losil 19, © 
rectangular strip was cut out of each set for the measureme! 
of the resistivity of the material. Ring specimens were 
for obtaining minor loops with a polarization of 0-68 Wb/m?2 « 
an automatic d.c. hysteresis-loop recorder. The slope of ti) 
major axis of a minor loop was taken as the incremental pe. 
meability for calculating the classical depth of penetration 
different frequencies. These results for the two sets of punchin 
are given in Table 1. 


* See Reference 3, p. 265. 


¢e—3-7CM 
}e——— 5-1CM cE 


Fig. 1.—Pole punching and rotor stamping. 


Length of pole arc: 11-78cm. 
Rotor material: 0-40 mm Losil 19, 


Material Resistivity 
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for the search coils. It was recognized that the finite size of the 
holes might have an appreciable effect on measurements, and an 
attempt was made to repeat certain series of measurements with 
the search wires inserted into finer holes. It has, so far, been 
practicable to assemble experimental pole-pieces with ten aligned 
holes of 34;in diameter. 


(5) PRELIMINARY EXPERIMENTS 


The first set of pole-pieces was built with the 3-18 mm-thick 
punchings, one of these six being used as the experimental pole- 
piece. It had three search coils, B, C and D (see Fig. 2), threaded 
through three pairs of holes, the centres of which were at succes- 
sive depths of 1:5, 3:0 and 5-Omm from the pole face. The pairs 
of holes at the different depths were staggered along the pole arc in 
order to avoid disturbing the flux paths more than necessary. A 
fourth coil A, half a slot pitch wide, was glued to the pole face at 
the middle of the pole arc, while a fifth coil G was wound round 
the tips of the pole (see Fig. 2). The latter was used for measuring 
the total air-gap flux under the experimental pole by means of a 
fluxmeter, and also for measuring the e.m.f. due to the reluctance 
pulsation of this main flux over the entire cross-section of the pole. 

The waveform of the e.m.f. induced in each search coil was 
observed on a cathode-ray oscilloscope, and the r.m.s. value of 
the fundamental component was measured by means of an elec- 
tronic wave analyser. Measurements® were made with a constant 
mean air-gap induction, B,,, of 0:64Wb/m? at three different 
tooth-ripple frequencies, namely 90, 600 and 900 c/s, correspond- 
ing, respectively, to speeds of 150, 1000 and 1500r.p.m. of the 
experimental machine. 


Table 1 


1/2 
CLASSICAL DEPTH OF PENETRATION d = (4+) 
Low 


Incremental 
permeability 


Depth of 


Angular frequency penetration 


ohm-m 


Cold-rolled close-annealed sheet steel 11-6 x 10-8 


Losil 19.. Sio3) Ste 


(4) EXPERIMENTAL TECHNIQUE 


| It was thought that, if the depth of penetration of tooth-ripple 
ux pulsation in a laminated pole-shoe should be substantially 
itger than the classical one, it might be possible to investigate 
ae attenuation of the ripples with radial depth by locating search 
ils in holes drilled in a laminated pole-shoe at different depths 
lshind the pole face. Single-turn search coils having a peri- 
theral width of half a slot pitch (12-2mm) and running the full 
ixial length of the pole were used. This was considered to be 
referable to the use of single search wires with a return path 
wutside the machine, as the flux linkage with single search wires 
vould be less definite and might be complicated by main-flux 
electance pulsation phenomena. The e.m.f. induced in a half- 
y@t-pitch-wide search coil would comprise the fundamental and 
{1 5ther odd harmonic components; the even harmonic com- 
wwpents would, however, be absent. 

Although the above technique was simple in principle, the 
"e hanical task of assembling a pole-piece proved to be difficult 
: -ractice. In the first instance, ;in-diameter holes were used 


H/m 
360 x 47 X 


rad/sec 
0B e227 
600 x 27 
900 x 27 
90. x 27 
| 600 x 27 
900 x 277 


mm 
0-68 
0-26 
0-21 
ORE) 
OSI 
0-25 


10-7 


800 x 47 x 10-7 


A 
G Se S 


2.—Arrangement of search coils in preliminary experiment. 


Depth of coil B = 1-S5mm. 
Depth of coil C = 3-0mm. 
Depth of coilD = 5:0mm, 


Fig. 


(6) PRELIMINARY RESULTS AND COMMENTS 
The measurements (see Table 2 and Fig. 3) demonstrated the 
existence of substantial tooth-ripple flux pulsation at a depth as 
great as 5mm from the pole face. That these were not primarily 
main-flux reluctance pulsations was shown by the relatively small 
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Table 2 


RESULTS OF PRELIMINARY DEPTH-OF-PENETRATION MEASUREMENTS | 
By = 0-64 Wb/m?. 


Uninsulated 3-18 mm thick cold-rolled close-annealed punchings. 


Depth from 


Search coil pole face 


100 


80 


PERCENTAGE E.MF., %/o 


20 


1 2 3 4 
DEPTH FROM POLE FACE, MM 


Fig. 3.—Preliminary results of depth-of-penetration measurements. 


3-18 mm uninsulated cold-rolled close-annealed pole punchings. 
90c/s —-- —-— 150r.p.m. 


600 c/s —-O——-O—— 1000r.p.m. 
900c/s —- x —— x —- 1500r.p.m. 


induced e.m.f. in the search coil G embracing the whole pole. 
This e.m.f. at the pole face, reduced in proportion to the areas 
embraced by the search coils A and G [i.e. in the ratio (half 
slot pitch)/(pole arc), or 12:2 : 117-8] represented at 600c/s only 
about 1-4% of the e.m.f. induced in the search coil A. Thus more 
than 20% of the tooth-ripple at the pole face penetrated as deep as 
5:0mm into the laminated pole at a frequency of 600c/s. The 
corresponding classical depth of penetration for the material 
employed had been calculated to be only 0-26mm. Similar deep 
penetration was observed at tooth-ripple frequencies as widely 
separated as 90 and 900c/s (see Fig. 3), for which the classical 
penetration depths were 0-68 and 0:21 mm, respectively. Still 
more striking was the observation that the measured values of the 
fundamental components of all search-coil e.m.f.’s were approxi- 
mately proportional to the tooth-ripple frequency for a given 
mean air-gap induction; i.e. the rate of radial attenuation of the 
fundamental tooth-ripple flux pulsation remained substantially 
unaltered over the wide range of frequency (90-900 c/s) for which 
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Fundamental induced e.m.f. 


600 c/s 


measurements had been made. This was incompatible with t|) 
classical concept, according to which the attenuation rate shot 


frequency. 

Doubling a small exciting current in the field coils of t 
experimental machine resulted in an approximate doubling | 
the search-coil e.m.f.’s._ It was hardly likely, therefore, that t)y 


linear electromagnetic properties of the material of the pc = 
punchings. There remained, of course, an element of uncertain 
regarding the quantitative effect of the holes that accommodat } 
the search coils. 


Maxwell’s field equations which would be physically tenat 
along with the classical solution for the tooth-ripple field. T ! 


entire tooth-ripple problem, which forms the subject — 
Reference 7. 


(7) THEORETICAL PREDICTION OF EXPERIMENTAL |) 

- RESULTS 

In general terms, the conclusions of the theoretical analysi}: 
can be summed up as follows: if 
(a) Laminating a pole shoe effectively results in a fraction of tf > 
total tooth-ripple field at the pole face penetrating much deep i 
radially within the pole shoe than the classical depth of penetrage 5 
(6) The thinner the laminations, the larger is this fraction. 

(c) The mode of deep radial penetration is the same as the stat? 
mode and depends solely on the armature slot-pitch. ' 
(d) The deep radial penetration is accompanied by a ‘skin effec! 
along the thickness of each lamination. } 
It is possible to predict, on the basis of the analysis, son} 
results of practicable measurements concerning the mode of dee) 
radial penetration of the tooth-ripple field. If A represents tlt 
lamination thickness and k = 27/A, where A is the armatu} 


approximately equal to 1/89, where 


ave 


Bo = — i + S-ka[G — /2kd) + j] coth ja +H) 


say, 
—3/2 


2q2 
; erick pe | 


2 Gn + 1? | 
ee i+entyese ‘y 
1 —j)—— k?h? 

aa reg ae ce Qn + 14 
The radial attenuation of this part of the field follows th 
exponential law e—*#, z being the radial depth from the pol 
face. Thus the ratio R, between the r.m.s. value of th! 
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La.f. induced in a half-slot-pitch-wide search coil embedded 
ja radial depth z (z > d) from the pole face and that of the 
af. induced in a similar coil on the pole face is obtained as 
100 
R, = ——€-™ per cent 
* [Bol 
jere |Bo| indicates the modulus of Bp. 
iculated values of 1/|8o| and of R,. 
vetted in Fig. 4. 


Tables 3 and 4 show the 
These values of R, are also 


The experimental results relate to the total tooth-ripple field 
at any given depth from the pole face, while R, relates to the 
mode of deep radial penetration alone. It is thus only at 
sufficiently large depths from the pole face, i.e. for z > d, that 
experimental results could approximate closely to the calculated 
figures. 


(8) FURTHER EXPERIMENTS 
Once theory in general agreement with the preliminary experi- 
mental observations had been established by means of the 


Table 3 


CALCULATED VALUES OF 


A = 2:44cm. 


Material 


Fa 


k = 258m! 


Cold-rolled close-annealed 
sheet steel 


Losil 19 


4 6 8 
DEPTH FROM POLE FACE, MM 


Fig. 4.—Calculated deep penetration of tooth-ripple field. 


0:40mm Losil 19. 
ee 3-18 mm cold-rolled close-annealed sheet steel, 90 c/s. 
-~---— 3:18mm cold-rolled close-annealed sheet steel, 600 and 900c/s. 


80 


POLE-FACE VALUE 
bh 
(e) 


INDUCED E.M.F., AT 90c/s,% OF TOTAL 


4 6 8 1 
DEPTH FROM POLE FACE, MM 


Fig. 5.—Depth-of-penetration measurement. 


3-18 mm insulated cold-rolled close-annealed pole punchings, 90 c/s. 
© Experimental result. 
~--~~ Calculated result for ‘deep’ mode of penetration only, Rz. 


18 + j0:302 
38 + 70-720 


0: 
0: 
0-031 + 70-714 


1 
0 
0 
0- 
0- 
0- 


analysis, it remained to confirm this and to extend the range of 
the observations. The principle of the measurements was as in 
the preliminary experiment, the same two sets of pole punchings - 


Table 4 
CALCULATED VALUES OF R, 
A = 2-44cm ka Zoo Dios 


Depth from 


pole face,z | 3-18 mm cold-rolled close-annealed sheet steel | 0-40 mm Losil 19 


90 c/s 600 c/s 900 c/s 90, 600 and 900c/s 


%o % 
81-30 72:05 
55-30 49-00 
SPY) 33-20 
22:40 19-89 
17-30 15-38 
10-29 Oras 

6:16 5:46 
3-68 3-26 


3 


m 
0 
1 
De 
3 
Ge 
8: 
0: 
Oye 


okoho lola le, 


— 


being used, but with the thicker stampings an interlaminar 
insulation of thin tissue paper was introduced. An endeavour 
was also made to determine whether the size of the holes that 
accommodated the search coils had any significant effect on the 
measurements. : 


(8.1) Experiments with 3-18mm Cold-Rolled Close-Annealed 
Punchings 

The measurements of search-coil induced e.m.f., as in the 
preliminary experiment, were repeated with a new pole-piece built 
with the 3-18mm-thick pole punchings, first without and next 
with interlaminar paper insulation. The -;in-diameter holes for 
the search coils were drilled directly behind one another at depths 
of 1-5, 5, and 12mm, symmetrically about the centre-line of the 
pole. The experimental results are shown in Figs. 5-8. Search 


336 


@ 
Oo 


ce)) 
(eo) 


POLE-FACE VALUE 
b 
{e) 


INDUCED E-F.M.,AT 600c/s, %e OF TOTAL 


) 2 4 6 See () 12 
DEPTH FROM POLE FACE, MM 


Fig. 6.—Depth-of-penetration measurement. 


3-18 mm cold-rolled close-annealed pole punchings, 600 c/s. 
© Experimental result for insulated punchings. 
x Experimental result for uninsulated punchings. 
——--— Calculated result for ‘deep’ mode of penetration only, Rz. 


INDUCED EM.FZAT 900cis, *le OF TOTAL 
: POLE-FACE VALUE 


4 6 8 1 
DEPTH FROM POLE FACE,MM 


Fig. 7.—Depth-of-penetration measurement. 


3-18 mm insulated pole punchings, 900c/s. 
© Experimental result. ) 
—--- Calculated result for ‘deep’ mode of penetration only, Rz. 


OF TOTAL 


°, 
‘lo 
POLE-FACE VALUE 


INDUCED E.M-F., 


4 6 8 10 
DEPTH FROM POLE FACE,MM 


Fig. 8.—Penetration at different frequencies. 
3-18 mm insulated cold-rolled close-annealed pole punchings. 


xX 900c/s. 


coils in holes offset along the pole arc were utilized in setting 
the air-gap, which was adjusted until the e.m.f.’s induced in 
these coils did not differ by more than 10%. Indeed, this pro- 
cedure for obtaining a nearly uniform gap was essential for the 
measurements, since the ratios of the e.m.f.’s induced in the 
various search coils were found to be extremely sensitive to 
non-uniformity of the air-gap. 


(8.2) Experiments with 0-40mm Losil Punchings 


Another experimental pole-piece was built with 0-40mm- 
thick Losil 19 pole punchings, the -4; in-diameter holes for the 
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search coils being drilled behind one another. The experimen} 
results with coils at depths of 1-5, 3 and 10mm symmetrical abc iL 


*lo 


INDUCED E.MF., 


2 4 6 
DEPTH FROM POLE FACE, MM 


Fig. 9.—Penetration at different frequencies in Losil 19 pole 


punchings. 
—:—L]—:—  90ce/s : 
= Experimental 
aah: aie oe oe results. 


SOCIO D Calculated R; for 90, 600 and 900 c/s. 


number (over 400) of lamination interfaces, no special inte! 
laminar insulation was used; also, it was assumed that the fa J 
that the five other pole-pieces of the experimental machine we) 
built with thick punchings had a negligible effect on measur)> 
ments of tooth-ripple phenomena in the one odd pole-piey 
constructed with thin Losil punchings. 


(8.3) Experiments concerning the Effect of Holes 


It was considered desirable to try to ascertain whether tl)- 
e.m.f.’s induced in the search coils were appreciably affected ts 
the sizes of the holes in which the coil sides were located. Fr . 
this purpose, the measurements were repeated first with =i) 


thick punchings and finally with another similar pole in whieh 
3zin-diameter holes had been drilled. | 

It will be seen from the results illustrated in Figs. 10 and Iie 
that reduction of hole diameter from =; to ~;in diminishe 
slightly the eon from the theoretical curve, but that furthig : 


reduction to 3zin diameter produced no appreciable change. | 


(8.4) Tests with Search Coils in a Radial Plane 


Some observations relating to the radial attenuation of tl) 
tangential component of the tooth-ripple flux density were mac 
by forming search coils in a radial plane, utilizing existing holes i! 
depths of 3, 6 and 10mm, in one of the cold-rolled close-anneale}) 
sheet steel pole-pieces. These coils linked with the tooth-ripp r 
flux between the pairs of wires at depths 0 and 3 mm, 3 and 6 mn} 
and 6 and 10mm, respectively, from the pole face. Tt 
measured fundamental components of the e.m.f.’s induced i) 
these coils were found to be in the ratio 58-3 : 26-7 : 15-1) 
The results of the harmonic analysis of the e.m.f. induced in > 
radial coil of depth 10mm (between depths of 0 and 10mm fro! i 
the pole face) are compared in Table 5 with those for the e.m. 
of a half-slot-pitch-wide coil on the pole face. 

The even-harmonic residues in the half-slot-pitch-wide per) 
pheral coil are presumably due to slight inaccuracies of geometr) 
It will be noticed that the theoretical ratio of 2 : 1 for the fund: 


40 


20 


INDUCED E.MF., ° 


4 6 8 10 
DEPTH FROM POLE FACE, MM 


5. 10.—Depth-of-penetration measurements with different sizes 


of holes. 
3:18 uninsulated cold-rolled close-annealed pole punchings at 600c/s. 
O zs in holes | Experimental 
—-:—x—-— in holes results. 


——=————— Calculated R;z. 


ental and odd-harmonic components of the e.m.f. induced in 
h a peripheral coil to the e.m.f. which would be induced in 
adial coil embracing the whole flux variation is approximated 
‘the experimental results. 


‘ 


Fundamental (600 c/s) 2nd harmonic 
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- INDUCED E.MF.,AT 600c/s, °%o OF TOTAL 
POLE-FACE VALUE 


4 6 8 10 
DEPTH FROM POLE FACE, MM 


Fig. 11.—Depth-of-penetration measurement. 


3-18 mm insulated cold-rolled close-annealed pole punchings, 600 c/s. 


——O #: in holes \ Experimental 
x +; in holes results. 


---------- Calculated result for ‘deep’ mode of penetration only, Rz. 


Table 5 


Induced e.m.f. 


3rd harmonic 4th harmonic Sth harmonic 


tem le em 


mV (r.m.s.) mV (r.m.s.) 
Peripheral pole-face coil 210 14 
(width = A = 12-2mm) 
Radial coil (between 115 100 


depths 0 and 10 mm) 


(8.5) Test for Reluctance Pulsation 


A further test was made to determine the uniformity of the 
usations of the main flux round the magnetic circuit. It 
as found, however, that the amplitude of the flux pulsations 
aking with a search coil at the pole face embracing the whole 
ple was reduced to a quarter of its value when the coil was 
joved back 1cm from the pole face. Jt was concluded that 
large part of the e.m.f. induced in this coil, when at the pole 
wce, resulted from a ‘flux swing’, and that it was hardly justifi- 
ole to make allowance for the relatively small proportion of the 
f. induced in the half-slot-pitch-wide search coils resulting 
wom reluctance pulsation. 


(9) DISCUSSION OF RESULTS AND CONCLUSION 


‘It has not been possible to demonstrate theoretically the effect 
* the sizes of the holes accommodating the search coils in the 
ove series of measurements. It is, however, obvious from 
nysical considerations that the holes would have two effects 
artially counteracting each other; the increased reluctance of 
1¢ flux paths would tend to reduce the flux linkage of a search 
oil, while the removal of a sheet of eddy currents would help 
» increase this linkage. The absence of Se variation in 
‘sults for the range of hole size between 35 and 3% in suggests 
#4. the effect is small, although this is in no sense conceive. 
The effect of introducing interlaminar insulation with the 
di¢-rolled close-annealed sheet-steel punchings is also seen to 
2 not very marked, although it did lead to results more in line 
it» analytical prediction. Measurements at 90c/s were, in 
“fcral, liable to errors larger than those at the higher frequencies 
ec1use of the rather small e.m.f.’s available at that low fre- 


mV (r.m.s.) mV (r.m.s.) mV (r.m.s.) 
150 6 96 
73 2: 50 
quency. However, there is general agreement between the 


attenuation observed experimentally and the theoretically pre- 
dicted curves. 

In comparing the experimental observations with theoretically 
predicted values, it must be remembered that the theoretical 
analysis applies to an ideal cylindrical structure without the dis- 
continuities produced by salient poles. In addition, the degree 
of uniformity which could be achieved in the air-gap was not as 
high as could be desired nor was the accuracy of alignment of 
the experimental pole-pieces themselves. Considering the actual 
conditions obtaining in the experiments, the general correspon- 
dence of these experimental results with theoretical predictions 
is believed to provide substantial evidence in support of the 
particular parts of the analysis outlined in Reference 7 which 
concern the deep-penetration phenomenon of tooth ripples in 
smooth laminated pole-shoes. 
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SUMMARY 

The basic theory of transient propagation in waveguides is formulated 
ind developed. The theory is subsequently applied to the propagation 
| a umnit-step-modulated carrier and the propagation of pulses. 
mrmulae and graphs are outlined for various transients involved and 
alse distortion is studied in detail. The results are illustrated by 
merical examples. 


LIST OF SYMBOLS 
Pp = Complex frequency. 
A— slimes 
y(p) = «(p) + jB(p) = Propagation coefficient of the wave- 
guide (function of p). 
a(p) = Attenuation coefficient. 
B(p) = Phase-change coefficient. 
z = Co-ordinate in the direction of propagation. 
w = Real angular frequency. 
@ , = Carrier angular frequency. 
w, = Cut-off frequency of a perfect waveguide. 
W,, = Cut-off frequency of an imperfect waveguide. 
u, Vv, S = Complex variables. 
: b = A coefficient defined by eqn. (43). 
2|t 


——— — A parameter. 
6 


Cc 


A = A parameter defined by eqn. (49). 

Vg = Group velocity. 

4 = 2/v, = A time parameter. 

(), f(p), SZ, O, Pw), At 2), BO z, Ad, Q(At, AAt, AA?) 
= Various functions defined in appropriate places. 

1 = Length of the waveguide. 


(1) INTRODUCTION 


| During the last two decades, waveguide theory and practice 
‘ave undergone a tremendous development; but the main impetus 
vas derived from the work on radar during the last World War. 
: is, therefore, at first somewhat surprising that, although radar 
. essentially concerned with transient phenomena, no theory of 
yansient behaviour of waveguides has as yet been formulated.* 
he probable explanation is that no material transient distortion 
at could be ascribed to the waveguide was actually observed, 
nd that the existing theories of waveguide propagation based on 
.W. propagation seemed to be adequate, while the analytically 
fifficult task of investigating transient behaviour seemed unre- 
yatding. Yet it is well known that a waveguide is dispersive— 
ore so than a coaxial line—and therefore transient distortion 
ay be tentatively anticipated. It is, however, not easy to make 
- judicious guess at the nature of the distortion, although we 
night surmise (somewhat incorrectly) that the envelope distortion 
auld be like that of a low-pass network. 

'* Recently, however, Gajewski!! succeeded in obtaining an expression for the 


srecursor (corresponding to the B-precursor discussed below) of a unit-step-modulated 
== er propagated in a perfect waveguide, and he included some discussion of the 


uature of this precursor. 
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The reason why most existing waveguide equipment seems to 
pass transients undistorted is that the waveguide lengths involved 
are too short and the transient durations too long for any dis- 
tortion to be noticeable. Recently, however, observable dis- 
tortion of pulses transmitted through a length of waveguide have 
been reported.!.? 

Nevertheless, with the advent of millimicrosecond-pulse tech- 
niques! and possibilities of waveguide trunk communication,3 
the pulse distortion by a waveguide becomes one of its principal 
features; a feature which sets an upper limit to repeater spacings 
and becomes an important parameter governing the design of 
numerous components. 

The aim of the paper is the formulation of the basic theory 
of transient propagation in waveguides under various conditions, 
and the determination of its application to pulse transmission. 

There is a somewhat allied problem which was investigated 
some time ago by Sommerfeld and Brillouin,* namely the 
propagation of plane waves in unbounded homogeneous dis- 
persive media. Our problem, on the other hand, is that of modal 
(E or H) propagation with dispersion due to proximity of physical 
boundaries. 

The two problems are physically entirely distinct and our 
analytical approach is also different, but qualitatively the results 
have a little in common in that the signal is preceded and followed 
by anticipatory and posterior transients, respectively. 


(2) SOME FUNDAMENTAL CONCEPTS 


(2.1) Introductory 


Before developing a rigorous theory of transient propagation, 
the problems must first be examined. 
Imagine an indefinitely long waveguide line (Fig. 1) with a 


220 Z=1 
WAVEGUIDE LINE 
OBSERVER'S 
BASED PLANE 


Fig. 1.—The co-ordinate system at time ¢. 


‘transmitter’ at one point along its length (co-ordinate, z = 0). 
Suppose, further, that the field intensity in the waveguide is 
proportional to the signal intensity (linear system), then the 
function of the waveguide is to transform, in time (¢) and distance 
(z), the signal—as produced by the transmitter O(4)—into a ‘dis- 
torted’ signal ¢(f). The ratio of the two functions, 4(f)/(, 
will be referred to as the transfer function of the transmission 
system. 

Clearly there is a reciprocal relation between the two functions 
of the type considered in the transform calculus, and the problem 
of determining the function ¢$(t) is solvable, at least in principle, 
using conventional methods of the transform calculus. 


* For a discussion, see Stratton’s ‘Electromagnetic Theory’, pp. 333-340, 


i595) 
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The difficulty is not, however, that of principles but is of a 
practical nature and arises from two different causes. First, 
there is the difficulty of translating the physical properties of 
the waveguide into the language of mathematics, i.e. the deter- 
mination of the transfer function T(w, z). Secondly, there is an 
even greater difficulty of manipulating the mathematical expres- 
sions with a view to obtaining the function ¢(f). In short, a 
truly exact solution to the problem is not possible except in a 
few isolated cases. 

Nevertheless a judicious use of approximations does enable 
one to obtain asymptotic expansions for the ¢(¢) function, which 
can be made accurate to any desired degree, and this is the 
proposed method of approach. 


(2.2) Some Elementary Problems 


Let «(w) be the attenuation and f(w) the phase characteristic 
of a waveguide. Evidently, if «(w) is a constant and B(w) is a 
constant multiple of w, the transfer function is given by 


Roz) a Cred OO gk Sori cae 
and the signal is transmitted without distortion, namely 
P(t) = €-+IOD(1) (2) 


Thus, if a transmission system has a transfer function given by 
eqn. (1), all frequency components of the signal suffer equal 
attenuation and equal delay, and the signal transmission is 
distortion-free except for a decrease in amplitude. 

In general, however, « is not a constant and f is not related 
linearly to frequency, and this fact alone is responsible for the 
signal distortion. 

A transient phenomenon occupies, in principle, an infinite 
bandwidth, and consequently use is made of the whole of the 
« and f§ characteristics; for this reason, it is not possible to 
produce an exact solution. Sufficiently accurate results can, 
however, be obtained in many cases by assuming that most of 
the energy of the transient is transmitted over a relatively narrow 
band of frequencies, and then approximating to the « and B 
characteristics. To illustrate the method, consider the « and 
B characteristics of a ‘perfect’? waveguide (one whose walls are 
perfectly conducting). 

Suppose that most of the transient energy is transmitted in a 
relatively narrow frequency band centred around wy (Fig. 2), 


which is not too close to the cut-off frequency, w,. It is known 
that in this case « and f are given by 
C610 Pea A ee) ids earn (3) 
p=Ve-#) 
1 
= -V (a? — 9) 5 EL eee (4) 


The phase velocity of the transient is given by the reciprocal 
of the slope of the line drawn from the origin to the operating 
point, A, on the 8-characteristic, ice. 


(Ut oes os aaa eed he ee) 
Bo 

It is essential to stress that this is so ‘by definition’ and that 
the upper and lower sidebands, on their own, have phase 
velocities which are somewhat lower and higher than (v ph)O> 
respectively. 

The phase velocity, as defined above, is somewhat fictitious, 
and though it has real physical meaning in narrow-band work it 
loses all significance if the signal occupies a very wide band of 
frequencies. 
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Fig. 2.—The f/m characteristic of a perfect waveguide. 


In any specific case, two sidebands of equal amplitude, place!) ¢ 
one on each side of wg and separated from it by 46w, combit’ a 
to a signal given by 


— 46w)t — (B — 468)z] 


+ exp j[(wy + 46w)t — (8 + 468)z] | 
= 2 cos }(t8w — zB) exp j(wt — Bz) ( { 


exp j[(wo 


can expand the f-characteristic around the point wg in th i 
Taylor’s series as follows: 


58 = wb es dB 


day 


intelligence of the signal is propagated (group velocity), whi 
the second- and higher-order terms are the distortion terms. I). 
particular, if the signal bandwidth is sufficiently small it i) 


permissible to neglect all except the first two terms of the expan) i 


sion (7). We then define ¢ by 
care! 4 
(a)? a8 | 
= (a5! BY ben — 52 al a (8 


and ¢o, the group delay, by 


$5 = (1-1) bu 5 over ie 6) 


The difference, ¢) — ¢, is responsible for the distortion of thi! 
intelligence and will be called the delay-distortion term. Clearh 


2 
Ag = $ — dy = HduPSh 


: =) pal) «+. @ 


Consequently the bandwidth, dw, of the intelligence transmittec) 
is related to Ad and the waveguide parameters by 


00 2(8)"aaom 


The quantity 2A¢ measures the time delay between the extreme 
sidebands after transmission through a waveguide length I, anc 
as such is a measure of the waveguide distortion. For example 


d : : 


‘24 = 7/2, an inversion of sidebands takes place: a condition 
ff severe distortion. 

| For a given delay distortion, 2A¢, eqn. (10) enables us to 
alculate the maximum bandwidth 5w which can be transmitted 
wer a waveguide length /. 

| Undoubtedly, eqn. (10) gives the right functional relation 
tween the maximum bandwidth a waveguide can handle and 
e length /, but unfortunately it is not easy to translate the 


agnitude of the quantity 2A¢ into the nature and magnitude 
f transient distortion. 


(3) THE TRANSMISSION OF A UNIT-STEP-MODULATED 
CARRIER 


(3.1) Method of Analysis 


| It is assumed that the waveguide has a propagation coefficient, 
, given by 

yV(p) = «(p) + jB(p) . (12) 
‘hich is a function of the complex frequency, p. Further, it is 
ssumed that the transmitted signal at z = 0 is F(t) and has a 
equency spectrum given by 


oc 


GD) = | F(je-?'dt 
0 

| if the system is linear, the output signal at a point distant 

‘from the transmitter is given by the Carson’s integral 


(13) 


SG) =| f(p)ePt—2z) dp (14) 
Tj es 

' The contour of the integration, C,, has the conventional form; 

) runs from c — jo to c + joo, and the quantity c is chosen to 

uit the particular circumstances. 

' The transform f(p) is usually easy to obtain, but there are a 

mimber of difficulties connected with the evaluation of the 

tegral contained in eqn. (14). 

| For a perfect waveguide, y(p) is simply given by 


yp) = (9? + a2) (15) 


In the case of an imperfect waveguide, y(p) assumes a more 
*omplicated expression* which now depends on the shape of the 
vaveguide and the type of mode supported within it, as well as 
m the surface impedance? of its walls, Z,. The latter describes 
e physical property of the wall and is, in turn, a function of the 
equency [Z, = Z,(p)]. 

In the case of a unit-step-modulated carrier, the transform 
‘p) is given by 1/(p—jw), so that, for a perfect waveguide, the 
ignal is given by 


exn| pt — =/ (pe | 


el 


: (16) 
P — Jo 


Cp 
The integrand has a pole at p = jwo and branch points at 
= + jw,, as shown in Fig. 3, and the path of integration runs 
‘long the imaginary axis with indentations as shown. 

The integrand possesses a saddle point on the imaginary axis, 
‘s shown in Fig. 3, and under certain conditions it is possible to 
»btain asymptotic expansions of S(z, t) by deforming the path of 
titegration through the saddle point along the path of steepest 
vescents. The method cannot, however, be readily generalized 
‘nei requires, at times, a considerable amount of justification. 

£n the other hand, a method of obtaining asymptotic expan- 
igus, as developed by Van der Waerden,® is readily adapted for 
*" immediate purpose. 


KARBOWIAK: PROPAGATION OF TRANSIENTS IN WAVEGUIDES 


341 
> 
Cc 
< 
Zz 
© 
< 
2 
a ad 
SADDLE POINT 
v4 
+j Wo 
BRANCH CUT we 
Cp 
on BRANCH CUT 
Fig. 3.—The Cp contour in the p-plane. 
To that end we make the substitution 
u(p) = — p + Vi/(p? + w?) (17) 
where a— ae (18) 
and transform the integral to the u-plane, giving 
1 
ena] 19 
SG) =s—h (19) 
where I,= | Pwe-du (20) 
Cu 
with IM) ies a (21) 
Pp — jw du 
The function P(u) is characterized by a branch point at 
Up = — jw (1 — V)il2 (22) 
and a pole at 
Uy = j[ — wo + Vi/(o% — w3)] (23) 


Consequently, unless the pole is in the immediate vicinity of 
the branch cut, the integral can be conveniently split into two 
parts, Ip and Iz, as contributed by the two contours, Cp and Cg, 
respectively (as shown in Fig. 4). 


BRANCH _ CUT 


j (wo * v¥we-wF ) 


4 
-j We (1-v2)2 


Cpr Cp*Cy 


Fig. 4.—The Cy-contour in the u-plane. 


It will be found later that the signal S(z, rt) can conveniently 
be considered to be composed of three states in time: (a) a region 
of antecedents (these travel with a velocity exceeding the group 
velocity), which precedes (b) a steep wavefront, travelling at the 
group velocity, followed by (c) the region of posterior transients. 
The antecedent transients comprise the B-precursor and the 
P-precursor, and in essence are the asymptotic expansions of the 
integrals Ip and Ip, for V — 1. 
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(3.2) The Asymptotic Solution for the Antecedents 
(3.2.1) The Perfect Waveguide. 


As explained above we are seeking an asymptotic expression 
for I, given by 


Ip = [ POe-mdu (24) 
“Cp 
where Cy runs around the branch cut, as shown in Fig. 4. 
Through the substitution 


we pass into the s-plane and expand P(u) in ascending powers of s, 
Pu) = b-4s-1+ bp + bys +... (26) 


The series leads to an asymptotic solution to eqn. (24), and 
for large enough values of ¢ it is sufficiently accurate to retain 
the leading term only, provided, of course, that the pole is not 
in the immediate vicinity of the branch cut. 

Using eqn. (21) it can be shown that 


evl4 V\/o, 
a ee 2 
bs /2 [ao/ — V2) — w,J0 — V2)14 ee 
For V +0, 
eitl4  Va/w, 
ant ei eee MoS 28 
b> Wy — W, C®) 
while for V — 1, 
in/4 1 
poset (29) 


V2 Vad — VIA 


Further, the substitution, eqn. (26), converts eqn. (24) into a 
series of fractional powers of ¢. Thus, retaining the first term 
only, we have 


Tp ~ 2y/(7)b_t~ 1? exp[jw,t+/(1 — V?)] 
Consequently the transient is 


estl4 VV: 
SG Be 


(30) 


t—12 exp[jwt/(1 — V2)] 
‘ V0 


(31) 


For sufficiently small values of V, and for V sufficiently close 
to unity, expressions (31) and (32) become, respectively, 


eInl4 ce a/ay,  Z ; 
ee re geet a Se oa CRE eh eT Oeh 
S(z, Dp A (Ok Ere = é (33a) 
= Pz 
eJ37/4 eittl4 
S(z, Dp ~ 7 Oey calle: (33d) 
= 2-( —=) 
where TO t (34) 


Egn. (31) [or (33a)] represents one of the posterior transients, 
while eqn. (33) [or (325)] represents one of the antecedent 
transients, which we shall call the ‘B-precursor’ (Fig. 5). 

We note the distinct nature of the Pg, (B-sequel) and Ag 
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Fig. 5.—The B-precursor as a function of time, ¢. 


(B-precursor) transients. P, has an effective frequency* whic} 

is a decreasing function of time and which tends to w,; th 
amplitude of the P, transient is proportional to the —3/2 pow > 
of time. The virtual frequency of the B-precursor, however, ) 


infinite for tf = z/c and is a decreasing function of time; i> 


amplitude is proportional to the —1/4 power of time. it 
(4 


(3.2.2) The Imperfect Waveguide. a 

The analysis for an imperfect waveguide differs from that of 2 
perfect one in that y(p) is related to frequency, not in the simp.) 
manner indicated in eqn. (15) but by a more complicated exprei)” 
sion4 involving, among other factors, the surface impedance 2b 
as a function of the complex frequency, p. 4 

Since the B-precursor is transmitted by a carrier much il) 
excess Of wo, it is therefore permissible to make certain approx | 
mations, simplifying the analysis, and it can be shown, fc! 
example, that in the case of a plain metallic perfectly smoot) 
circular waveguide supporting any Ho-mode, the B-precursor ha/y: 
essentially the same form as given by eqn. (32a), except for a te 
attenuating factor. i 

Similar expressions can be derived for other modes and othe » 
waveguide shapes. There is little significance, however, i) 
quoting the formulae—although the shape of the B-precursor i y 
largely affected by the waveguide shape and the mode carrie! 
within it—because the information is of academic interest only 0 
and has no practical significance whatever, for the followin 7 
reason. 

As mentioned above, the B-precursor is transmitted on a carrie) 
whose frequency is extremely high (much in excess of wo), ani 
at very high values of frequency it is no longer true that a meta}: 
surface has a normalized surface impedance simply given by (se i 
remarks in Reference 4) 


Pm € 
Zum af(2A) 

es Ko 
On the contrary, the surface impedance of a metal surfac! 
tends, at these very high frequencies, to be dominated by th) 


physical state of the surface rather than by the electrical propertie} 


of the metal itself—and thus, as mentioned elsewhere,? it is totalh 
unpredictable. | 


5) 
| 


(3.3) The Principal Part of the Signal 
(3.3.1) The Perfect Waveguide. 

In the case of the perfect waveguide, eqns. (17) to (23) an 
relevant. We seek a solution to eqn. (20) as a function of thi) 
parameter V, and we note that as V varies from 1 to 0 the poli! 
and the branch point move relative to each other in the comple} 
plane of u, and care must be exercised when expanding P(u) it 


* Instantaneous frequency is implied. 


| 
a 


i infinite series, to avoid introducing any singularities originally 
ot present in the integrand and to be able to follow the passage 
/ the pole unambiguously. 

/ We change the variable from u to v through the substitution 


Vv=uU— Up (36) 
{ that in the v-plane we have a branch point at 
Vp =0. (37) 
id a pole at 
Up = j[— wy + V(w2 — w2)2 + w (1 — V2)12] . (38) 
nsequently we find that 
(&p) peo =I(— wp + w,) | (39) 
(Up) pa = j[—wo = (wh aa w?)1/2] i is 


ile for V = »/(1 — (w,/wo)*) the pole and the branch point 
vincide. p 

‘It is, however, essential to observe that for V = 1 the pole is 
| the ‘wrong’* Riemannian plane. The passage of the pole is 
sarked in Fig. 6, but for the sake of clearness the poles for 


Fig. 6.—The passage of the pole in the complex plane of v. 


-= 0 and V = 1 have been placed slightly to each side of the 
Maginary axis, while in actual fact the pole is always on the 
aginary axis. 

| The original integral, I, [eqn. (20)], has now been transformed 
(to one in the v plane, namely 


J, =e-“3], 


here I,=] PWe-"dv (40) 
Cy 

The path of integration, Cy, is as shown in Fig. 6. 

Further, the substitution 
s=4/v (41) 


ansforms I, into an integral (in the plane of s) whose integrand 
{ free from branch points but has a pole as indicated in Fig. 7. 
lhe path of integration, C,, can be distorted, as shown in Fig. 7. 


jig 7.—The position of the pole in relation to the integration contour 
Cs in the plane of s. 


' * By ‘wrong’ we mean the upper leaf of the Riemannian plane if the integration 
2t© is confined to the lower plane, and vice versa. 
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The integral I, now becomes 


I, =2] sPWe-*"ds 


Cs 


(42) 


The integrand is expandable in its Laurent series around the 
pole, and the pole in question is given by 


+a ta(s—b) +... 


(43) 


a_j 


Th 
oe s—b 


sP(u) = (44) 


With this substitution, eqn. (42) yields an asymptotic expansion 
for I,, and its leading term gives the required solution to the 
problem, which is 


S@, Dp ~ ete erfe (jby/1t) (45) 
where etic (x) == | oe yee (46) 


x 


For large values of the argument, we can use the asymptotic 
expressions for erfc (x), so that, if b./t is a large quantity, we have 


1 ght 
ee 3 
4/1 Oe a 


if b lies above the real axis 


Soe (1 (47) 


and (48) 


if 5 lies below the real axis. 


Eqn. (48) represents the P-precursor while eqn. (47) represents 
a posterior transient (P-sequel). The reason for this nomen- 
clature will be explained later. 

If the amplitude of the transmitted unit-step-modulated carrier 
is unity, then, according to eqns. (45) to (48), at a point distant 
z from the transmitter there will be no signal received until a 
time fp = z/c when the P-precursor [given by eqn. (48)] arrives. 
This quickly grows in amplitude until at a time 4 = z/v, 
(v, = group velocity) it reaches one-half the original amplitude. 
Thereafter the amplitude of the signal oscillates about the mean 
value equal to unity, to which value it settles after a long time. 

The time fg is of importance in that it marks the time of the 
arrival of the P-precursor. The time #, is of importance because 
it is the virtual time of signal travel. 

It is of interest to note that the slope of the received signal 
at f = #, is given by 


Vt (09 CV"! a9 1 W. |=4 
TPN Ss) Gs, (=) 

and this, apart from a constant factor, is the same as eqn. (11), 
provided that the waveguide is operated so that w,/wo is a small 
number. One would intuitively expect this agreement to take 
place. 

The rise time T at t = f, is related to the bandwidth-handling 
capacity of the waveguide, but the relation is by no means as 
simple as in the case of an ideal i.f. amplifier whose bandwidth 
is equal to one-half the reciprocal of the rise time. 

The response of a length of waveguide to unit-step-modulated 
carrier is shown in Fig. 8 as a function of At,, where t; = t — hy. 
The curve has been plotted [using eqn. (45) and existing 
Tables7>8.9] against At, rather than ft, because the curve so 
obtained is a universal one, applicable to all waveguides under 
all conditions. 


(49) 


AMPLITUDE 


-4 =S ee (@) 1 2 3 4 


At, 
Fig. 8.—The transient response of a waveguide to the unit-step- 
modulated carrier. 

(3.3.2) The Imperfect Waveguide. 
In the case of an imperfect waveguide, the propagation coeffi- 
cient y(p) is given by4 


y = [h? — k? + 2MjZ,(p)]!/? 


where the quantity M is a function of frequency, waveguide 
geometry and mode. 

Consequently, for sufficiently small values of surface impe- 
dance, we may approximate and take instead of the uw function 
given by eqn. (17) the following: 


u=—p+ Vr/[p? + w2 + 2GR— X)] (50) 


where R and X are respectively proportional to the real and 
imaginary parts of the surface impedance and are essentially 
small quantities. 

The path of integration in the p-plane runs as shown in Fig. 9. 


BRANCH CUT 


BRANCH CUT 
DSc ERRORS nemn 


-j%m 


Fig. 9.—The p-plane pertaining to an imperfect waveguide. 


This Figure also shows the distribution of poles and branch 
points. 

If ug is the branch point, the substitution v = u — up trans- 
forms the integral into the v-plane, and Fig. 10 shows the 
passage of the pole as V varies from V = 1 to V = O. 

The contour integral is solved in the manner indicated in 
Section 3.3.1, and the following solution can be obtained: 


S(Z, Dp ~ E eee erfe (iby enue 


Ta (51) 


for R(b*) < 0 
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Fig. 10.—The passage of the pole in the plane of 0 for an imperfe)” 
waveguide. 


S(z, Dp ~ oer (b/de-wP  . ww 
for B(b?) > 0 } 
where 
Ree 
oan [Le MGA) ete | 
REX A 
+j(o, +-— Ja — v2 Gal 


jJR— X 


vee (54) 


and up =i{- wo + Vr/(w2 — wl Saar 


Eqns. (51) and (52) show that the response is essentially th Ki 
same as that of a perfect waveguide, eda for an attenuatin|> 


factor. 


(3.4) Discussion of the Results 1 


With the help of times to (=2z/c) and 4, (=z/v,), as introduced) 
in Section 3.3, we can sketch the response of. a waveguide of! 
length / (z = 1), to a unit-step-modulated carrier, as shown il) 
Fig. 11, which, of course, is not drawn to scale. | 

Until time f) no signal is received. Time ¢) marks thi 
beginning of a region of weak field intensity, which we proposi|} 
to call the region of antecedent transients. Antecedents ar) 
made up of two precursors: the B-precursor and the P-precursor\ 
The B-precursor is the asymptotic expansion of the branch cu}: 
integral Ip, for V—» 1 [eqn. (33)], while the P-precursor is th«- 


immediate vicinity of t,, the B-precursor is (for a perfect wave 
guide) much larger than the P-precursor. | 

In the immediate vicinity of the time 1, the rate of rise of the 
field strength with time is very large, and the field soon reaches) 
intensities of the order of unity, the rate of rise being inversely? 
proportional to the quantity A (eqn. 49), i.e. among other factors. 
to the square root of the distance, /. 

The time ¢, marks the beginning of a region in which the mean} 
field strength is approximately unity with transients super-! 
imposed upon it. Here again there are two posterior transients‘! 
the B-sequel and the P-sequel. The B-sequel is represented by} 
the asymptotic expansion of the branch cut integral Ip for V > C 
[eqn. (31)], while the P-sequel is given by the oscillating part of! 
the asymptotic expansion of the pole integral Ip for V-+ 0 (eta 
second term in the brackets of eqn. (47)]. | 

The signal in the immediate vicinity of the time tas plotted 
in Fig. 8. 

Fig. 11 shows, in addition, the variation of the following 
quantities: virtual carrier frequency, w,, virtual phase velocity, 
pwns and virtual group velocity, (vz). These quantities are 
instantaneous values and have the following meaning. 

The envelope of the signal is effectively transmitted on a 
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(a) Time scale at a point distant / from the transmitter. 
(6) Response function. 

(c) Virtual carrier frequency, wy». 

(d) Virtual phase velocity, (Upp). 

(e) Virtual group velocity, (vy)». 
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Fig. 12.The relative magnitudes of the B- and P-precursors. 
Waveguide constants: 


, 11.—The response of a waveguide to a unit-step-modulated carrier. 
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carrier whose frequency changes as the time increases. At the 
time fp, the instantaneous frequency of the carrier is infinite, but 
it falls rapidly, as the time increases, to the value wy, as shown 
in Fig. 11. 

Similarly, the effective phase velocity of the carrier is at time fo 
equal to c, but as the time increases this velocity also increases 
and finally settles down to the value (v,,)o. 

Conversely, any point on the envelope appears to move with 
a velocity that decreases with time from the value c at fg to the 
asymptotic value ¥,. For this reason, the envelope of a signal 
passing down the line appears to ‘stretch’ in time, as the time 
increases. 


(4) THE PROPAGATION OF R.F. PULSES IN WAVEGUIDES 


It is convenient to make two simplifying assumptions, although 
these have little bearing on the shape of pulses likely to be met 
in practical applications. 

In the first place, the B-precursor and the B-sequel can be 
neglected. Secondly, it can be assumed that the pulse is trans- 
mitted on a carrier, wo, sufficiently high in frequency in relation 
to the pulse width to ensure that in the pulse interval there are a 
large number of cycles of microwave energy (say 10 or more), 
so that the random phasing effects of the carrier relative to the 
pulse edges may be neglected. 

With these assumptions, the envelope of the unit-step- 
modulated carrier at a distance z and time ¢ is given by [eqn. (45)] 


A(t, z) = es erfe (jby/t) 


ae (55) 
where b is given by 
B? = j[- wy + Vo} — o})!2 +o — VIP] 66) 
with Veo hs 
Cc 


Since the principle of superposition is applicable, the response 
to a pulse of duration Af is given by 


Wit, z, At) = Att, z) — A(t + At, 2) 


Again, it will be convenient to introduce the quantity A, given 


by eqn. (49) as 
A= (2 Seal i a 
PD Ww. Wo 
and then A [eqn. (55)] becomes the normalized complex Fresnel 
integral of A and time f, defined by 


(57) 


=t-f (58) 
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Fig. 13.—Time and space co-ordinates of a transmitted and received 
transient. 


Time ty = I/vq. 
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ilf now we introduce the time and space co-ordinates as 
dicated in Fig. 13 we find that the response function is given by 
WG, z, At) = W(At,, AAD (59) 
|The function " is shown plotted in Fig. 14 against At, for 
we different values of the parameter AAr. From this Figure 
© general deterioration of the pulse shape as the parameter 
At is decreased is evident. 
‘For large values of AAt the pulse retains much of its original 
jape, but its rising and falling edges have finite slopes determined 
‘the quantity At,. Gradually, however, as AAt decreases, the 
alse begins to disperse and suffer greater and greater distortion 
atil, for values of AA? less than about unity, the pulse becomes 
sspersed beyond recognition. 
{It is stressed that the pulse distortion as introduced by the 
iaveguide is basically of a nature different from that introduced 
va perfect band-pass filter (e.g. an i.f. amplifier). Whereas, in 
e latter case, the information contained in the high-frequency 
id of the envelope spectrum is cut off by the filter and thereby 
tst irrecoverably, in the case of a waveguide the distortion of the 
false is in the nature of delay distortion and as such is removable 
t least in principle) through the use of suitable equalizers. 


(5) THE PROPAGATION OF A DOUBLE PULSE 


[To an engineer, Fig. 8 is of far greater assistance in estimating 
i¢ transient behaviour of a waveguide than the simple formula 
‘ux. (11)], although the two have a little in common. 

From Fig. 8, however, it is not immediately obvious what is 
je response of a waveguide to a c.w. pulse of microwave energy, 
ad that is where the results from Section 4, together with Fig. 14, 
je of direct assistance. 

f{ From the point of view of bandwidth-handling capacity, how- 
yer, we still have not obtained quite enough information. The 
gestion to which a transmission engineer seeks an answer is: 
ihat is the maximum rate at which various ‘bits’ of information 
in be transmitted and resolved at the receiving end without 
mmbiguity ? 

| We can answer the above question by transmitting two pulses 
‘parated by a small interval of time and discovering the maxi- 
um distance at which they can be received unambiguously as 
WO separate pulses before they merge into one another. To 
uat end it can be assumed that the transmitted signal is com- 
osed of two pulses each of duration At and separated from each 
ther in time by Ar. The response of a length of waveguide to 
ach a signal is evidently given by 


O[Ar,, AAt, AAt] = ¥(4t,, AAD — ¥ [ACG + Ad, AAC] 
(61) 


] It can be shown that there is a fairly well-defined transition 
pint after which the two pulses become indistinguishable. This 
ccurs around AAr ~ 1. 

The function Q is shown plotted in Fig. 15, and it will be 
bserved that, whereas for AAr = 1-6 the two pulses are distinct, 
or AAt = 0°8 it is no longer possible to interpret the signal as 
vo distinct pulses. 


(6) NUMERICAL EXAMPLES 

| It will be convenient to compare the bandwidth-handling 
pracity of waveguides per 30 km length (~ 10°ft). The figures 
Dr any other lengths can be easily obtained if it is remembered 
Aa: the bandwidth capacity of a waveguide is inversely propor- 
-onal to the square root of its length. 


cxemple 1. 
| £onsider a waveguide operated at fy = 10kMc/s and having 
0. Do = 0:6. 
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Fig. 15.—Received double pulse for AAt = 1-6. 
The two pulses spaced by the pulse width. 
Substituting this information in eqn. (11), we have 
Af 104 \12 4 
pa AV DUN) 12 prereiae 
7 ~ V4A9)'? (x90) 06 (62) 
ie: Af = 9-37(A¢)!/2 Mc/s (63) 


In other words, the waveguide can handle a 9-37 Mc/s band- 
width per (1 rad)!/2 delay between the extreme ends of the band. 

This result is not easy to interpret but it gives some idea of the 
orders of magnitude involved. 

The quantity A, given by eqn. (49), is 

A = (m10!104)1/2 - ” 0:6) Shs eth (GA) 

Consequently, the slope of the response curve at time f¢, (see 

Fig. 8) is 
A 


bey Sei 7 
So Jt 1-07 x 10 (65) 
so that the rate of rise of the field at this point is 
1 
Ty = Re 93-5 millimicrosec (66) 


0 


The rate of rise of the field is somewhat more rapid at a slightly 
later time (see Fig. 8), and is 


T,, = 58 millimicrosec 


min (67) 

As far as the pulse behaviour of the waveguide is concerned, 
we turn to Fig. 14. Although the results may appear at first 
to be somewhat bewildering and disconcerting, the choice of a 
suitable value of the quantity AAr is quite simple, given the 
necessary information about the equipment working in con- 
junction with the waveguide. For example, neglecting the 
signal/noise requirements and band-limiting equipment outside 
the waveguide, it is apparent that the quantity AAr should not 
be smaller than about unity, but the choice is by no means 


critical. We may choose AAt = 4/2, for which value we get 
At = ve x 10-7 = 74 millimicrosec (68) 


i.e. the waveguide is capable of transmitting recognizable pulses 
whose width is not smaller than 74 millimicrosec. 


AMPLITUDE 


Fig. 16.—Received double pulse for AAt = 0°8. 
The two pulses spaced by the pulse width. 


Further, study of Figs. 15 and 16 will reveal that under similar 
conditions two pulses 74millimicrosec wide and separated by 
74 millimicrosec would just about be conveniently resolvable. 


Example 2. 
Consider a low-loss overmoded circular waveguide operated at 
35kMc/s with w,/wo = 0°15. 
Using a notation as above, we find that for this waveguide 
Af = 70-2 x (A¢)!/2 Me/s 
Jal c= loss << iO 
So = 0-121 >< 10? 
Ty = 8-26 millimicrosec 
Tynin = 5°17 millimicrosec 
t= ee 


Th = 6:7 millimicrosec 


(69) 


Thus, ideally, the waveguide could transmit resolvable pulses as 
narrow as 6-7 millimicrosec and at intervals of 6-7 millimicrosec. 

Among others, these examples illustrate the good agreement 
(to the order of magnitude) between the results obtained from the 
rigorous theory and the delay distortion formulae [egn. (11)]. 
Thus, in the first example, if we say that the waveguide can carry 
pulses not narrower than 74 millimicrosec, this can be interpreted, 
in the light of the transmission through conventional ideal band- 
pass elements, that the cut-off bandwidth is 1/(2Af) = 6-75 Mc/s, 
which is in reasonable agreement with f= 9-37(Ad)!/2 Mc/s, as 
given by eqn. (61). But the bandwidth limitation is of the delay- 
distortion nature and is not due to the higher harmonics being 
cut-off by the transmission medium. 


(7) CONCLUSIONS 

A theory of the propagation of transients in waveguides has 
been developed. 

The theory has been subsequently applied to a detailed investi- 
gation of the propagation of a unit-step-modulated carrier and 
the results for this case are summarized in a qualitative manner 
in Fig. 11. It has been shown that the received signal is mathe- 
matically composed of two terms: the pole integral Ip and the 
branch cut integral Ip. Physically, the pole integral is the 
principal part of the signal at the time z/v, and thereafter. This 
part of the signal is preceded by a region of antecedent transients 
which can be resolved into the P-precursor and the B-precursor, 
which are the asymptotic solutions of the Ip and I, integrals, 
respectively. 
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At the time earlier than z/c no signal is received, but imm|) 
diately after this time the two precursors arrive; however, t 
B-precursor is much larger in amplitude than the P-precursc|) 
though gradually the P-precursor grows while the B- “Precuns if 
decreases in amplitude. 

After the arrival of the signal at the time z/v,, the sign| 
intensity soon settles to a constant value with posterior transien|) 
superimposed on it. These transients can conveniently be sp_ 


and are mathematically the asymptotic expansions of the |) 
integral and the variable term of the asymptotic expansion of tl) 
Ip integral, respectively. 


velocity and group velocity are subject to large variations in th) 
time interval z/c to z/v,. 
The analysis of transients has been concluded by an applicatic)”. 
of the theory to pulse propagation in waveguides, for which cai) 
detailed graphical solutions have been obtained. : 
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SUMMARY 


Classical linear electromagnetic theory is used to investigate the 
ode of penetration of tooth-ripple flux into smooth laminated pole- 
, without making any assumption as to the thickness of the 
minations employed. It is shown that, apart from the mode corre- 
yonding to the classical ‘depth of penetration’ concept, there also 
ists a completely different mode which penetrates to a much larger 
dial depth but has a non-uniform distribution across the thickness 
{ the laminations, the maximum values occurring at the interfaces. 
‘ith thicknesses usually employed in practice, at least 60°% of tooth- 
ple eddy-current loss is found to arise from this latter mode of 
netration, so that only a fraction of the total loss could properly 
« called a ‘pole-face’ loss. 


(1) LIST OF PRINCIPAL SYMBOLS 


The rationalized M.K.S. system of units is used throughout 
\© paper. 
B, = Tooth-ripple flux density at the pole face. 
d = Classical ‘depth of penetration’. 
é = Base of natural logarithms. 
h = Thickness of lamination. 
H = Magnetic intensity. 
H = Complex conjugate of H. 
J— 4/1. 
J = Current density. 
A = Slot-pitch. 
k = 2n)2. 
P, = Eddy-current loss per unit pole-face area. 
s = Surface area. 
v = Peripheral velocity. 
V = Volume enclosed by surface s. 
ps = Absolute permeability. 
}4g = Permeability of free space. 
}t, = Relative permeability. 
p = Resistivity. 
w = Angular frequency. 
Q = Scalar potential. 
V2 = Laplacian operator. 
[f@)].=nj2 = Value of f(x) for x = h/2. 
(A x J),,.= x-component of (H x J). 
\[F@, y, z, )] = Real part of f(x, y, z, 1). 
11 495 @ns Oms D, f, Ky, Kz, Kz, Ky and q,, are arbitrary constants. 
‘The symbols B,, 2m» Im» M,N, U, Ons Bm Ym Smo» H®, etc., 
€ explained in the text. 
Bold-face symbols indicate vector quantities. 


(2) INTRODUCTION 


Footh ripples are pulsations superimposed on the main flux 
aves of all types of dynamo-electric machines in which at least 


eerespondence on Monographs is invited for consideration with a view to 
) Seation. 

“Pref. Bondi is Professor of Mathematics, King’s College, University of London. 
JD. Mukherji was formerly in the Electrical Engineering Department, King’s College, 
‘tie tsity of London, and is now with the Metropolitan-Vickers Electrical Co., Ltd. 
“The paper is based on Report Ref. Z/T106 of the British Electrical and Allied 
du tries Research Association. 


Monograph No. 2258S 
Feb. 1957 


AN ANALYSIS OF TOOTH-RIPPLE PHENOMENA IN SMOOTH LAMINATED 
POLE-SHOES 
By Prof. H. BONDI, M.A., and K. C. MUKHERJI, B.E., Ph.D., Graduate. 


the paper was first received 7th July, in revised form 16th October, and in final form 20th November, 1956. It was published as an INSTITUTION 
MONOGRAPH in February, 1957.) 


one member is dentated. The magnetic flux density at points 
on a smooth pole-face opposite a tooth is greater than at those 
opposite a slot, and, as the slotted armature rotates, these waves 
of flux travel across the pole face. Each point on the pole face 
is thus subjected to a pulsating flux density and therefore eddy- 
current and hysteresis losses occur in the pole shoe; at the normal 
tooth-ripple frequencies, however, it is the eddy-current loss that 
by far predominates. The present paper is an attempt at a 
complete mathematical analysis, for a slightly idealized model 
machine, of the tooth-ripple flux pulsations in smooth laminated. 
pole-shoes and of the corresponding eddy-current losses, under 
strictly ‘linear’ electromagnetic conditions. 

The important contributions of F. W. Carter, Spooner and 
Kinnard,? Gibbs* and Walker® in the field of tooth-ripple 
‘surface loss’ were referred to by Prof. G. W. Carter® in a recent 
paper. However, a failure to take full account of the appropriate 
boundary conditions of the problem invalidates even Prof. 
Carter’s own results, as has since been pointed out by one of 
the present authors.’ It appears from the following analysis 
that the penetration of the pulsating magnetic field is a rather 
more complicated phenomenon than was hitherto believed. 


(3) ASSUMPTIONS 


In order to render the problem mathematically tractable, some 
simplifications have been introduced (apart from the restriction 
to ‘linear’ electromagnetic conditions) which make the model 
machine differ slightly from an actual one: 


(a) The pole shoe is assumed to be built up to an infinite length 
in the axial direction; this is equivalent to ignoring ‘end effects’, the 
‘ends’ referring to those of the pole shoe and not to those of indi- 
vidual laminations. This is a justifiable procedure, since, in practice, 
the number of laminations in a pole shoe is large. 

(b) The curvature of the pole face is ignored; it can be shown 
that, so far as tooth-ripple phenomena are concerned, the curvature 
is of little practical significance. 

(c) The smooth pole-face is taken as a complete cylindrical 
structure; the analysis, however, should be applicable to a salient 
pole, provided that the pole arc is large compared with the armature 
slot-pitch. 


Two further assumptions are made which reduce the length of 
the analysis, but these could be dropped without introducing 
any essential difficulty. These assumptions are: 

(d) The interlaminar gap is taken as a perfect insulator of neg- 


ligible axial width, preventing any flow of current between adjoining 
laminations. 

(e) Attention is primarily focused on the fundamental peripheral 
harmonic in the Fourier expansion of the tooth-ripple flux wave. 
Since the equations encountered are all linear until the dissipation 
is calculated, they apply equally to the higher peripheral harmonics 
as to the fundamental; however, in calculating the losses, these 
harmonics of higher order can be disregarded, at least to a first 
approximation. 


(4) THE FIELD EQUATIONS 


The rectangular Cartesian co-ordinates used throughout the 
paper are defined as follows: X is parallel to the axial, Y to the 
peripheral and Z to the radial direction. The plane pole-face is 
taken as the surface z = 0; the interior of the pole shoe, denoted 


[ 349 J 


350 


by z>0, is a medium of constant permeability p (relative 
permeability ,) and, within each lamination of constant resis- 
tivity p. The plane x = 0 is taken to coincide with the central 
plane of one of the laminations. Finally, the positive direction 
of y is taken along the direction of motion of the armature teeth 
relative to the pole face. If v is the relative peripheral velocity 
and J is the slot pitch, it is clear that the tooth ripples and all 
the associated phenomena are functions of (vt — y); these are 
also periodic functions of y, at any given time, with period 4. 
Accordingly, the fundamental peripheral harmonic varies as 


QR [eior— ky)] 


2a 

h ged: 
where i 
and w = vk 


For the higher peripheral harmonics, integral multiples of the 
same exponent occur. 

Since in all practical cases the tooth-ripple frequency is low 
enough for displacement currents to be neglected, the relevant 
macroscopic field equations of Maxwell, applicable for a quasi- 
stationary state obtaining in ‘linear’ isotropic media, can be 
written as follows: 


(a) In the region z > 0, 


Givi Oe sea cee ee aa (1) 

CULT Ja Pe er ee ae en (2) 
0H 

curl pJ = — B= Ree ee eel (3) 


and therefore it can be shown that 


j 
Ver. = 7H Seeince ete a) 
and V7s= 5d . (4a) 
1/2 
where a f side aia Cobbs (D) 
pw 


(6) In the region z < 0, 
diy FiO ete eee (6) 


Curl Ee Omi ath tales en Sat See ote) 


and therefore writing Hit grad OF 2 eee ST (8) 


20) 210i et 20 Teeter Baey9) 


it is easy to show that 


(5) TWO EXTREME CASES 
Before considering in detail the practical case of laminations 
of finite thickness, it is instructive to consider briefly the two 
extreme cases represented by (a) a solid pole-shoe and (b) a 


hypothetical laminated pole-shoe in which the laminations 
employed are ‘infinitely thin’. 


(5.1) Solid Pole-Shoe 


By virtue of the assumption of infinite axial length of the 
pole shoe, the field in this case is independent of x. Remembering 
that H must vanish as z-—» + 00, the relevant solutions of the 
field equations are as follows: 


j \1/2 . 
For z> 0, H = Aye + fa) H@t-b) 


For z <0, Q = (Kye~* + Kyek)eHlot—ky) 
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where A, is a vector constant, and K; and K3 are constants, wi - 
K;, representing the pole-face potential due to the inducing fiel| 
The components of the vector A, can easily be evaluated ph 
terms of K;* by applying the well-known boundary conditioy| | 
obtaining on z = 0, together with eqn. (1). It is easy to SI bs 
that the only component of current density not vanishing is J), 
i.e. the current flow is entirely axial. But the important point 1) 
notice is that the ‘depth of penetration’t of the field into tl) 
medium is equal to d, since in practice k is small compare)), 
with 1/d. I 


(5.2) ‘Infinitely Thin’ Laminations 


At the other extreme, there is the hypothetical case in whic)’ 
the effect of the laminations is taken to be so strong that the flo! s 
of current normal to their interfaces is wholly inhibited, i.e. u) 
vanishes everywhere. It will be clear that, by virtue of the cor) © 
tinued assumption of zero ratio of interlaminar gap to laminatio) 
thickness, a pole shoe employing ‘infinitely thin’ laminatior © 
becomes as homogeneous as a solid pole-shoe, so that th) 
field is again independent of x, as stated in Section 5.1. In spit)” 
of eqns. (1) and (6), therefore, H,, is in no way coupled to A) 
and H,; also, eqns. (4), (8) and (9) involve all the three com). 
ponents of H, but only individually. Since the inducing fiel 
is independent of x, H,, must vanish as z > — ©; also, it mu: 
vanish as z+ +00. It follows, therefore, that H,, vanishe 
throughout in both the zones z >0 and z< 0. It is easy Me 
see then that J, and J, also vanish everywhere. ‘eh 


This idealization therefore leads in effect to a medium ¢ i 


“a a 


case are as follows: 
Forz>0, H,=0 
Tie se jA ge ket Hot—ky) 
i = AyE—kz+ Kot—ky) 


Forz<0, Q= (K3e-k? + Kye')giot—'o) 


where A,, K; and Ky, are constants, K3 representing the pole-fac i 
potential due to the inducing field. It is again easy to evaluat ih 
A, in terms of K3.t Quite naturally, under the above hypotheticé}: 
conditions, the solutions for the quasi-stationary state are exactl| 
the same—except for the factor ¢/@‘—as can readily be obtaine), 
for the static (i.e. with the armature at standstill) distribution & 


any case. It is important, however, to observe that the tote!) 


inhibition of currents resulting from the use of ‘infinitely thir | 
laminations leads to a quasi-static potential magnetic fielc) 
penetrating to a ‘depth’ 1/k into the medium, and, in practice : 
1/k is very large compared with the classical ‘depth’ of penetra! 
tion’, d. 
The essential phenomena underlying the classical ‘depth cl 


penetration’ concept are that a varying magnetic field induce/ 
currents in the surface layers of a conducting medium subjecte!): 
to it, such that these currents give rise to an opposing magneti | 
field and thus shield the interior of the conductor from th! 
inducing field. However, if it were possible to prevent suc) 
currents from flowing, by some hypothetic means like employ) 


I 


‘s 


if. 


* Ignoring the demagnetizing effect of the induced eddy currents, K; in turn can t I 
shown to be related to the amplitude B; of the static tooth-ripple flux ‘density at th 
pole face by the equation 


t In the paper, the ‘depth of penetration’ is defined as the depth which woul : 
contain the entire flux if the magnetic intensity throughout this depth were unifon| 
and equal to the intensity at the surface of the lamination. iE 


1 
It can be sh =- ( a2 ) 
t It can be shown that K3 Oia B, 


_g ‘infinitely thin’ laminations or ‘permeable insulators’, the 
| dielding effect would be absent and the field would therefore 
ynetrate to a much larger ‘depth’, i.e. it would suffer a far less 
arp attenuation, within the medium. 


6) THE GENERAL CASE OF LAMINATIONS OF FINITE 
THICKNESS 

_In practice, laminated pole-shoes employ laminations of some 
nite thickness. However, the deliberate result is still a partial 
revention of the flow of induced currents, leading to a corre- 
nonding reduction of their shielding effect. .A deeper penetra- 
on of the pulsations can therefore be expected to occur in a 
{ inated pole-shoe than in a solid one. In the practical case 
at is discussed below, there are shown to be simultaneously 
wesent in a practical laminated pole-shoe both of the con- 
vasting modes of field penetration—one attenuating much more 
aarply than the other—as envisaged in Sections 5.1 and 5.2, 
pspectively. 


(6.1) Formulation of Boundary Conditions: Proximity Effect 


| {n the general case, all the field variables depend on x; that 
#is should be so is due entirely to the laminated construction of 
se pole shoe. As the laminations repeat with thickness h and 
ny effects due to the open ends of the pole-shoe are ignored, it 
siiows that all the field variables are—both inside and outside 
xe pole shoe—periodic functions of x, with period 4. More- 
wer, the field variables have to satisfy certain symmetry con- 
itions in their dependence on x, which arise as follows: 


1.1.1) Zone — 2 t= : ; region z > 0. 


| H, and H, would be independent of x in the absence of the 
iminations; their dependence on x arises solely from the 
usulating property of the interfaces at x = + h/2. Since this 
ature is symmetrically placed round x = 0, it follows that 
ae changes in H, and H, are similarly symmetrical, so that H,, 
nd H, are even functions of x. This implies that 


[Ay ].=n/2 mg [Ay ].—— caja) 


nd the periodicity implies that H, is continuous at the interfaces 
-= + h/2; the same holds for H, also. The derivatives 0.H,/0x 
nd dH,/dx, however, need not be continuous at the interfaces, 
nee a discontinuity there in these derivatives merely implies 
fat the current densities J, and J, differ on different sides of 
me interfaces, which is an entirely plausible situation. 

| Since H, and H, are even functions of x, as established above, 
1, then must be an odd function of x, by eqn. (1). This implies 
nat 


[Ay]. =n/2 = aoa [Ay] .— —(ni2) 


ind since there can be no discontinuity at the interfaces in the 
yomponent of H normal to them, it follows from the repetition 
'f WH in consecutive laminations that H, must vanish on 
-= + h/2 (Fig. 1). These symmetry properties of the com- 
)onents of H imply, by eqn. (2), that J, and J, are odd functions 


Fig. 1.—Variation of H,, m= 1. 
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Fig. 2.—Variation of Jy, n = 0. 


of x while J, is an even function. It is clear also that J,, must 
vanish at x = + h/2 (Fig. 2), since the interfaces are taken to 
be non-conducting. 


(6.1.2) Region z < 0: the Air-Gap. 

In this zone there are no interfaces at x = + h/2, and per- 
fectly ordinary conditions prevail there. Accordingly H, while 
obeying the periodicity and symmetry conditions imposed by 
the laminations in the zone z> 0, must be continuous at 
x = +h/2, with continuous spatial derivatives of all orders. 
Also, in the absence of the laminations, H,, would vanish, since 
it is entirely due to the currents induced in the pole shoe. 
Accordingly in the air-gap far from the pole face (this is mathe- 
matically expressed by z  — oo), H,. must tend to zero. The 
same argument applies to the derivatives 0H,/dx and 0H,/dx, 
since, but for the laminations, the field would be independent 
of x. The above considerations take full account of the proximity 
effect of adjoining laminations. 

Finally, the boundary conditions on z=0 remain to be 
considered. The tangential components of H and the normal 
components both of J and of the induction vector »H must be 
continuous on this boundary. Hence 


[selec 0 (10) 
[Hx]. +0+0 = [Ay]: 0-0 (11) 
[H,]--+0+0 = [Ay]z-+0-0 - (12) 

[HH,]--+0+0 = [MoHz]-->0-0 (13) 


And, as z —> + ©, ie. far from the pole face inside the pole shoe, 
all the field variables tend to zero (14) 


(6.2) Solution of Field Equations 


(6.2.1) Region z > 0: the Pole Shoe. 


Inside the pole shoe, the following three types of fields can be 
distinguished: 


(a) H,, = 0 for all values of x, but J, is not zero. 
(b) J, = 0 for all values of x, but H,, is not zero. 
(c) H, = 0 and J, = 0, for all values of x.* 


In fact, by the well-known principle of superposition of fields 
on a ‘linear’ electromagnetic circuit, any general tooth-ripple 
field can be represented as a sum of these three types of field. 


(6.2.1.1) Field of Type (a). 

The restrictions on J, are, as stated in Section 6.1, that J, 
must be a periodic even function of x with period 4, and it must 
also vanish on x = + /h/2. Instead of expanding J,, in a Fourier 
series in x of period /, it is more convenient to expand it in a 
Fourier series of period 2h, although, of course, this series 
represents J, only in the range —h/2< x< + A/2 and not 
beyond it. For such a series, the condition that J, must vanish 


* The field of type (c) is evidently included within types (a) and (b); it is singled out 
here as a separate type since it becomes of special importance, as will be seen below. 
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on x = +h/2 simply implies that only the odd-order terms 
remain, namely terms of the type 


cos c a | 


n being any integer including zero. It follows from eqn. (4) and 
condition (14) that the dependence of such a term on x, y, Z 
and ¢ is of the form 


1/2 


cos jen AF N= |e | —2[e+en+p ey F +j(t—ky) 


Adding all such terms, each multiplied by an arbitrary constant 
a,, it is established that 


2 1/2 
a, COS jon ae = |e |: —2[ 2+ Qn +1F ie +4] +j(@t—ky) 


iMe 


Since H,. = 0 for fields of this type, it follows from eqn. (1) that 
OH alls 
oy OZ 


oH, _ oy _ 
ee z2 


=0 


also, by eqn. (2), 


These equations may readily be solved, and the solution not 
having the above type of dependence on x may be omitted 


aay Hz,Jx 
~-~Jy, Jz 


Fig. 3.—Field of type (a): H, =0,n = 0. 


since it will be included in the field of type (c). 
(see Fig. 3) are as follows: 


These results 


H®=0 
2 ; 1/2 

a,| #2 +(Qn+i~s+ st 

H® — h d2 
RLS ie aa De 
(2n + 1) ie == BP 

xX COs c ar Died eb a f 4i(ot—ky) 

TT Ora = — jk y “L 


7) 


Paks jen + i —2[2+Qn+1 2 + 5)" + jot—ky) 


ioe) A 
J@ = ¥ a, cos c m cae +i(ot—ky) 
n=0 


e ak a,(2n + 1 
Lats zy, ( — 
n= 2 
Qn+IY ots 


x sin & + pe —2[Ke+Qn4 1p 4 5 ” + i(ot—ky) 
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2 ; 11/2 
a,(2n + 1)| k2 + Qn + 120, + | 
Jo, ees > h d 
-7 3 sae 
0 (2n + IPS o 2 


i 


'? (otk 


2 
x sin [on + De —2[P+Qnt IPG + a 


(6.2.1.2) Field of Type (6). 


In this type of field, H, is to be a periodic odd function of 3) 
of period A, and is to vanish at x = + h/2. Hence #, can bye 
expanded in a Fourier series with terms of the type 


7X 
eal) ey 

sin ( me 
m being any integer excluding zero. Eqn. (4) and condition (14 f 
determine such terms as being proportional to 


lee +4)" 


Multiplying each term by an arbitrary constant b,, and solvi if 


are as follows: 


j 71/2 


CO 2 , 
HO S be sin Cee +a] tiot—ky) 
m=1 h 


jg bi ee = Pn 
m=1 7 Af 
2mn— abs 
(205) +p 


b mais + a ae 


Ho = 3 
Cer 
x cos (2m™*) o*[2+ (2m)? + Z]? sit0r—ta} 

J® =0 

2 aN ae 
for > bn| & " (27) +4] 
MARE (Sey smear) me 

(2m7) + a 


x sin (2m7*) 7+ ami) + 55)” +iormky . 
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aCe 


x sin (2m7™) ge 7+ (2mE) +5]? tior—Ky) 


| H,=0 and J,—0 
_\ follows from eqns. (1) and (2) that 


Cla Os & 

wy + 4 Y 
* oH OHS 
4 oy OZ 


ence if U is a function, also proportional to 
Rleiot—w)] 


ch that = ou 
i y oy 
‘ follows that HH, = oF 
oz 
: 2%U «(AU 
Neses = = 0 
oy2 0z2 


herefore U o e—kz+j(ot—ky) 


ilso, U(x) satisfies an equation of the form of eqn. (4), namely 
02U(x) ee 


Fig. 5.—Field of type (c): Jx = 0, Hy = 0. 


| Since H, and H,, and therefore U, are even functions of x, 
| follows that 


U < cosh ja Hs, | 
i; h 
a the range —3< SEK + 5 
With an arbitrary constant f, the results (see Fig. 5) are as 

Dilows: 

HO = 0 

Hijo = — jkf cosh k + Dig ject ter oo 

HY? = — kf cosh i + Daeg letter 

JO = 0 
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Jo = (1 + Daa sinh c +e Je erm 
on ae, kf —kz+j(wt—ky 
fe) yo la +a) ¢ PE ae 


It will be observed that, whereas the fields of types (a) and (b) 
attenuate in the radial direction at least as rapidly as indicated 
by the conventional ‘depth of penetration’ concept, the field of 
type (c) behaves quite differently. It penetrates to a much greater 
depth 1/k in the radial direction but falls off: along the axial 
direction on either side of the lamination interfaces; this type of 
field is essentially spread along the interfaces for a sufficiently 
thick lamination, where this ‘skin effect’ is more prominent. 

All the above contributions to the component vectors from 
each type of field satisfy individually eqns. (1)-(4a) and also 
condition (14), the contributions to J, and H,, duly vanishing at 
the interfaces. The complete field-intensity and current-density 
vector components are obtained as the sum of the respective 
contributions from each type of field. 


(6.2.2) Region z < 0: the Air-Gap. 

The air-gap field potential must be a periodic even function 
of x, of period h, since H and all its spatial derivatives have to 
be continuous at the planes x = + A/2 in the air gap. Accord- 
ingly, from eqn. (9), 


= 2 T\ 2711/2, . 
Q = > Im COS (2m7*) e7[ + (2mF) ] +i(wt—ky) 
ae ‘ + D sinh (kz)esot-ky) 


where D and q,, are arbitrary constants.* The positive sign of 
the coefficient of z in the above series is determined by the 
condition that Hy, i.e. 0Q/dx, must vanish as z—> — 00 (see 
Section 6.1), and the last term in the expression for Q arises 
because this same condition does not affect any part of Q which 
is independent of x. In fact, the e~** part of this last term 
represents the inducing potential field that produces the entire 
phenomenon, since all the other field components in the air-gap 
diminish with distance from the pole face; the chief task is then 
to determine @,, b,,, J, and f in terms of D. The coefficient D 
can in turn be expressed in terms of the static tooth-ripple flux 
density at the pole face, as shown in eqn. (17). 

The boundary condition [eqn. (12)] is next satisfied, con- 
sidering the sum of fields (a), (6) and (c) inside the pole shoe and 
the Q-field outside. Solving the resulting equation for q,,, it 
can be established® that 


QO = eilot—ky) y (—1)" cos (27) eLe+mgy ]? 
m=0 


4 ; 00 na, ce) 
ea 22m) Woe 4 yo = Ano 


2 1/2 2 
+ (Qn+1PZ 4% pale 
. i ely 
Cys ee i (2mm) mee 
h2 d2 h d2 
sinh | (1 + /) | 
+ (1 — 8 p0)(1 nna stl +a] ath 


(amr) + a 


+ D sinh (kz)eot—y) (15) 


* All intermediate algebraic steps have been omitted from the paper owing to lack 
of space; these details will be found in Reference 8. 
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where ? by = 0 these components, for the region z > 0, can be written dow} 
as follows: 
d 5 i fon771— 0 
= oS (a) 
.s m0 ~~) 0 for m #0 Fee As 
; Hiab, aie ky) m0 . 
H,,, H, and H, are obtained from eqn. (15) by virtue of eqn. (8). =(1 get) esr ipa y 2a hah) 
The undamped tooth-ripple flux density B, at the pole face is ried eth 
given by* 2q2|-112 
aE (ne ya | 
d Yon eee jon a nee 
B, =. [Lg E [D sinh (kz)ei@! -»1] 2n + 1 h 
Ve i apa ye 
me [ighDeNt—").. 2. Fi atone athescinang on (1S) xe [Pte ta] 5 ae 
J, = J@O4 9) Def 
so that Das}. ahatdeatcanadae nate el 
Hok 


: B, ee (oe) ; jared —3/2 } 
; = (1 —fk—— ei@'t-&) S} (—1)"a,| 7+ An +1) re 

B, denoting the amplitude of B,, and therefore also the amplitude HBo n=0 

of the static tooth-ripple flux density at the pole face. ’ 

og jn ae ee ae i 


(6.3) Complete. Expressions for Vector Components for 


the Region z > 0 fe nlle Bg ciate) y (—1)"2™ sin (2m=*) 
The evaluation of the arbitrary constants a,, 5,, and f in md? Bo m=0 m h 
terms of B, is performed by making use of eqns. (10) and (13). mes 
The algebra involved is rather complicated, even after con- Ke en 2Le+ (amt) +5)" re 29 iB, gi(ot—ky) 
siderable simplification has been made by imposing certain 2d? Bo 


restrictions on the values of the parameters (but only such as are iS 
quite legitimate for laminations usually employed in practice, sinh [ ibe Dae | 
namely p, of the order of 100, h/d of the order of 10 and kh x ew tT ANA al kz 
of the order of unity); the essentials of the work will be found ; : h 
elsewhere. Expressions are then obtained for the current- sinh ja iF ara | 
density and magnetic-intensity vector components. Using the 
definitions J, = IJ@ +I +I 
; a2d2 |—3/2 
E + (2n + 1)? Rp | 


ad oo 
En 5 Sago ar Oe graie hy See re 


242-112 
E On reed 


ad 2 
In & = 2 Gee Dy FIP Qn + 1)? — 4n?] 


1B 00 
= (1 + fy—= —Lgi@t—hy) —1)"+1a,, 
d+); HBo et Pica 
ype 
x E + (Qn + tea sin |x . yp | 


fesonsng egy MB 


: x € 5 A ei(ot—ky) 
= {VQ — kd] + jkd* cot fa ~Dxtya| co 2-1/2 
a/(2)d ag als nd Xx 
te x 2 1) nl j + (2m | sin (2m=*) 
j (2n + p20 ee 2. 74172 
hie ue he | = z)ii+- (2m) ade)? aay Gree ae 
aL: a SS, a ee xX é [ ( 9) z ge ioe t ee 
Vilas TONG elie ee eRe sin | +a | 
ibe ([1+ (ent) $C ap=> ¥ jee OCR cat 
inh | (boy) : 
x {[VQ—kd] + Jka} cot ja De 7 |en(™) = i Daa | 
H, = H® 
AY (Qk, pad ) 
+ pI, (= kB. co 2712 
a4 G ) her chee oS (mma a (2m | 
el”: M2 Qarpd m|? >) x sin (amo eeemh) tal” |. 


* Strictly, the term independent of x (corresponding to m = 0) in the series in = H® (b) (c) 
eqn. (15) also contributes towards &;, leading to the exact result: : H, Hy 2 Hy 2 Hy 
1\ & 
D=(1+—) meee © 
Ur) wok = (0 +)j— —eller-m) > (—1) 
md HBo n=0 


Since py is quite large in practice, the error involved in eqn. (17) is negligible. 


Dis PAE =| 
aE + Qn + ya | 
2n +1 


eu 2 T™2 9 fan 122 
ae 2[k +Qn+ 1p +5] 


x 


cos & + y=] 


E ei(ot—ky) Sie 1yn+1 


m=1 


27-112 1 
x Ya + (2m | COs (2m ¢ Ped aaa Cass A +2 iy? 


+ j2kd—— B, 
L-Bo 


ee ae [a ees) 
ake! sd Dx @a sree ce ky) ghz 
sinh i ek 
| (22) 
i= H® fe H® ae Ho 
. 2 SESS I See nth : 
=) ii fase ee ane 2 (1) nel 
ad 312 7X 
«|i + (2n + 1)? a cos [on + eel 
x eee + ont re E+ Fs sis 5 cal B, i(cot —ky) 1ym+i 
ca pga nae Dy ae yoy 
x COS (2m™ \e —2[Ke+ (2m 7p)" Soles at —Darexg 
cosh a +) a 
x Fe hei. ved g—kz (23) 
Po 


lhe expressions for H, and H, in eqns. (22) and (23) indicate 

‘zat only parts of the tooth-ripple field penetrate a lamination 
‘» the order of the conventional radial ‘depth’ d from the pole 
ice. With a sufficiently thick lamination, a major part of the 
eld penetrates it to a lateral depth of the same order from its 
‘uterfaces with the adjoining laminations, and its attenuation 
\ith radial depth is comparatively much slower (Fig. 6). This 
{ the crucial result of the above analysis. 
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H denoting the complex conjugate of H. Using the symbols 
M= AlHore = HeETO Ee Hos es HoT 


fe HO ans Hoo au HOI@ es HOI), ny 


and N=2[H,J2 — HJ,),-0 


it can be shown® that the tooth-ripple eddy-current loss per unit 
area of pole face is given by 


pe rie Maz + [ nae] 


(8) RESULTS AND COMMENTS 


Although it has not been possible in Section 7 to present a 
formula for the tooth-ripple eddy-current loss in a directly 
comprehensible form, in terms of the basic parameters,* the 
process of loss calculation is not, in fact, as difficult and time 
consuming as it might appear; indeed it becomes quite simple 
if the laminations are rather thin. In such cases, the axial 
component of the magnetic intensity becomes negligible, 


1.€: Dee 


considerable simplification being thereby achieved, 


a, = +/(2) cot a De 


for all values of n; 
Bore {- pot poe pie cot la — Dx iag |eo(%)} 


and y,, ~ 0, for all values of m. 
For an experimental machine in which 


N= 2 44510 emetre. 
bt, = 1200 (assumed). 


w = 3770rad/sec. 
p = 20 x 10-8 ohm-metre (assumed). 


(24) 


namely 


it is found possible to admit of such simplification with practical 


Pole -face 


(7) EDDY-CURRENT LOSS 


| In view of the complicated nature of the expressions obtained 
r the current-density vector components, it is more convenient 
> nake use of the Poynting vector for the calculation of the 
dd»-current loss. Thus, in the absence of hysteresis, 


2r/w 


‘Eddy-current loss = — px | [AJ x H). ds]dt 
0 RY 


-5[4/ (A x J). ds| 


Fig. 6.—Tooth-ripple flux penetration in a thick lamination: Lines of constant H: (Not to scale). 


impunity for a lamination thickness not exceeding 1:6mm. 
However, the appropriate resistivity and permeability figures 
being subject to considerable variation, it is difficult to lay down 
a rigid rule. It is not possible either to foresee from eqn. (24) the 
influence on the losses of the various parameters involved, until 
a sufficiently large number of calculations have been made. 
From sample calculations’ for the above experimental machine 
with four different thicknesses (namely 0:40, 0-80, 1:59 and 
3-18mm) of pole punchings regarded otherwise as similar, it 


* It may be possible to present at a later date curves for certain modified parameters 
in terms of basic, dimensionless parameters like h/d and kh, which would permit of 
a much quicker estimation of the loss. 


can be confirmed, however, that, even in the thickest punching 
considered, more than 60% of the total tooth-ripple eddy-current 
loss arises from the mode of pulsation that penetrates deeply 
into the pole shoe. The term ‘pole-face loss’, meaning a loss 
occurring at the air-gap surface of the pole shoe, would thus 
appear to be a misnomer if used to indicate the total loss in 
such laminated pole-shoes. 

Also, in the 0:40-0-80mm range of lamination thickness, 
the total calculated eddy-current loss is found to be roughly 
proportional to h!'8, while in the 0-80-3-18mm range the loss 
varies approximately linearly with thickness (see Fig. 7). This is 
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Fig.7.— Variation of calculated tooth-ripple eddy-current loss with 
thickness of lamination. 


in close accord with the relevant experimental observations of 
Spooner and Kinnard? and other investigators, which have so 
far defied a rational quantitative explanation. 


(9) CONCLUSION 


The ‘skin-effect? phenomenon across the thickness of a pole 
punching associated with tooth-ripple flux pulsation had indeed 
been anticipated, even if only qualitatively, by Adams and his 
collaborators! and also by Spooner and Kinnard.? The con- 
tribution to the vector components from the field distinguished 
above as of type (c) gives a quantitative measure of this effect, 
ignoring hysteresis. It has indeed been obvious for a long time 


that the thickness of the pole punchings is one of the maj 
factors governing the tooth-ripple losses, but the exact charact ot 
of the part it plays has remained rather obscure. It is believ« 
that, in spite of the limitations of ‘linear’ macroscopic electr} 
magnetic theory, the present work helps to throw new light cls 
the phenomenon of tooth-ripple eddy-current loss and to expla 
some of its more obscure aspects. The results of an expel|): 
mental investigation described in, a companion paper? tend * ‘tee 


that an appreciable amount of tooth-ripple flux pulsation pen! if 
trates deep into the pole shoe and that such penetration | oi 
practically independent of the tooth-ripple frequency. 
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SUMMARY 


In a previous paper! expressions were obtained for the distortion of 
‘1c modulation when a frequency-modulated wave passes through a 
etwork whose group-delay and amplitude characteristics both exhibit 
mall departures from constancy. An ideal discriminator network has 
‘xe property that when it is fed with a frequency-modulated wave the 
mplitude modulation of the output is an exact copy (except for a 
‘ale factor) of the frequency modulation of the input. This’can be 
chieved by a network whose group-delay characteristic is constant 
d whose amplitude characteristic is linear. In the present paper the 
wsory given in the previous paper is extended to cover discriminator 
‘t2tworks whose characteristics exhibit small departures from these 
Vleal forms. Single-tone and noise-band modulations are considered. 
92 numerical examples are given, one being a design of 2-tuned- 
\<reuit discriminator, which is considered in relation to a 240-channel 
‘im. telephony system, and the other is an improved balanced dis- 
finiinator suitable for a 600-channel system. 


LIST OF PRINCIPAL SYMBOLS 


w, = Carrier frequency, rad/sec. 
ws = Difference between a general angular frequency and 
; w,, rad/sec. 
Wy = Frequency modulation, rad/sec. 
@», = Frequency of one component tone of wy,, rad/sec. 
®,, = Maximum value of w,,, rad/sec. 
©, = Minimum value of w,,, rad/sec. 
‘Peak’ frequency deviation (taken as 11 dB above the 
r.m.s. deviation), rad/sec. 
w, = Modulation frequency (single-tone modulation), 
rad/sec. 
Wg = Frequency deviation (single-tone modulation), rad/sec. 
B = Modulation index = w,/w, (single-tone modulation). 
$y = Phase modulation = fwa,dt, rad. 
Pom = Random phase angle associated with the tone of 
frequency w,,, rad. 
a = Amplitude of one component tone of wy,, (rad/sec)!/2, 


3 
S) 
I 


We = sin ) M: 
V = Amplitude of frequency-modulated wave before trans- 
mission through discriminator, volts. 
a, = Coefficient of nth-order term in expansion of dis- 
criminator phase characteristic in powers of ws/w,. 
b, = Coefficient of nth-order term in expansion of dis- 
criminator amplitude characteristic in powers of 
wal, wn 2 Dye 
3y. B,; = Coefficients respectively of zeroth and first-order terms 
in expansion of discriminator amplitude charac- 
teristic in powers of ws/w,. 
Co Boa, + Bia,_1: 


B, 
ee ot 
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p = Non-linear portion of discriminator amplitude charac- 
teristic. 

¢@ = Non-linear portion of discriminator phase charac- 
teristic. 

J,(x) = Bessel function of first kind, of order n and argument x. 


For the 2-tuned circuit discriminator, suffixes / and / denote 
circuits whose resonant frequencies are respectively lower and 
higher than the carrier frequency. 


8m and Zn, = Respective mutual conductances of valves V, 
and Vj, (see Fig. 1). 
v, = Instantaneous amplitude of f.m. input wave, volts. 
Wo; and Wo, = Resonant frequencies of the respective tuned 
circuits, rad/sec. 
Wy = Resonant frequency of a single tuned circuit, 
rad/sec. 
Q, and Q, = Q-factors of the respective tuned circuits. 
C, and C, =Total capacitances across respective 
circuits. 
C = Total capacitance across a single tuned circuit. 
7 and 7, = Efficiencies of diodes D, and D, (see Fig. 1). 


tuned 


(1) INTRODUCTION 

When a wave carrying frequency modulation but no ampli- 
tude modulation is passed through a network whose amplitude 
characteristic is accurately linear with frequency and whose 
group-delay characteristic is constant, the output is amplitude 
modulated by a precise copy (except for a scale factor) of the 
original frequency modulation.” This is the basis of certain well- 
known types of discriminator. In practice, both characteristics 
will depart from these ideal forms, and as a result non-linear 
distortion terms will appear in the outcoming amplitude modula- 
tion. The paper is concerned with the evaluation of these dis- 
tortion terms. 

In a previous paper,! an expression was obtained connecting 
the distortion of the phase modulation with that of the r.f. 
spectrum when a frequency-modulated carrier is passed through 
a passive network. With amplifiers, nearly matched aerial 
feeders, etc., in mind, the network was considered to be 
such that departures of its group-delay and amplitude charac- 
teristics from constancy (with respect to frequency) were both 
small. It will be shown that a straightforward extension can be 
made to the case of the discriminator network in which the 
group-delay characteristic exhibits small departures from 
constancy and the amplitude characteristic exhibits small 
departures from linearity. The expression to be obtained must 
now connect the distortion of the outcoming amplitude modula- 
tion (in so far as this is intended to be a perfect copy of the 
original frequency modulation) with the distortion of the r-f. 
spectrum. 

As in the previous paper, it is found that, in the simple case of 
modulation by a single tone, harmonic distortion levels can be 
evaluated using numerical values of the characteristics at side- 
band positions, even though the characteristics may not be 
known analytically. For more complicated signals the theoretical 
situation is not so satisfactory. However, when the charac- 
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teristics can be described by power series, an expression for the 
distortion can be derived in terms of products of powers of the 
modulation and its time derivatives, and for characteristics in 
which the higher orders are not significant, this approach can be 
satisfactory. The case of a modulating signal consisting of a 
flat noise band (simulating an f.d.m. telephony signal?) is con- 
sidered in some detail. 

As an example, the design of the 2-tuned-circuit discriminator® 
is considered from the point of view of minimizing distortion. 
It is concluded that this simple type of discriminator may not be 
entirely satisfactory for use in f.d.m. frequency-modulation 
systems carrying large numbers of channels when performance 
to C.C.LR. recommendations* > is envisaged. As a second 
example, distortion levels are derived for an improved balanced 
discriminator which is considered suitable for systems carrying 
up to 600 channels. 


(2) RELATIONSHIP BETWEEN THE DISTORTION OF THE 
OUTPUT AMPLITUDE MODULATION AND THE SPEC- 
TRUM DISTORTION PRODUCED BY THE DISCRIMINA- 
TOR NETWORK 

The undistorted wave entering the discriminator (supposed to 
be preceded by a perfect limiter) may be written as 


V sin (wt + dy) = Vcos dy sin wt + Vsin dy cos w,t (1) 
If it is known how to express cos 4, and sin 4, as sums of a 
number of tones, the right-hand side of eqn. (1) immediately 
yields the r.f. spectrum of the modulated wave. Consequently, 
we shall apply distorting characteristics to the right-hand side, 
and attempt to deduce the resulting distortion to the amplitude 
of the left-hand side. 
Suppose that the network phase and amplitude characteristics 
are perfectly linear, being represented respectively by 


Biws 


Ws 
ao + Gi and Bo + 
WwW WwW 


Cc c 

The linear coefficient in the amplitude characteristic is written 
as a capital letter to emphasize that, in contrast with the theory 
given in Reference 1, this coefficient cannot be treated as small 
in a discriminator circuit. The term a produces a constant 
phase-shift of all sidebands, and hence of the carrier only, 
without affecting the modulation of the emerging wave. The 
term (a,/w,)ws delays both the carrier and the modulation by 
an amount a;/w,. Both these terms can be neglected if it is 
remembered that after passage through the network the quantity 
t appearing in the signal is actually ¢; + (a,/w,), where tf; is the 
time of entering. To deal with By and B, we use a result due to 
Cherry and Rivlin, who show that, when ¢,, is any multitone 
signal, a network having an exactly linear amplitude charac- 
teristic and zero phase-shift acts as a perfect discriminator 
circuit, producing an output of the form 


B : 
V[Bo + > OM] sin (wt + dy) 
c 
= VA sin (w,t + dy) 
= VAcos dy sinw,t + VAsindycosw,t (2) 


Now, suppose that the phase and amplitude characteristics 
each depart from linearity by a small amount. The expression 
for the output in eqn. (2) will become 


V(A cos py + Aj) sin w,t + V(A sin dy, + Ap) cos w,t 


where A, and A, are distortion terms. If the corresponding 
distortion of the amplitude modulation is A, 


V(A +A) sin (w,t + by + 9) = V(A cos dy + Aj) sin w,t 
+ V(A sin dy + A,) cos w,t 
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where @ is a phase-distortion term. Thus, 
(A + A)? = (A cos by + Ay)? + (Asin dy + A)? 1h 
so that, to first order, 
A= A, cos $y + Agsingdy - . .. 


It will be noticed that this is very similar in form to the expri)> 
sion derived in Reference 1, which is, in the present notation, 


A = A, cos dy — A; sin by . . . . Gh 


An important difference, which has to be remembered wh} 
considering the combined effect of distortion due to amplif} 
circuits, etc., and to discriminator circuits, is that eqn. (\) 
represents distortion of the frequency modulation (after it hii 


been transferred to the amplitude of the modulated wave), wh} 
eqn. (3a) represents distortion of the phase modulation. 


(3) MODULATION BY A SINGLE TONE 
The modulated wave may be written as 
sin (wt + B sin w,1) 


where the amplitude has been made unity. j 

The amplitude and phase characteristics of the discriminat) 
network will be taken to be respectively Bo + (B,/w,)ws +. 
and ¢, where p and ¢ are each functions of frequency. Bo! 
characteristics are assumed to depart from linearity only to) 


to be small compared with Bo + (B,/w,)ws. : 
been remarked in Section 2 that constant and linear pha} 
terms produce no distortion: the former merely alters the pha} 


of the carrier and the latter can be accounted for by introducit}) 


linear terms have been subtracted from the phase characterist} 
to ensure that ¢ does not exceed a small fraction of a radielé 
over the r.f. band. Thus, second-order terms in p and ¢ ce}! 
be neglected. 

The detailed analysis is similar to that given in Section 3 ¢ 
Reference 1, and will consequently not be repeated here. In thf 
result, it is found that harmonic distortion ratios can be ca’ 
culated with the help of a Table of distortion factors, which ca 
be obtained by making the following modifications to Table = 
of Reference 1. The entries in this Table, in the columns heade 
‘Phase characteristic’, have to be multiplied by 8/2 for secon) 
harmonic distortion and by {8/3 for third-harmonic distortion if 
order to obtain entries in the new Table which are to be use} 
in conjunction with the discriminator amplitude characteristi) 
The entries to be used in conjunction with the (modified) di) 
criminator phase characteristic are similarly obtained fro1) 
entries in the original Table in the columns headed ‘Amplituc! 
characteristic’, with a reversal of signs. Second- and thirc 
harmonic distortion of single-tone modulation can now be foun 
from this Table by multiplying each of the values of p an 
[Bo + (Bi/w,)nw,|h at each of the sideband positions by th! 
appropriate entry, summing the resulting products, and dividin/ 
by Byw,/w,. J 


' 


(4) MODULATION BY A GENERAL SIGNAL: 
CHARACTERISTICS EXPRESSED AS POWER SERIES 
When the phase and amplitude characteristics are expresse 
as power series with respect to frequency, it becomes possible t 
evaluate the distortion of a general signal within certain, quit 
wide, restrictions. This is of practical importance when th 
characteristics can be represented sufficiently closely by the firs 
few terms of their series expansions. Such is the case, fo 


ample, when the network is a resonant circuit and the carrier 
quency is situated on the more-or-less linear part of the 
mplitude characteristic, the frequency excursion being not 
jo large. 

The conditions that need to be satisfied are that all differential 
veflicients of da, with respect to time exist, and that cos du 
ud sin by, can be represented by some suitable number of tones. 
Let the amplitude and phase characteristics be respectively 


or ag + bo + Ge + mkt a ot = 


...=Bot 5 


Cc 
a a2 a3 : 
d a + —w;s + 4wi + —w2...= d(w.+w 
0 w, 5 ww 8 ws 8 $( c 3) 


and b, being supposed to be very much less than By and B, 
yspectively. They are inserted for analytical completeness, 
though in practice (e.g. in the case of a characteristic exactly 
20wn, such as that in Section 6) they could be absorbed into 
, and B,. It is assumed, as before, that the major portions of 
constant and linear terms have been subtracted from ¢. 

1 Then it can be shown (Section 8.1) that the distortion appearing 
the amplitude modulation of the outcoming wave is 


bX? + ¥2) + eee eeXIY) = 2 (xx + YY!) 


c 


#8. °3 (yy — YXM) + Ds (yy ae 0s) 
w3 we 


+ yyy — yxy —... + Levxr + yyy 
We Ww 


c 


a = ( S@gie a ais hy XXMI 4. YU 
We We 


= A XY — YX) 4 (XXV YY”) +... @ 
We We 

‘mere the superscripts denote differentiation with respect to time. 

“Explicitly, the first few terms of the amplitude modulation are 


‘{ follows: 
, Bit), 
WwW 


by b; 
; Varn eit) as qiem) 


» + bo 


bs 


at proven — 3(w),)? — 4wywl)] 


b 
+ = sl(@m® — 1Swy(wh))? — 10(wy)?w] +... 


c C3 C4 
i apo us 353 0MoM + cil (Om) he — oF] 
fe [10(om) hy —10e4 wll, — Swywl] +... (5) 
Cc 


mg being here taken as a function of (t + A,/w,), where A,/w, 
the coefficient of the linear term subtracted from the phase 

a:acteristic. 

Distortion products associated with the phase characteristic 

2 een to be in quadrature with products of the same frequency 

seeiated with the amplitude characteristic. 

‘fi does not appear possible to derive the leading terms of 

ypression (5) from quasi-stationary arguments alone. The 

ason for this can be seen by treating the discriminator circuit 

+ 0 successive stages, the first having the phase characteristic 
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+ p(w, + ws) 
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of the original circuit and unity amplitude characteristic, and the 
second having the amplitude characteristic of the original circuit 
and zero phase-shift. Then the leading terms of the expression 
for the distortion of the final outcoming amplitude modulation 
depend in part on the amplitude modulation generated in the 
wave emerging from the first stage, which is not predictable by 
quasi-stationary approach. 

If the characteristics of the amplifier circuits preceding the 
discriminator can also be expressed as power series, the results 
of the present section can be combined with those of Reference 1 
to give the total distortion due to a system consisting of an 
amplifier and a discriminator with intervening perfect limiter. 
It is then seen that the distortions due to the phase charac- 
teristics of the amplifier and discriminator are in phase, as are 
those due to the amplitude characteristics. Thus some com- 
pensation of distortion due to a characteristic of one of these 
system elements may be achieved by suitable choice of the 
appropriate characteristic of the other. However, distortion 
terms of the same order turn out in the two cases to be quite 
different functions of wa, and its derivatives, so that complete 
cancellation does not seem possible when w,, is made up of more 
than one tone. 


(5) NOISE-BAND MODULATION 


For test purposes it is customary to simulate an f.d.m. tele- 
phony signal by a band of random noise having a flat power 
spectrum extending between the frequencies occupied by the 
upper and lower speech channels. When this is applied as a 
frequency modulation we can write wa, in the form 


Om 
Oy = 4 Y COS (Wt + Daryn a, lhe 46) 
Om = Om 
where w,, is supposed to increase in steps of 1 rad/sec. 

c,, Will in general be much less than @,,, and it will be 
sufficiently accurate for the present purpose to take it as zero 
(or unity, whichever is convenient). 

A derivation of the non-linear distortion generated by the 
terms up to bs and cy, in expression (5) is given in outline in 
Section 8.2. General expressions applying at any base-band 
frequency are quite lengthy. It will be sufficient here to give 
formulae relating to the upper end of the base-band, where 
distortion tends to be worst, and these are given in Table 1. 


(6) EXAMPLES 


(6.1) The 2-Tuned-Circuit Discriminator 


The 2-tuned-circuit discriminator, shown in Fig. 1, is widely 
used in trunk radio systems. In this arrangement, valves V, 
(mutual conductance g,,;) and V, (mutual conductance g,,,) 
feed, from a common input signal v, (angular carrier frequency 
w,), two parallel LCR circuits, of resonant angular frequencies 
Wo)(@o;/@_ < 1) and w9;(Wo,/w, > 1), and Q-factors Q; and Q;,. 
The total capacitances across each circuit are C; and C,, and 
diodes D, and D,, of efficiencies 1, and 7, respectively, detect 
the amplitude modulation produced by the parallel LCR circuits 
when v, is an fm. wave. With the diodes connected as shown 
in Fig. 1, stage S subtracts the diode outputs to give the resultant 
discriminator output. 

Various sources of distortion are: 

(a) Non-linearity of the amplitude characteristics of the tuned 
circuits. 

(b) Non-linearity of the phase characteristics of the tuned circuits. 

(c) Amplitude modulation of the input wave. 

(d) Harmonics of the carrier appearing in the anode circuits of 
the valves Vj and Vy due to non-linearity of the valve characteristics 


or to harmonics in the input wave. 
(e) Non-linearity of the characteristics of the diodes Dj and Dp. 
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Table 1 


EXPRESSIONS FOR DISTORTION/SIGNAL IN Top CHANNEL (NOISE-BAND FREQUENCY MODULATION) 


Distortion mechanism 
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Second-order, due to amplitude characteristic 


Distortion/signal in top channel (voltage ratio) 


+ (2) lo 96 + 5 (22) | 
+ (2) yom +a) «12 (8) 


0-28 22 peti 


Third-order, due to amplitude characteristic .. as ai es 


Fourth-order, due to amplitude characteristic 


Fifth-order, due to amplitude characteristic .. 


0-04 (22) "3 {12 22) oy [19 24+5(2a 1 
We Op H 

bs ony 410 [Om on) Tey 
ol (") eat eh iL 


3b4 
0-077 z 
0:47 (ay pies 
B, 


Second-order, due to phase characteristic 


Third-order, due to phase characteristic 


We shall consider only quantitatively distortion due to (a) 
and (6), although the choice of tuned-circuit parameters is to 
some extent influenced by the desirability of minimizing dis- 
tortion from the other sources mentioned. There are five 
independent parameters available, namely wo, and wo,, Q; and 
Q,, and C;/C;,. This latter ratio determines the relative voltages 
applied to the two diodes, which may also be controlled by 
adjustment of the ratio 2,4)/%nn- 

A detailed discussion of the considerations leading to a choice 
of parameter values would be out of place in the present paper. 
The following much abbreviated outline is offered to indicate 
the line of thought adopted. 


(6.1.1) Basic Formulae. 


The modulus of the impedance Z of one tuned circuit, at 
angular frequency w, + ws, is given by 


Ow, Wo 
Vi + @ a 
2 
where Q = w CR, and the suffixes / and h have been omitted. 
The choice of 1/w,C as a normalizing factor somewhat simplifies 
the detailed analysis. 


The phase angle ¢ is given by 
Wo 


p= arctan o(- os - ty 


The right-hand sides of eqns. (7) and (8) have to be expanded 
in powers of ws, in order to obtain the coefficients required in 
eqn. (5). This is straightforward in principle, although the 
formulae increase in complexity as the orders of the coefficients 
increase. These coefficients are functions of Q and w,/wo, and 
the final discriminator design is conveniently based on families 
of curves showing values of each coefficient plotted against 
w,/W 9, for various Q-factors. 

Then, from eqn. (5), the envelope of the voltage across the 


|Z|w,C + (7) 


Wo 
We mae Ws 


(8) 


0-42 op)" (22)e o3 


0:28 


a) Man) 


tuned circuit when fed from an f.m. constant-current sour. 


I = |I| cos (w,t + day) is 
I | 
r= Hla, + 2 + henge st am + + 3 (44)? | 
b | 

+ ee — 3h, —4oyol] +... | 


C2 (E C 
BEE) NEC RS Pays tt Dy Ji I 
lege! 33 Mm —il (a) Oh wt] 
Cc €; Cc 


+ S [0p why — 10chco't, — Sern] +. 
c 


The term in cy is not of importance in the transmission © 
multiplex telephony, since it contributes no intermodulatio: 
distortion. It does, however, give rise to a varying phase-shil 
across the video band, and this would cause distortion of 
television transmission. 

The mean amplitude of the voltage across the tuned circuit i 
given by the By term in eqn. (9), the modulation signal componen 
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. given by the B, term, and, in general, distortion components 
f the modulation signal in the envelope arise from all the other 
rms. 

| If the constant-current source is a pentode of mutual con- 
uctance ¢g,,, 


| | ci &mlYe| 


‘here \v,| is the amplitude of the grid-cathode p.d., henceforth 
cferred to as the discriminator input. Assuming that the 
etection is linear, the output from the tuned 2-circuit dis- 
riminator is given by 

De (wy) 


wile ee st ay ei ie = ae a by, 
Me Cy Cy ee Cr Cys we 


i é be. = (way)? sé bay zt) dee 1 


Cia C,/ 92 Se ws 


+... 43(a— a eule yt 


C; .G w3 O) 


which it has been assumed that 

Em — mi = &mh 
ad 7 = 1 = % 
_, and B,, are of opposite sign if wo,/w, <1 < wo,/w,. 
The difference in group delay, (a,, — a;;)/w,, of the tuned 
rcuits at the carrier frequency has been neglected in writing 
n. (10). When this difference is taken into account, the 
jefficients in the equation no longer have the form of simple 
ibtractions but must be obtained by compounding two vectors 
it quite in anti-phase. A discriminator design which relies on 


yncellation between the two sides must, of course, make suitable 
owance for this effect. For the design given below, 


ay 
(63) 


_ Mh _ 2-14 x 10-9sec 


c W. 


that at the top of the base-band (1-052 Mc/s in a 240-channel 
stem), the phase difference is about 0°8°. This particular 
sign is not based on cancellation, so that the modification to 
¢ coefficients in eqn. (10) can be considered negligible. 


1.2) Determination of Parameters. 
(wo initial requirements, which use two parameters, are 


Bor _ Bon 
wa ge in Pe ey 11 
- C (11) 

By, Bip, 
1h Se ee 1D 
| H C; C;, ~ 


‘ere, as in the previous Section, the B’s are coefficients in the 
‘»ansion of the right-hand side of eqn. (7). The purpose of 
a. (11) is to minimize distortion due to amplitude modulation 
he input signal (it being assumed that 7, = 7, and g,,) = mn): 
ons. (11) and (12) together ensure that the operating conditions 
“he two diodes are similar, with the object of reducing, through 
eellation in the stage S (Fig. 1), even-order distortion arising 
« the two diodes. 

The remaining three parameters of the two tuned circuits are 
w chosen with the aim of minimizing distortion arising from 
excuits themselves. Two alternative courses are 


| &) To make each of the contributions of the two tuned circuits 
4 ene or more of the coefficients in eqn. (10) separately zero. 

"| ©) To make the contributions equal and of the same sign, in an 
‘-mpt to achieve cancellation. 


™ ¥or. 104, Part C. 


The performance of designs based on each of these approaches 
depends on the stability of circuit elements and of frequency, 
but the performance of a design based on course (4) also involves 
the stability of 2.4, Sm N, and 7); course (a) has therefore been 
taken. Only one source of distortion can be dealt with in this 
way, since two parameters are required to minimize each dis- 
tortion source. The best choice appears to be the second-order 
distortion associated with the amplitude characteristic, since 
this tends to be the highest component generated by each tuned 
circuit. Thus, the resonant frequencies are chosen so that the 
carrier frequency lies at the point of inflection of each circuit. 

There remains one parameter, in terms of which all the others 
can be expressed. Let wo,/w, = y, say, be this parameter, and 
put w/w, = x. The requirement that the second-order ampli- 
tude characteristic shall be zero imposes the condition 


bess on Rare Meee 
and it can be shown that, from eqns. (11)-(13), 
Beh aes ; (14) 
ese ares oe 
COR om a td 
Ba GS we 


The choice of y depends on a number of conflicting con- 
siderations. The third-order amplitude characteristic distortion 
(and hence any second-order amplitude characteristic distortion 
due to a small shift of the carrier frequency), and also the fourth- 
order amplitude-characteristic distortion and the second-order 
phase-characteristic distortion all decrease as y increases, 
although for the last two components the rate of decrease is 
slow when y exceeds 1:3. Distortion due both to amplitude 
modulation of the incoming wave and to non-linearity of diode 
characteristics is expected to increase as y increases. Quantitative 
consideration of these effects suggests y= 1:25 as a good 
compromise value. 


(6.1.3) Distortion Levels. 

The coefficients required for evaluating distortion components 
from the formulae given in Table 1 can now be determined. 
They are as follows: 


b,/B, = — 00358 
b,/B, = — 7-15 
b,{/B, = — 14-75 
c3/B, = — 3-67 


The non-zero value of b,/B, follows from the assumption of a 
drift of 0-1 Mc/s in the carrier frequency, which is taken in this 
example as 60 Mc/s. 

Suppose that the maximum modulating frequency, @,,/27, 
is 1-052 Mc/s and the peak deviation wp/27, is 2-3 Mc/s (corre- 
sponding to a 240-channel system in which the r.m.s. deviation 
per channel is 163kc/s). Then the distortion levels calculated 
from Table 1 are given in Table 2. 

13 
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Table 2 
DISTORTION LEVELS FOR A 2-TUNED-CiRCUIT DISCRIMINATOR 


DESIGNED AS IN SECTION 7 (240-CHANNEL SYSTEM) 


] 

es . : 
Distortion/signal 

ratio in top 
channel 


Absolute distortion 
level in top 4kc/s 
channel 


Distortion mechanism 


dB dBmo 
Second-order, due to amplitude —64:7 —76°5 
characteristic 


Third-order, due to amplitude —56-6 —68-4 
characteristic | 
Fourth-order, due to amplitude —83°-9 —95-7 
characteristic 
Second-order, due to phase —59-7 —71°5 
characteristic 
otal. —54-4 


The trend of the distortion levels suggests that higher-order 
terms in both characteristics will contribute negligibly little 
distortion, but this cannot at present be verified directly for noise- 


band modulation. Using single-tone modulation it is possible 
to work out harmonic levels due to the first few terms of each 
characteristic, and also, from Section (3), those due to the 
complete characteristic. When the tone is inserted at the same 
r.m.s. level as the noise band, it can be verified that, for single- 
tone modulating frequencies lying within the modulating noise- 
band frequency range, both second- and third-harmonic dis- 
tortion are dominated by the mechanisms listed in Table 2. 

The distortion aliocation for a single demodulator depends on 
C.C.I.R. requirements* > for a complete system, and also on the 
distribution of this total distortion among the various units of 
the system. This is a complicated matter which cannot be 
gone into here. For purpose of comparison with the level shown 
at the end of Table 2, it will merely be stated that for a 2500km 
system a distortion breakdown thought to accord as well as 
possible with existing data leads to an allocation of —69dBmo 
distortion in the top 4kc/s channel per demodulator. 

Thus it appears that, at least in the form developed here, the 
2-tuned-circuit discriminator will be somewhat inadequate for 
240-channel systems. For systems carrying larger numbers of 
channels the performance of this type of discriminator will fall 
even further short of the requirement, and more complicated 
networks must be considered. Asa second example, the following 
Section treats one form of balanced discriminator proposed for 
600-channel systems. 


(6.2) Improved Discriminator Design 


Circuit diagrams of the two halves of this balanced dis- 
criminator’ are shown in Fig. 2. 

The amplitude and phase characteristics, expressed as power 
series in 6 (i.e. ws/w,), are as follows: 


Positive-slope network. 
Amplitude characteristic (normalized with respect to the coeffi- 
cient of 6): 
0-214 + 6 + 0:00062 + 0-00063 — 0:-00064 
— 0:00065 — 473-766... 
Phase characteristic (radians): 
— 1-336 — 8-1986 + 0-18162 — 23-08163 + 2:06664 .. . 


Negative-slope network. 
Amplitude characteristic (normalized with respect to the coeffi- 
cient of 6): 
0-214 — 6 + 0-00062 — 0:00063 + 0:00064 
— 0:00065 — 475-466 
Phase characteristic (radians): 
—— 11319—,8-1935— 0-10962 — 22:81463 — 0-45064 . . . 
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15:85pF 


O:790#H 


8-75pF 


0:4014H . 
2402 f 
0:734pH | 9-62pF <4 


0: 987H 


(b) 


Fig. 2.—Improved discriminator design for 70 Mc/s i.f. stage. 


(a) Positive-slope network. 
(b) Negative-slope network. 


of the second-, third-, fourth- and fifth-order terms in th) 
amplitude characteristics disappear. This is, in fact, a desis : 
basis of these networks. F 

Distortion levels derived from the formulae in Section 5 a1” 
as given in Table 3. 


Table 3 


DIsTORTION LEVELS FOR POSITIVE- AND NEGATIVE-SLOPE — 
NETWORKS 


Distortion level 
in top 4kc/s channel 


Distortion mechanism 


Negative-slope!} 
network ‘ 


Positive-slope 
network 


dBmo 


dBmo 0 
—60:7 


—60-5 


Second-order, due to phase charac- 
teristic 

Third-order, due to phase characteristic 

Second-order, due to amplitude charac- 
teristic (sixth-power term) 


—75-4 
—90-0 


—15-4 
—90:0 


The signs of the coefficients are such that subtraction of th? 
outputs from the two sides of the discriminator results in car} 
cellation of the main term of the second-order phase-characterist:) 
distortion and reinforcement of the main term of the third-orde! 
phase-characteristic distortion. If it is assumed that, in practic 
a 14dB reduction of the main second-order distortion teri! 
(and hence a 20dB reduction in distortion/signal ratio, since tk} 
signal voltage is itself doubled) can be achieved in this wa‘! 
we arrive at a residual second-order distortion of —80-5 dBm 
Thus, the total distortion in the discriminator output due 1) 
circuit non-linearity comes out as —74- 3dBmo—some 5d 
better than required for multi-channel working. 
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(8) APPENDICES 


8.1) Form of the Distortion when the Network Characteristics 
can be represented by Power Series 


Eqn. (4) can be obtained directly from Cherry and Rivlin’s? 
*xpression for the r.f. spectrum of a frequency-modulated wave. 
n their notation (except that w, is used for the carrier frequency, 
n place of their wp), 


Ss 
7 sin & ati COS (C.F 1 <) | 
s=l 


= >) VIIa) | cos ott —08 +30 28. | (20) 


(Gs) s= 


Where d,=wtte, «= > %,, and the summation & has to 
s=1 

we carried out over all possible sets of values of («,) where «, 
iaay have any positive or negative integral value, or be zero. 
| S 
Writing 6, for }) «,w 


s=1 


;» the right-hand side of (20) becomes 


S as 
>; r| al 14m) | cos c + 6)t+ (a — D> — a6, | 
Se Sa 
We assume, as in Section 3, that the amplitude and phase 
haracteristics are respectively By + (B,/w,)ws + p and ¢, the 


Symbols having the same meaning as in that Section. Then, 
e spectrum of the wave emerging from the network is 


a | > By 0,7, )| | Bo = Ay + p(w. + 5) | Cos c +6)t 
Cc s ? 
+ (a — D> + ae, + d(w, + 6,) 
s=1 
<xpanding to first order in p and d, this becomes 


1, J] 11 32(0m) ]| Bo +218, 0 | + 80» 


s=1 


eae 
+(a— 5 = > 6, | i yh TI Ja,(™, ) 


(4s) cl 


Si. 


pln, + «) €05| (0, + 6)t+(« — Ia f+ Sa 
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=>) a 11 Sag, | E eh a8 : 


(&%s) St 
d(w, + 5,) sin c + 6)tt(a— > = > 2.0 (21) 
s=1 


The first summation represents the spectrum of a frequency- 
modulated wave which has passed through a network having 
linear amplitude characteristic and zero phase-shift. Cherry 
and Rivlin show that this can be written as 


B : 
y| By + bi, | sin fot + dy 


s 
where ¢az is the phase modulation, ie. $) m, cos (w,t + €,), 


s= 

and the dash denotes differentiation with respect to time. 
Suppose that p and ¢ can be expressed as power series of the 

form 


by by 2 
Bas pastime a 


and ee et 
Wo Wo 


respectively, and put 
B 
(By + =8,) (a + 18, +382 +...) 
c c c 
Cy (6) 
° = C0 che sate 


Then, expression (21) may be written in the form 


My Y| II J..(m, ) 


(as) S= 


v| Be +265, sin (wt + dj.) + sin wt} 
Ss 

bo als ses 5) .. | sin Scion +3 ae, | 
Oa Oe ipdiapecal 


=> v| it i J..(m >| feo “1 6, +2 got Joos [s+@—03 


(4s) Ls=l 


+5 = cc |\ + cos w cH SS | it TI Ja,(m >|] +2 ae al rai 


s=1 (as) c=) 


S 
D2, r| Il J 2A] 


(%s) st 


Cy C2 95 A 5 Ga S 
Co + ae + axe + 22») sind 6.7 l= eas, 
(22) 


02... 00s] r+ —05 +3a0,]- 


Put 3 Pa 
X= cosdy= — >, | [1 Jam) sin E wee 1) > +3 ae, | 


(@s) Ls= 
and 


= sin Oy = | im | cos] 8+ — 05 + 3ac,| 


(4s) 
(Reference 1, Section 9.4). 
Then, it is readily seen that expression (22) may be rewritten as 
V[Bo + Bidbsz] sin (wt + hay) 


bee boxe by YM | by XIV 
ee ea 


+ V sin wrt| box 
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CyXT  coXM cg XMT cy XIV 
— Cy) 0 5 at ae Peas 

Wo Wo We We 

ne yO Catal PO ee BELLO Tapp Ie 
+ V cos w,ft} 9% : we w3 wi 
xii Yl eX c,YHE . cyXl a 

at a ny 


Finally, from eqn. (3), the distortion of the amplitude modulation 
of the emerging wave becomes 
b,yYu 
we 
co YU 
we 


Io hyde 
+¥| my — 24 —- +> + 


by y! b,XU 
ws 
x! 
= CoV + a 


b, XIV 
We 
c,XMI 


3 
We 


X| box + 


c4yi¥ 

ma +...| 

(Gg We 

bX 
w 
pel? 

ae +...| 


4 
Wo 


by 


4 
Wo 


2 
We 
XU ¢, Yl 


3 
Qe 


Cy ye 
W. w2 


++ CoX + 


by 
= bf X2 + Y*) + “Lexy! — X!TY) — 3 (Xa + YY) 
c c 
_>3 (yy — ymryy +... + Lcxxt + vyn 
we We 


Gey yi NITY ye ary yily 
w2 w 
This is eqn. (4). 


(8.2) Derivation of the Expressions for Intermodulation Distortion 
using Noise-Band Modulation 


Lewin® has derived some very general results for the distortion 
due to powers of a flat noise band. 
Suppose that the noise band has the form 


on 
Wy = 4 >) COS (Wat + Pu,,) 
Om = 


(23) 


Lewin’s formulae give the amplitudes of distortion components, 
generated when wy, is raised to some power, which are either 
coherent with components generated by some lower power of wa, 
or incoherent with distortion due to all lower powers. The 
formulae are as follows: 


_ @ (wy) is contained in (waz)¥ (y > f, and both are even or odd 
integers) with multiplying factor 
(~ Om\Y—-8 y! 
2 Bi — B)/2)! 


(6) The amplitude of the component of (w,4)¥ (incoherent with 
terms arising from lower powers) having frequency w(w < @,,) is 


(24) 


5: 
seat [ACOm — @)¥-1 — YC — 2m — of} 

+ yCo[(y — 4)Bm — wyY-1... 3] 2 (25) 

the series terminating when the coefficient of ®m is less than unity. 


Expressions (24) and (25) can be used to deal with terms of the 
form (wy,)” and (w),)"—!w4, (the latter being obtained by differen- 
tiation), which constitute the leading terms in eqn. (5). In the 
absence of more extensive general formulae it seems necessary 
to treat the remaining terms in eqn. (5) individually. As an 
example, consider the third-order distortion due to the amplitude 
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p 


characteristic. From eqns. (5) and (24) the third-order distortic 
is seen to be 


25 (Kw}y a 15ts\cu Sea 
Cc 


b Be 
where K = 3u2 + 500, 


bs 
Using eqn. (23), this becomes 


ps. Es acos (w,t + bo,) 5 4008 (wt + Pa,) Ya cos (,t + de |. 
Ws Or 


Or Os 


— 15 Yacos (w,t + $o,) Y w,a sin (wt + fo,) 


Or Ws 


¥ w, asin (w,t+¢.,) + 10d acos (w,t + du,) 
[Oy] Or 


Ss a COS (wt ie Pog) >3 wa COs (w,t a $0 | 
Ws Or 


where the summations extend from | to @,,. 


The term having frequency w, + w, + w, is 


b 
1088 fy YY (K + 150.0, 


CX @r Os Ot 
+ 10w?) cos [(w, SCO seat w,)t + Pury tc Pog st bey] | 
First group together all terms which have the same phas!- 
angle, and hence add voltage-wise. Suppose that w,, w, and cj 
have specific values given by w,=W,, W,= @,, W,=@P 
where w, > w, > w,, the inequalities ensuring that all tern) 
having frequencies w, + w, + w, will be incoherent. 


Then the terms excluded are given by: 


@) @®, = ox Os—1Oy O, = Wy 
(b) Oy = Wy Os = Ox OO; = Wz 
(Cc) Wp = Wy Ou Ie Op, = Or 
(d) @ = @; DMs = Wx Dt = Wy 
(€) @, = wz Ws = Wy Mt = Wx 


Thus the amplitude of the term under consideration becomes > 
K + 15w,w, + 1002 + K + 15w,w, + 10w? + K | 
+ 15w,w, + 10w2 + K + 15w,w, + 10w2 
+ K + 15w,w, + 10? + K + 15w,w, + 1002 ot 

= 6K + 30(@.)5 > wy, + w,w,) + 20(w2 + wr? +> 

The term having frequency w, + w, +, can therefore ty 


written 


b Om @r wrt 
10234 >> >) > [6K + 30(w,w, = WW, at W,w,) 


we Or=3 Ws=2 w=1 
+ 20(w? + w? + w?)] x cos [(w, + w, : 
af w,)t nF Pu, Ge Pur, ts Pal | 


Putting w,+w,+@,=,, and rearranging slightly, th! 
becomes 


bh Om Or 
10°25 ( S) 5) {6K + 10[2w?, — w,,(w, + w,) + w2 


Or=3 Ws= 


ar we + w,we)} EOS (yt a Po, ay Po. ae Poom—Or— Gs 


Since these terms are randomly phased they will add power-wis' 
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hus, writing the summations as integrals, the total contribution to the distortion term of frequency w may be written as 


to 
305 AG J fee + opr — exe, + w,) + wt + a? 2+ ww) Vdwdw, +f [fox + toa? — te, + w,) 
3 3 


(@— or) 


1/2 
+ wt + w?2 + vet, (20) 


The limits of these double integrals are arrived at as follows. 
ince W, + W, + W, = Ww, Ww, > wW, > w, and w, > 0, we must 
ve 4w <w,<w. Also, from these conditions it follows that 
1 — W,) <w, < w, (since w, will have its least value when 
y= ,). It is apparent that the integration must be split into 
Jo portions, since w, can reach its maximum permitted value, 
2. w,, only when w, << 4w. One portion is evidently obtained 
y allowing w, to lie in the range 4w—4w and , to lie in the 
nge 4(w — w,)-w,, and this is the first integral of éxpres- 
on (26). When w, > tw, the maximum possible value of w, is 


(a — Wy) 


given by w, = w 
of expression (26). 

Four more similar double integrals are arrived at by putting 
successively w, + w,—W,;=W, W,—W,+W,=0, Ww, — 
WO, — W,=W and Op OA Opa — "The required result 
is ‘obtained by evaluating all six integrals and adding the separate 
contributions on a power basis. This evaluation requires con- 
siderable algebraic manipulation, owing to the number of terms 
generated by the initial squaring and by the forms of the limits 
of the inner integrals. The final expression involves the square 
root of a polynomial of sixth degree in ®,, and w which, when 
w = ®,,, teduces to the second entry in Table 1 


—w,, and hence we have the second integral 
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SUMMARY 


The aim of the paper is to produce complete design data (i.e. the 
values of components in terms of generalized frequency and load 
conditions) of symmetrical equally terminated filters consisting of 
reactances only. The data are produced in graphical form and are 
carefully plotted to slide-rule accuracy; they are sufficiently dense to 
cover fully the usual requirements, without the use of interpolation. 

The filters are designed on the basis of Darlington’s insertion-loss 
theory with Chebyshev behaviour both in the pass band and in the 
attenuation band. This allows for the unique correlation of the usual 
design specifications, which is displayed in a graphical form. 

The underlying theory of the quadripoles and of the realization 
procedure is explained fully and independently of the practical part 
of the paper. 

Finally, proper alignment procedure is described. 


LIST OF SYMBOLS 
IT = General current. 
Z = Impedance. 
A, B, C, D = Chain matrix elements. 
R = Termination resistances. 
P = Power. 
7 = Efficiency (power ratio). 
V = Complex voltage = Ve/¢, 
A(p) = V2,/V2. = Voltage insertion-loss function (complex). 
A, A’, B, B’ = Polynomials in p? = — Q? entering into 
A(p). 
p = jQ. 
() = Generalized frequency. 
a, = Real part of the sth zero of A(p). 
p; = Modulus of the sth zero of A(p). 
Pos = Sth pole of A(p). 
J, J’ = Arbitrary constants U7 = J). 
&(p) = Auxiliary function, derived from A(p). 
ep = Auxiliary function. 
A, = Maximum attenuation in the pass band. 
A, = Minimum attenuation in the suppression 
band. 
k = Bandwidth parameter. 
K = Complete elliptic integral. 
q(6) = Elliptic modular function. 
sn = Jacobi’s elliptic function. 
P = Denominator of A(p). 
P+, P-, B+, B~ = Polynomials in p* = — Q? entering into 
&(p). 
n = Number of sections. 
a, = Ladder coefficients. 
f = Frequency, c/s. 
B,, B, = Bandwidths corresponding to A, and As 


respectively. 
fo = Mid-band frequency. 
On Dine 
@ , = Characteristic angular frequency of the 
filter. 
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L = Inductance. 
C = Capacitance. 
Q.os,1,2 = Normalized frequency in band-pass filters) 
= sth zero of ~p(Q). 


ae OS 
0... = = sth pole of <i): 
0 
T = Reflection factor. 


INTRODUCTION 

The specifications of the filters required in modern cor) 
munication systems are often so stringent that they canni; 
easily be met by normal image-parameter theory. iW 
In 1931-32 Norton!! and Bennett? gave an exact solution fi): 
the case of maximally flat behaviour in the pass band with r} 
finite zeros in the attenuation band. This was followed 20 yeay 
later by solutions for Chebyshev behaviour in the pass band Uh 
Dishal,’ Belevitch,? Orchard!? and Green.® These effectively 
replaced the image-parameter theory of ‘constant-k’ filters Uy 
an exact ‘insertion loss’ (or some other analogous quantitfi 
theory, but gave no help for the more important ‘m-derive/: 
types of filters. However, in 1939, Darlington, in an epocl™ 
making paper,® gave a general method of solution for this ar | 
allied problems. Other papers on this subject have been pull 
lished by Cauer,* Norton,!! Cocci,> Piloty,!3 Bader,! e¢ al. Al 
these methods lead to tedious computations, and thus hay 
remained in the use of the network specialist rather than tf 
practising engineer. { 
The aim of the paper is to provide a solution for a small bi 
important class of networks that can be used by the practic} 
engineer rather than the network specialist. These are the sip 
called symmetrical and equally terminated filters consisting 


behaviour in both the pass and the attenuation bands. A typic: 
characteristic of a two-section low-pass filter is shown in Fig. 
Filters with two sections will satisfy most of the commonly m} 


dB 


ATTENUATION, 


2 Nor Q2Qp | Ng Agog Neor 2 
—-- oo 
° fp 1, fa foo2 foo 5 


Fig. 1.—The insertion-loss function for a low-pass filter (two section! 
with Chebyshev pass- and attenuation-band behaviour. 


sequirements, while, on the other hand, symmetrical purely 
veactive filters were chosen because, for equal resistive termina- 
jions, their normalized low-pass components can be explicitly 
)xpressed in terms of the insertion-loss function parameters. 
“he actual filter elements (capacitances and inductances) for 
jow-pass, high-pass, band-pass and band-stop filters can be 
asily computed (with slide-rule accuracy) from the data given 
ja Tables and formulae listed in proper Sections of the paper. 
_ The paper is divided into three parts. In Part 1, some back- 
round is presented, explaining the insertion-loss theory and the 
Marlington method of synthesis of symmetrical filters to those 
vho are interested in the method on which the design data are 
hased. 

Part 2 contains the Tables and graphs and the explanation 
‘f their use; it can be used directly without reference to Part 1. 

Part 3 gives practical hints for alignment of the final network. 
| Finally, in the Appendix, an example is worked out for, a low- 
ass filter, showing the use of the Tables and graphs. 


Part 1. THEORETICAL INTRODUCTION 


No new theoretical principles are introduced in this Part; it 
l, hoped, however, that it will serve a useful purpose by explaining 
2 broad basis the method of synthesis of a symmetrical equally 
srminated filter. 

' The well-known quadripole parameters, such as impedance, 
Wefiection factor, etc., are related to the components of a 
eneral power insertion-loss function in Sections 1 and 2. These 
elations are further simplified in Section 3 for the case of equal 
*rminations. 

_ Algebraic properties of an insertion-loss function in the 
omplex-frequency plane and the special type of such a function 

pplied to symmetrical networks, are discussed in Sections 4 
‘nd 5, respectively; in particular, it is shown how to construct 
uch a rational function from the suitably correlated specification 

fata. 

) The method of synthesis of an equally terminated symmetrical 
Jattice) network is discussed in Section 6, where the lattice 
npedances are identified in terms of the insertion-loss function 
yOmponents. 

)) Finally, in Section 7, the resultant lattice is transformed to an 
quivalent z- or T-ladder structure, the normalized network 
Joefficients of which are explicitly expressed in terms of the 
ingularities (poles and zeros) of the insertion-loss function. 


The behaviour of a passive quadripole is best expressed in 
‘rms of four related quantities, as shown in Fig. 2, namely the 


REACTIVE 
QUADRIPOLE 


Zy, Zia, Zaz. 
Fig. 2.—Terminated reactive quadripole. 


‘:put and output currents and voltages. The voltages can thus 
2 obtained from currents in terms of the impedance matrix* 


V; lie SANba (1) 
Ke 22° Zoi th) 


* % should be noted that all the loop currents are arrowed in the clockwise 
vee ion. 
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which contains only three independent parameters. Conversely: 


a *% Ea samt ie 0) 
bh) LZp/A Zy/A] LV, br « 
A — ARV AY <a Z2, . . . . . (3) 


is the determinant of the Z matrix in egn. (1). 

Combining eqns. (1) and (2) we can obtain an alternative pair 
of relations between the input and the output currents and 
voltages in terms of the so-called ‘chain matrix’, 


ie Beil ae? © 
eae 


E 4 ‘ Fok 

Cae, 1/Z,> 2Zy2[Z12 
Since the determinant of this matrix is clearly unity, eqn. (4) 
can be written conversely: 


—V. D -B V 
lp ‘A 4 errs 
IL, —C A I; 
From the above equation one can easily derive the well-known 


open- and short-circuit driving-point and transfer impedances 
in terms of the three independent network functions: 


where 


where 


(5) 


V; 
=f, = Vb, 
I, pet l,oc C 11 
V> V, 1 
7 =Z Z 
Li |n= ged Ms AVS ET, es 6, Me 
V. D 
ae Lr 0c G: Zn 
2 1 =0 (7) 
V; B_A 
I, |v2=0 eed 22 
V2 V; A 
~ WA = B= 
I, |v,=0 soc aadaaa) AUN dah Zi2 
V, BA 
Ih \y,= 5O WA Zi 


(2) THE INSERTION-LOSS FUNCTION, REFLECTION 
FACTORS, ETC. 


Consider a purely reactive quadripole terminated at both 
ends with resistances R, and R, respectively, as shown in 


Fig. 2. A relation analogous to eqn. (1) can now be written: 
ae Ie! E + Zi on elaine het) 
0 —Z5> Ry + Z| |b 
while the output voltage becomes 
Ee ad EY mS) pe ae rneey 62) 


Removing the reactive quadripole (i.e. connecting the terminals 
1-1’ and 2-2’ directly), the output voltage is 


R, 
Sd ES A 10 
V0 = VOR Re) Sa 
while the corresponding power delivered to the load R, becomes 
2 R 
Pee Oe Vi (11) 


Ry RAR ee 
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This power attains its maximum when R,; = R;: 


V2 
Promax = GR. : (12) 
We can thus define the ‘loaded generator efficiency’ as 
Poo 4R, Ro 
= = ; (13) 
P50 max te (Ry ze R,)? 


Reinserting the quadripole, as shown in Fig. 2, the power 
dissipated in the load becomes 


y2 
Ps == 14 
2= Re (14) 
so that the total ‘system efficiency’ is 
ores (15) 
P. 20 


Hence, using expression (8), we define the insertion power 
ratio as 
ce ae 


where, from eqns. (8), (9) and (10), 


= A*(p) = A(p)A(—p) (16) 


V2, = 


(RyZo. + RpZy1) + (RR + Zy;Zo2 — Z4,) 
V3 : 


(Ry + R)LZy2 


(17) 


For a purely reactive quadripole the first term in the numerator 
is imaginary and the second is real. 


A + pB 


Thus P 


Ap) = (17a) 


where, A, B and P are even polynomials in p, the complex 

generalized frequency, and 

(Ry Zo. + RoZ11)* — (RyRy + Zi Zy2 
(R, + Rp)*Z2, 


No (Aer 7B) (A — pB) 
~ pa le Ie 


A%(p) = =i: 


(18) 


The insertion-loss power ratio, eqn. (16), can also be expressed 
in an alternative very useful form [obtained by adding and sub- 
tracting appropriate terms in eqn. (18)]: 


P2 (Ry + RZ? 
A? — pB”2 N’ 
Hie poe 1G a pe 


NG + pB’ A’ — pB’ 
r Be 


NG + = ng(l + ¢?) (19) 
where A’ and B’ are even polynomials in p analogous to A and B. 

Eqns. (18) and (19) enable us to make the following identi- 
fications: 


A_ R227 RZ, A RiZy — RZ 

PS (Ry aR) 2,3 *) SP (Ry + Ry)Zy2 
PB R\R+ 2122-25, PB! — RyRy —Zy;Zy. + Z;3 ) 
P (Ri + R)Zi2 SP (R, + R)Z1> 


which in turn lead to relations between the general network 
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parameters as defined in the preceding Section and the compone be 
parts of the insertion-loss function: 


R, +R, A—A’ R, + Ry pB—B) ; 


A= 


2R> P rary P al 
cu Rit Re PB +B) pumtRAtA | Ge 
2R,R> P 2R; P 


Using the above and eqns. (7), we can correlate the short- at H 
open-circuit driving-point and transfer impedances with tl d 
components of the power insertion-loss function: 


A —A’ 
Zi 0c ad Ry (B ap B’) 
: 2h ee 
hae Ry Se Ry» p(B AP B’) 
A+ A’ 
Zi aR 
2,0¢ 20(B dE B’) 
p(B — B’) 
Zi sc ae R; A wa A’ 
Z | Rr Rp B) 
12,sc D) P 
p(B — B’) 
Lr sc R, A A’ 


In order to obtain the reflection factors in terms of tl!) 


| 
1 
| 
; 


we proceed if 


power insertion-loss function components, | 
ti 


follows: from eqns. (21), the chain matrix defined in eqn. iG 
becomes 


A 4 SRE ee TAD Riko pee Al (2:} 
C D| 2R,R,P|pB+B)) R(A+A) a 
whose determinant is 
ies (R, + RA — A’ 

~ 4R,R,P2 |p(B+B’)) A+A’ 
ae 5 N - N’) a 
sothat N’=N-—7P2= Ni — non) = NI? . . 1 
where [2 = 13 = 13 = “ome — (t 
20 max | 


from the terminals 1-1’ and 2-2’, respectively, in Fig. 2. Fror) 
eqns. (25) and (26), | 
AZ2 oe p*B2 
A2 — p2B2 


N 


The individual reflection coefficients can now be shown to be — i 


pl bes Ri = Zin eo es 
' Ri + Zi, A+ pB a4 
p= eZee . SA hee 4 
Ro + Lop Ate PBS, 


where Z;;, and Z,;, are the input impedances of the terminate’ 
quadripole, as indicated in Fig. 2. 

This gives a complete correlation between the various networ! 
parameters necessary for further synthesis. 
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(3) SYMMETRICAL AND EQUALLY TERMINATED 
QUADRIPOLES 


__ A four-terminal network is said to be symmetrical with respect 
(to its ends 1 and 2 [terminals 1-1’ and 2-2’ of present Fig. 2] when 
ian interchange of these pairs of terminals has no effect upon the 
» external behaviour.* 


‘nis requires that, in eqns. (1) and (4), 


Z\;=2Z2;A=D (29) 


» that a symmetrical quadripole depends on only two inde- 
endent parameters, namely Z,, and Z;5. 

| The discussion in the paper will be confined to symmetrical 
aadripoles which are equally terminated, so that (see Fig. 2) 
'1 = R, = R, and, as a consequence of eqns. (29) and (21), 
“= 0. Hence, the power ratio defined in eqn. (19) becomes 


Pro 
Py 


Ri=R2 


I 


a e — Zt, + Ziyi (30) 


2RZj> : 


/ As mentioned in the Introduction, such a limitation enables 
'3 to determine completely the network parameters of a ladder 
icture which, for the low-pass case, can be realized either in 

- or 7-configuration [see Figs. 3(a) and 3(b)]. However, before 


Zy-FPAD-AR ZansPPAanaiR 


z R 
anu * Pdansi Conet 


(6) 


Fig. 3.—Basic configuration for low-pass filters. 


(a) T-configuration. 
(b) m-configuration. 


‘yoceeding with the actual determination of the network coeffi- 
ents resulting in a required insertion-loss function, it will be 
seful to consider some of its general algebraic properties. 


® SOME PROPERTIES OF THE INSERTION-LOSS 
FUNCTION 

The insertion voltage ratio, as defined in eqn. (17), is a rational 

ymeion of p = jQ, where Q is a generalized normalized fre- 


* <SuILLEMIN, E. A.: ‘Communication Networks’ (Wiley, New York, 1935), Volume 
139, 
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quency (see Section 8, where ( is defined for every type of filter). 
Consider then a basic low-pass filter, such as that shown in 
Fig. 3(a) or 3(b), consisting of sections connected in ladder 
fashion, whose insertion voltage ratio can be written: 


ri (p+ a) ILC? + 2a.) + p3) 
CD ere aie - BI) 
ies 
Pros 


The even polynomials 
The roots of the denominator 


au 


where J is an arbitrary real constant. 
A and B are each of degree n in p?. 
P are 

aie 


sy Oe vod Qo, | 2 


(32) 


where Q,,, are the frequencies of infinite loss (to be called the 
‘poles’ of the system). The numerator A + pB has 2n + I roots, 
of which 


Ds 


7 


are conjugate pairs with negative real parts, while 


— a tWGR-D=p./*(F+H)- 6% 


VV = 


is real. These roots are the natural modes of the system and 
will be called ‘zeros’. Fig. 4(a@) shows a typical zero (O) and 


— X& 


Im 


ie * Pooe 
] Deon i Poor 
@) (6) (c) 
Fig. 4.—The distribution of poles and zeros in the complex frequency 
p-plane. 


(a) Singularities of A(p). 

(b) Singularities of A(p)A(—p). 

(c) Singularities of &. 

The case illustrated corresponds to n = 2. 


pole (X) configuration in the complex frequency plane for n = 2. 
The voltage insertion function as defined in eqn. (31) will thus 
have 7 finite positive frequencies of infinite loss, and further- 
more, the loss will be infinite also when Q — o; by suitably 
defining the arbitrary constant J [namely by making 


1 
-—1_— 2, 
J a X I Ps 
-— 


so that A(O) = 1], one can ensure zero loss when Q = 0. 
The corresponding power insertion-loss function, eqn. (18), 
becomes 


(p2, — p’) I (p? — p2)(p? — p*?) 


P29 ; . (34) 


i Sag 6) 
P, = A@A(—p) = J 
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The power loss function is necessarily real; its zeros and poles 
are twice the number of those defined in eqn. (31); they are 
symmetrically situated on both sides of the real frequency (i.e. 
imaginary p) axis, as shown in Fig. 4(b), where the double poles 
are indicated by an asterisk. 

It will be found convenient in Section 6 to construct another 
function E(p) which can be directly obtained from A(p) defined 
above by changing the signs of every odd «, (i.e. every « for 
odds). Thus: 


(UEC RE aN 2G tA tard 


=(p) = J’ load »J2=J'2 . (35) 


P 


Here we have selected all odd conjugate zero pairs from 
A( — p) as defined in eqn. (31), and the remaining even conjugate 
zero pairs from its conjugate A(p). The zeros and poles of E(p) 
are shown in Fig. 4(c) form = 2. It should be noted that 


E(p)=(— p) = A(p)A(— p) = A*(p) 


gives the real power insertion-loss function as defined in eqn. (34). 


(36) 


(5) THE CHOICE OF THE INSERTION-LOSS FUNCTION 
FOR A SYMMETRICAL EQUALLY TERMINATED NETWORK 


For a symmetrical equally terminated network, the insertion- 
loss function defined in eqn. (30) depends on an odd function 
¢p(p). Thus, let 


BJ’ DL orrl Ie + 9) (37) 
0 i (Q2— oe 
and o=J' Pee O8) 
1 ( - a 
n Q?2 
so that P= us LS on) : (39) 


The choice of this function will be governed by the filtering 
requirements of the network. Let us assume, for a basic low- 
pass filter, a certain limited distortion in the pass band not 
exceeding A, decibels, while for the stop band we require a signal 
suppression not less than A, decibels; furthermore, the change 
from the pass band to the attenuation band should be made arbi- 
trarily narrow along the frequency axis. The general situation 
is shown in Fig. 1. It may be noted that, for a purely reactive 
and equally terminated filter, A, gives also the discrimination in 
the pass band, and is thus related to the corresponding reflection 
factor T,,. 

To simplify the analysis we shall adopt Cauer’s* and Darling- 
ton’s® choice by making the ¢p-function reciprocal about Q= 1, 
so that we need consider this function only in the range 0<O< L, 
thereby automatically defining it in the remaining range 
1< Q< © on the positive real frequency axis. Thus, let 


Gy Sees 
eS) Seo diGn 


The necessary and sufficient condition for this relation to hold 
is that, in eqn. (38), 


(40) 


1 


on = on — fe) 
‘COs 


(41) 
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Then the chosen ep-function becomes 


jon@-— 
pQ) = J' = 


II dd = 0703.) 
1 


2 
5, 


A typical logarithmic insertion-loss function obtained fror|| 
eqns. (42) and (30), i.e. | 


Po 
10 logos Py 


is shown in Fig. 1, where the maximum attenuation in the pas if 
band is given by i 


P 
A, = 10 logo ee 


max 


and the minimum attenuation in the suppression band is given b : 


(% 
, 


Because of the reciprocal nature of the insertion-loss funceil i 
we must have 


A, = 10 logig = 
2 


when QO,< Q< 


min 


V/(Q,Q.) =I. ] 

Q ; 

Let, also, Be! eae S| (44) 
pz i! 

Then » Q=Vk; Q= Si h (45) 


Following Cauer and Darlington we shall specify the position) 
of the zeros and the poles of the ep-function in terms of Jacobi’} 
elliptic functions. It can then be shown that the four quantitie} 
A,, Ap, k and n [number of sections, as in Fig. 3(a) or 3(5)] ary 
approximately correlated together as follows: 


A, ~ 10 logy (1040/19 — 1) — 10 (2m + 1) logy g(O) — 12-041 # 
(46 


where 6 = arcsink and q(@) is the elliptic modular functioi) 
tabulated in Reference 9, pp. 49-51. This relation allows us td 
estimate the performance of the filter as explained in Section 9. 

The zeros and poles of ¢p as defined in eqn. (38) are now giver) 
in terms of Jacobi’s elliptic functions, namely 


25K 3 
Oo. = A/S Ga k) = vk sin, ; 
Us 
25K dp a 
nh =u.= 
where ei | sem (48 
0 


and K is the complete elliptic integral of the first kind: 


iv = dp 
8 tank J VG — sin? B) 


These functions are conveniently tabulated in BOE. 9 
p. 85 et seqg., and in Reference 10. 

Darlington,® following Norton," has shown that, given thi 
poles of an insertion-loss function of the type shown in Fig. 1540 
Zeros, i.e. the zeros of the numerator in eqn. (30) or (34), can bx 
obtained in terms of the elliptic modular transformation, givin} 


= Vk tan po (50 
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where sin % = sn (Uo, k’) 
= /(1 — k’) 
2K 

is : An[10 — )—1/2 
nd Ug Onaie tye arc sinh (1047 1) : (51) 
Also s xov/[1 ae O32 (k oe Kgs Q3,)] 

1+ aGQ%, 
eS) ee as a2, : (52) 
Ps T+ o8Q2, 


Ihe quantities «, and p, are, respectively, the real parts and the 
oduli of the zeros in the complex p-plane as defined in 
eqns. (31)-(33). It should be noted here that % and Qo, com- 
dletely specify the filter response for given values of k and A, 
‘which i in turn are related to n and A, by eqn. (46)]. 


’ 


(6) SYNTHESIS OF AN EQUALLY TERMINATED 
SYMMETRICAL LATTICE 
A lattice structure as shown in Fig. 5 can be designed by 
bbserving certain relations between functions derived from its 


Fig. 5.—Symmetrical lattice. 


‘insertion-loss expression. The twoindependent lattice impedances 


D 


= = (Z4 — Zz) £12 = Z12,0c (53) 
I; h=0 ¢ 
V; A 
—_ = 4(Z4 + Zp) = 211 = L222 = Zitoc (54) 
1, In,=0 
he insertion voltage ratio is, from eqn. (17), 
V2, _ 2RZ, +R + 27, —- Zh 
V2 |R,=R1=R 2RZ12 
— (R+ Zy4V(R + Zz) (55) 


R(Z4 — Zp) 


But the insertion power-loss ratio, as defined in eqns. (30), (35) 
and (36), can also be written: 


iby aes ore c: Pere 
pas &(p)a(— p) = | pr (56) 
B’ 
here Ep) 1 +2 (57) 


“since both B’ and P are even polynomials in p. From eqn. (30) 
2 can identify 


Re — Z}, + Zh, 


TH Gs) ce 3 8 
Sy ms (58) 
hich, on substituting from eqns. (53) and (54), becomes 
Z,(R — Z@ 
ip) = (R + Zy)( B) (59) 


R(Z4 — Zz) 
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It should be noted that this expression is not equal to the 
insertion voltage ratio as defined in eqn. (55), since here Zz is 
replaced in the numerator (and only there) by its conjugate 
value. Expression (59) can be written more conveniently: 


_0+8)0-z) 


eae? (60) 
oz, 
With the aid of eqn. (35) we can define 
fi ser) 
Pi pBe = J” ile i@2— 2a, ps ee 


St 


which is that part of &(p) which has its roots on the right-hand 
side of the complex frequency plane. Similarly, let us define 


s<tn 
Po PBs (ao) I (p? + 2a2,p + p3s) (61a) 
s= 
which is that part of &(p) which has its roots on the left-hand 
side of the complex frequency plane. Note that the last 
product factor is designated by an integer less than or equal to 
n/2 in eqn. (61a), and less than or equal to (a + 1)/2 in eqn. (61). 
Hence, 


fe P= pB’ = (P= aS pb Ce pe) 
&(p) = Sia P 
pB- Lae 
(tees) (te) 
1 — P'p=pt 


since P = P+P- — p?B+B- 

Identifying eqn. (62) with eqn. (60), we arrive at the lattice 
impedances expressed directly in terms of the known parameters 
of the power insertion-loss function of the system: 


Spee Wee 3 
Ty oe R=} Zz= Rat (63) 
At each pole, i.e. when p = p,, so that P = 0, one gets 
ZA ee Zp = 0. 
Thus VAN re = Li pesres : (64) 


It should be added here that there exist four possibilities of 
defining Z, or Zz, namely by interchanging the definitions (63), 
or by replacing the impedances by their duals. 

The constant parameters «, «,, p2 and Qo, of the polynomial 
P + pB’ are obtained from the initial network specifications as 
explained in Section 5; all these quantities are positive by 
definition. 

It should be noted that once all the pole and zero locations 
in the complex frequency plane have been obtained one should 
check that 

mo( TT p6s —li)= = (— 1)S«, (65) 
This condition ensures that the resulting lattice will have an 
equivalent ladder structure with directly realizable parameters, 
i.e. without mutual inductances. Eqn. (65) is arrived at by 
comparing the design procedure described here with the more 
general one used by Darlington (Part Il of Reference 6); its 
derivation, although simple, is too lengthy to be included here. 
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(7) EXAMPLE OF THE DERIVATION OF LADDER ELEMENT 
VALUES BY MEANS OF AN EQUIVALENT LATTICE 


Consider a two-section low-pass filter whose voltage insertion 
ratio, eqn. (31), is given in terms of the parameters calculated 
as explained in Section 5: 


2 
(p + a) II (p? + 2a.p + p3) 
1 


V. 
raceme AV 2 
‘ TE + p?Q3, 

1 

22 TDR es noe OE) nes 1 ae See (Ce 
ie 

It is required that A(O) = 1, so that 

JH! = agpiph . (67) 


The auxiliary function E(p) is now formed directly from eqn. (66), 
as explained in the preceding Section: 


ph + app? — 2a, p + pi)(p? + 202p + p3) 


ms CF POG NT + FOR) 
Pp P-P+ — p?B- Br ; 
Hence: a p*(xo + 20>) + p3%q 


> 
5 ee ee | 

BU = po + pz tape, | (69) 
p+ = J'(p* ole pi) . . . 

Br = J'204 


The lattice impedances given in eqns. (63) can now be con- 
veniently expressed in the form 


Doxa Rene? + 2) | 


Zxz=R 


Pa es pees 
bs be (70) 
7, map Dawes RP rye 
Has DB Pp 
1 1 2a 1 
h = ?; so 
where V1 aap? i ap pe Y3 Nee 
5 a + 2x 
4 200,” Opps ay 
Also, from egn. (64), 
Zee = Zeige. (72) 
where Degg 0s, 
Our aim is to express the ladder elements a,, a),...as5 [see 


Figs. 3(a) or 3(b)] in terms of 8; and +, in eqns. (71), and hence 
in terms of the known parameters in eqns. (69). Since the 
ladder and lattice structures in Figs. 3(a) or 3(b) and Fig. 5 
are equivalent, we can identify their impedances at various 
frequencies. Thus, for a structure such as that shown in Fig. 3(a), 


Ativan = ZBip=7sj = Poi R(y3 — O81 74) (73) 
for the lattice; similarly, for the ladder, 
“11,7lp=p01 = 4 PaiR (74) 
1 
Hence aq = ¥3 — OR 4 = 7a, — p7Q51) (75) 
1 
Similarly, equating 
L722 p= 1.02 = Zalp=pog = 222,7 |p=poop 
: 1 
we obtain = as = y3 — OS,y4 = I, (1 — p7QZ,) (76) 
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The remaining parameters a, a; and a4 can be obtained ¢/ 
follows: 


2,23 
Ail 3 (2, eee 
sec eave Z, + Z; P=Po2 'P=Po2 
. a30 ay 
from which as — a= SEPET G . 
where 3) — OF re 02, . . . . . (7§ t 
Similarly, from | 
Z,4+Z4 
Wes — (2 ar ) = Zi.,7 
ss eS hel : Z3Z4 P=Po] P=Peol 
Be pppisist sks. 19) 
we obtain Os ae Cia apna Ta (2 
Comparing eqns. (77) and (79), 
1 
i ecg brs 4 
4 3 f 
; oe (80> 
- 4 4% 


Finally, from the lattice, 


Zp- Za P+P- — p°B+B- . 
. Li 2c a Zi = D) a 2pB+P— a 
2 
errs) 
V4 
while the equivalent expression for the ladder becomes 
7 Ne ZZ, 
page Zs ae Z; a Zs 
P 


=— ht 
P[(4za344 + QG144 + QG242)p? + (a2 + a4)] 


Identifying corresponding terms in the denominators of both 
these expressions, we obtain 
2B; 


0304 + O83 ,4a, + O2,a, = 7, 


(81) 


and, substituting for a, and a, from eqns. (80), we have 


= yal2By — Q6, — 265) i? 
opt 2@o ae 20) | 
ye { oxp? OF, — Q%, (82) 
va 
Hence = Pale — OF) 
) (83) 
Se as Pala — Q%) 
3 


so that all the ladder parameters are determined in terms of 
the known co-ordinates of the poles and zeros in the complex 
frequency plane. 

Similarly, for a single-section low-pass filter (n = 1), 


(84) 


Part 2, PRACTICAL DESIGN DATA 


As explained in the Introduction, the aim is to produce a 
wery simple design procedure for symmetrical and equally ter- 
minated filters; the actual values of the normalized network 
jcoefficients [i.e. a,, see Fig. 3(a) or 3(6)] were thus computed 
jas functions of the quantities specifying the required insertion- 
poss function of the given filter. The results are plotted in 
ygraphical form so as to allow for the 3-figure accuracy which is 
\quite sufficient in practical cases. 
The Tables and graphs can be used only for standard filters 
which are either to pass or to reject definite bands of frequencies. 
(The filters consist of standard z- or T-sections connected in 
jadder formation so as to form the so-called ‘m-derived’ con- 
figuration [see Figs. 3(a) and 3(b)]. The number of sections is 
fat most two. Finally, one should emphasize once more that the 
jpoad and generator resistances are to be equal. 
The usual power-loss specifications for a filter, whether of 
pow-pass, high-pass, band-pass or band-stop type, are: the 
Mfective pass band, say B, cycles per second; the effective 
ittenuation or suppression band, say B, cycles per second; the 
\ninimum permissible attenuation in the suppression band, say 
4, decibels; and the maximum permissible variation in the pass 
wand, say A, decibels. The ratio B,/B, or B,|B, (depending on 
ihe type of the filter) will be called the bandwidth ratio k. 
| Since the normalized network coefficients a, are plotted in 
worms of k, whose meaning is not the same for all four types of 
Jilters, we shall first relate k, A, and A, for each filter type, 
lyhatever the number of sections n, and also indicate how to 
*btain the actual values of the reactances in terms of a,; this 
‘vill be done in Section 8. 
_ As indicated in the Introduction and fully discussed in Section 5, 
he shape of the power insertion-loss function is carefully specified 
0 as to correlate the values of k, A, and A, for a given value of n. 
Whis correlation and its bearing on the actual design procedure 
vill be discussed in Section 9. 
| Finally, in Section 10, the graphs of the normalized network 
vefficients a, will be fully described and explained. 


48) NETWORK PARAMETERS FOR VARIOUS TYPES OF 
FILTERS 


_ We shall consider each of the four types separately. 
\) Low-Pass Filter (Fig. 6). 
) Power is to be passed with at most A, decibels variation, within 


me range 0< f< f,. a 
Power is to be suppressed by at least A, decibels, within the 


Jange f, << f< 0. 


Pie PaasR 
28" 4p? Zs 
L Zasq2PdagiR — Zagy *PA2s4iR 
2s 
boss 
Cos Las ‘ 
aan ‘ 7,50 tO Kos 
28+)" Bar544|Cases 28-1 Pazs-1 |Cas-i ck 


ATTENUATION, dB. 


1s ofa t 


gig 6.—Typical low-pass filter sections (7- and T- configurations) 
and insertion-loss response. 
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Here fp = 8, 
= fi) 

fo= Be (85) 
eee 
B, 

The normalized frequency for a low-pass filter is 
63) 
QO = Wp WR = 27\/(B,B,) ° ° ° (86) 


Typical 7- and T-sections are shown in Fig. 6, where the 
impedances of particular branches are expressed in terms of 
p (=JQ), Qo, and the generalized ladder coefficients a,; the 
actual network inductances L and capacitances C are given by 
the following equations, where R is the generator or load 
resistance. 


For a 77-section: 


Q25F1 
Ga —— S+ 
(2s +1) w,R 
Q2 
& a S Soca aoe 
Cor wpRa, ne 
Ray 
a 2 
ONS oe 
For a T-section: 
Ray | ] 
Lostyr = —— 
(2s¥1) “ie 
RQ2 
Leas —- 2 . . . ° (88) 
Wp, 
ay 
G — pases 2 
(2s)T wp_R 


(6) High-Pass Filter (Fig. 7). 

Power is to be suppressed by et least A, decibels within the 
range 0 < f< f,. 

Power is to be passed with at most A, decibels variation, within 
the range f, < f< ©. 


Here fp = 8, 
Le rs - (89) 
aes 


Z25-1=PA254R — Z2e41"PF254)R 


ATTENUATION, dB 


Fig. 7.—Typical high-pass filter sections (7- and T-configurations) 
and insertion-loss response. 
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The normalized frequency for a high-pass filter is 


Q 3; Gp = 27r4/(B,B,) + 2) 2 (0) 


Typical 7- and T-sections are shown in Fig. 7, and the values 
of the actual network components are given by the following 
equations. 


For a 7-section: 


Leastiyr i. ee 
aie aie sl. oie, Dashes teal OD) 
Can = ae 
For a T-section: 
Castnr Ran 
Cee ee Sete ee (22) 
Ler = om 


(c) Band-Pass Filter (Fig. 8). 
Power is to be passed with at most 4, decibels variation, within 
the range fp) < f< fp. 


Los-1 i Cass: Lease 


TTENUATION, dB 


x 


os 
Q 
uw 
o” 
ot 
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Fig. 8.—Typical band-pass filter sections (7- and T-configurations) 
and insertion-loss response. 


Power is to be suppressed by at least A, decibels, within the 
ranges O< f< fy and fga<f<o. 


Here Spe Jot a 85 
faa — far = B 
a2 al i (93) 
ee, 
B 


a 


In order to preserve geometrical band-pass symmetry we have 
to correlate the band-edge frequencies with the mid-band 
frequency, fo: 


Te = fiihrr = fifo . . . . ° (94) 


The transformed band-pass frequency (which is a com- 


bination of a low-pass and a high-pass normalized frequency)|" 
then becomes 


quscanees oS 


Wp \Wo 


where Op = 2774/(B,B,); Opts 27fo . . . (96)! 


It is important to note that, in order to use the Tables, eqn. (94)]) 
must be satisfied. In most practical cases it should not be too t 
difficult to change slightly the band-edge frequencies so that their} 
products are equal. The necessary change of specification should) [ 
be made judiciously, preserving the most important requirements c 
of the proposed filter. 

The typical 7- and T-sections of a band-pass filter are shown) 
in Fig. 8, and the actual network components are given by the } 
following equations. ~f 


1 Q25F 1 
Coast tyr a lest yr = wpR 


wWpR 
1h, 7% =— R-C re a ee Boe 
(2s + 1)m (2s +1)T WR, + ; 
Ray } 
Layne = R’Coyr = re ~T 
; (97) 
W 7, 
I Gir eam 2 Sg aD 
(2s) R, (2s)T w3Ray, 
wpRa 
Logn = RCogr = Sa 
(2s)m (2s)T w2O2, 
1 02 
GS ioe cll 


Fig. 9.—Typical band-stop filter sections (7- and T-configurations) 
and insertion-loss response. 


(d) Band-Stop Filters (Fig. 9). 


Power is to be passed with at most A, decibels variation, within 
the ranges 0< f< fy and fi < f << oO. 

Power is to be suppressed by at least A, decibels, within the 
range fay << f< fio. 


Here fi2 = Lie = B, | 
(98) 


5? 


Again we require that 


SB = forhoo = Safe 

as in eqn. (94). 

| The transformed band-stop frequency becomes now (again a 
combination of low-pass and high-pass corresponding terms): 


if > 


WwW Wo { 


mee WwW 
Wo = 27fo 


Q = 
(99) 
Wz 27/(B,B,); 


The typical z- and T-sections of a band-stop filter are shown 
n Fig. 9, and the actual network components are given by the 
“ollowing equations. 


i a ) 
C 25) Lo aa L IGN IS ae = 
9) R2 @) wpRO2, 
wpRQ2 
Legr = R’Cagn = —* 
(2s)T 2s) 
S) (2s) wa, 
/ 1 , WR, 
Coasyr Ror e aR 
= (100) 
Lo hl a AG — 
(2s) (2s) W pa, 
1 1 
SOE yy PEE i, ro 
sa BS pRaa ss 
WpRar.7 1 
Last1yt= Coast 1) = Fo) sr 
0 J 


The series arms of a T-configuration of band-pass or band- 
‘stop filters (see Figs. 8 and 9) may occasionally be rather difficult 
Xto realize since the ratio L,,/C,, may be inconvenient practically. 
lin such cases it will be found necessary to use an equivalent net- 
work such as that shown in Fig. 10. The new series component 

walues for the z-configuration, Lz, 1, Lo,. and Cy, 4, Crs,9, 
‘ican be found from the caer formulae. 


1 + 5302 Tea for a band-pass filter | 
Let t= > (101) 
i+ s for a band-stop filter | 
205 
nd Pear Sal Vs ie ie 1) 
i ma (102) 
Q2,52 = == Tis 45 A) ie 1) 
Ly 
== : =L, $22.4 
en Lost fee On 25,2 2 
1 (103) 


Cry ©, Oe) = C25, 


22051 


In similar ways a shunt branch of the T-configuration band- 
ypass or band-stop filter can be transformed, if required, as 
sown in Fig. 10. Then 


, 1 
D451 ait L(t she Q2,5.2) = 22,51 qz,, 122 
w (104) 
C251 =e ip 22. = 922,,.9Cos.9 


It should be noted that the quantities Q2,,; and 93,,. are 
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Fig. 10.—Equivalent networks. 


related directly to the frequencies of infinite loss of a filter, as 
shown in Fig. 10. Thus: 


Doo =| 
0 ‘ 
hg ee Sn (LOS) 
Toon 
Le Ae anys 
»2 vA | 


These quantities are therefore rather important in the actual 
filter alignment, since in practice the values of inductance and 
capacitance required in a tuned circuit are best adjusted by 
checking tuning frequencies. This point will be further dis- 
cussed in Part 3. 


(9) CORRELATING THE FILTER DESIGN SPECIFICATIONS 


As explained in Section 5, the symmetrical filters which can 
be designed by the present method have their response specified 
in terms of the bandwidth ratio, k, and the levels of attenuation, 
A, and A,, in the suppression bands and the pass bands, respec- 
tively. From eqn. (46) these three quantities, if properly adjusted, 
specify uniquely the number of sections required to obtain the 
desired response. Thus, eqn. (46) can be written: 


A, = 12-041 +.Qn + Df) + e(4,) (106) 


where A, and A, are in decibels. In Fig. 11, A, is plotted for 
oe and i) = bs as a function of the bandwidth ratio k, when 
A, =1dB. For any other value of the permissible distortion 
in the pass band, the whole curve as plotted will be shifted 
parallel to itself upwards (when 4, > 1) or downwards (when 
A,< 1) by the amount specified by the function g(A,) in 
eqn. (106). The value of this shift is shown on the side of the 
graph and is designated *A,-scale’. 

Thus, to correlate the specifications of the required filter, 
one has to decide first on the value of & corresponding to the 
type of filter, as explained in the preceding Section. 

For a low-pass and band-pass filter: 


B 
k= ne (See Figs. 6 and 8) 
For a high-pass and band-stop filter: 
B : 
na (See Figs. 7 and 9) 


Next, the required value of the attenuation of the unwanted 
frequencies, i.e. A, decibels, will determine a unique point in the 
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Fig. 11.—The correlation of the filter design specifications for 
Chetyshev behaviour in the pass and attenuation bands. 


A,, k plane in Fig. 11. Such a point will not, in general, lie on 
either of the A, = 1 curves (ie. form =1 or n=2). Thus, 
supposing k = 0-65 and A, = 45dB, then for nm = 1 the maxi- 
mum distortion in the pass band is A, > 10dB, while for n = 2 
it is A, = 0-1dB. Obviously, then, the filter which meets such 
specifications for k and A, will have to consist of two sections. 

It is advisable to reproduce the A, scale on a separate piece 
of preferably stiff paper. Then (in the example above) place the 
scale along the ordinate k = 0-65 and slide it vertically until 
the reference line (4, = 1 dB) coincides with the given n curve. 
For the curve n= 2, and for A, = 45dB, A, = 0-1dB; for 
n= 1, the same value of A, is above the 3dB line on the 
A,-scale. 

It will be seen in the next Section that the values of the nor- 
malized filter coefficients are given for a series of values of A, 
(namely all the values shown on the ‘A,-scale’ in Fig. 11 between 
0:01dB and 3dB). It is therefore advisable to choose a value 
of A, corresponding exactly to one of the marked values on 
the A,-scale; this can almost always be arranged conveniently, 
e.g. by increasing slightly the value of A,, or even, if conditions 
permit, the value of k. Otherwise, it will be necessary to inter- 
polate between the curves described in the next Section, and this 
is better avoided. 


(10) VALUES OF THE NORMALIZED SYMMETRICAL 
LADDER COEFFICIENTS FOR 2 = 1 AND n=2 


Once n (the number of sections), k (the bandwidth ratio) and 
A, (maximum permissible deviation in the pass band) have been 


= 


chosen as explained in the preceding Section, the values of the 
ladder coefficients a, of a symmetrical filter with equal ter) 
minations can be computed from the positions of the poles} 
(i.e. 1/Qo,) and the zeros (i.e. «,, p? and 9) of the corresponding|), 
insertion-loss function in the complex frequency plane. The! 
particular choice of the insertion-loss function and the resulting) 
co-ordinates of the poles and zeros have been explained and} 
determined in Section 5. Thus, from eqns. (52) the values of @ 
a, and p? are given in terms of a, 03, and k, while a is, from): 


Table 1 


CHARACTERISTIC CONSTANTS GOVERNING THE SHAPE OF THE) 
INSERTION-Loss FUNCTION 


0-355 15 
0-382 30 
0-408 80 
0-435 03 
0-461 34 
0-488 11 
Woy ly 72 
0:544 76 
0-575 90 
0-610 26 
0-649 68 
0:69791 
0-765 32 


eooooooseooo 


0: 
0: 
0: 
0: 
0: 
0: 
0: 
0: 
0: 
(0 


i=) 
\o 
Ww 
—_ 
=) 
ion 


eqns. (50) and (51), dependent on k,n and A,. Table 1 gives } 
the values of Q), form = 1 and n = 2 and for 


k = 0-35(0:05)0-95 


Interpolation for intermediate values of A, should be avoided, 
since these values were not chosen at equal intervals; their 
choice was governed by practical utility and for completeness. It 
will be noted that for higher values of k and for the lower values ° 
of A,, the values of a, are not given fully in Figs. 12-18; for these 
values of the specified parameters A,, k and n the resultant filters 
cannot be realized by a simple ladder structure without mutual 
reactances, since then some of the values of the ladder coefficients. 
may become negative. On the other hand, it will be seen in 
Fig. 11 that, especially for n = 1, higher values of k and low 
values of A, are precluded. 

It was shown in Section 7 that, given the position of the 
poles and zeros of a symmetrical equally terminated network,, 
the values of its ladder coefficients can be explicitly derived. In 
particular, eqns. (75), (76), (82) and (83) give values of a, for 
n = 2, and eqn. (84) gives values of a, for nm = 1 (note that in 
this last case a; = a3). All these coefficients are plotted for 
various values of A, as functions of the bandwidth ratio k. 
Thus, Figs. 12 and 13 give a; = a3 and ay, respectively, forn = 1,. 
while Figs. 14, 15, 16, 17 and 18 give a,, a5, a3, ag and as, 
respectively, for n = 2. In some cases, the curves are plotted 
in two separate parts. Thus, for m = 2, a, for 0:01 < A,< 03 
(Fig. 15) is plotted in the upper part of the Figure (scale on the 
right), while a, for all A p is plotted below (scale on the left) for 
clarity, since, while in the first place the curves move upwards 
when 4A, increases, they subsequently move downwards and 
overlap. The scales are chosen so that the values of a, can be 
read with 3-figure (i.e. slide-rule) accuracy, which should be 
sufficient for most practical purposes. Similarly, in Fig. 17, 
curves for individual values of a, crowd too much together and 
even cross each other. Such troublesome parts are enlarged, 
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Fig. 12.—Ladder coefficients aj = a3 (n = 1). 


\ AP 22 = zi eae 
N 


5 Ap= 0108 | 
\) | 


\ Ap ae 
N 


nel 
a zl. oS 


Oo O7 
k 


Fig. 13.—Ladder coefficient az (n = 1). 
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Fig. 16.—Ladder coefficient a3 (n = 2). 
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Fig. 17.—Ladder coefficient a4 (n = 2). 
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Fig. 18.—Ladder coefficient as (n = 2). 
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and the separation or magnification of curves is clearly indicate® 
care should be taken in using the proper vertical scales whi 
reading off the particular values of a,. 4 

As explained in Section 8, the ladder coefficients a, and t 
frequencies of infinite loss Q), give directly the actual netwo} 
components (i.e. the inductances and capacitances) dependi 
on the type of filter, its characteristic frequencies (e.g. bandwidt 
carrier) and the value of the generator load resistance. 


Part 3. PRACTICAL CONSIDERATIONS 


This Part of the paper is divided into two Sections; in t 
first we consider certain practical points which arise when t 
design data are used to obtain the actual filter. The secoi 
Section presents a method of estimating reasonable Q-factors. 

An actual example of design is given in the Appendix. 


(11) PRACTICAL FILTER ALIGNMENT 


The design data presented in Part 2 in graphical form we 
computed for purely reactive filters. Unavoidable ohmic losses: 
the components will result in a certain distortion of the prescrib 
filter response. There exist methods of accounting for losst 
either by assigning them equally to all components or by usi 
more elaborate loss relations; both cases are fully dealt with © 
Darlington.® It seems, then, that in most cases to compensé 
for losses in a filter designed for equal terminations the ladd 
coefficients a,,+, should be decreased, while the coefficients « 
should be increased. The amount of this increase or decrea 
varies greatly, even when assigning equal losses to % 
components (e.g. for the so-called ‘predistorted filter’; s 
Belevitch?). 

On the other hand, especially in the case of band-pass a 
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id-stop filters, the components must finally be aligned, even 
en computed with losses. Some points will now be discussed 
.ch should be remembered during such an alignment. 
The alignment of a low-pass or high-pass filter is quite straight- 
»ward because of the relatively simple structure of these net- 
ks; usually, one needs only to adjust properly the components 
wrest to the input and output terminals after the resonant 
iruits have been properly tuned. 
jdowever, the alignment becomes much more involved for 
d-pass and band-stop filters, since there we have not only 
tune resonant circuits to proper frequencies, but also to 
wre that the L/C ratios are correct, thereby ensuring proper 
ying to the mid-band frequency and preventing the pass-band 
aiation from exceeding the prescribed limit 4 p decibels. The 
serent component losses (e.g. finite Q-factors of the coils) in 
t act to the benefit of the designer in the pass band by 
soothing out the insertion-loss variations there, but they also 
~er effective attenuation in the suppression bands. It is there- 
2 advisable to choose, in practice, slightly lower pass-band 
iation (i.e. A,), a slightly higher value of k and, if possible, 
her attenuation A, in the suppression bands than those 
wally required. The presence of unavoidable losses will then 
Jog the resultant response within prescribed limits, after 
‘eful alignment of components. 
he most important but also most difficult to align are the 
~es branches in the z-configuration (Fig. 8) and the shunt 
ynaches in the T-configuration (Fig. 8), i.e. those branches of 
| band-pass or band-stop filter which involve the coefficients 
). These should first be aligned separately so as to produce 
ximum rejection at their proper frequencies f,, ;,2 and mini- 
ym rejection at the mid-band frequency fp. If an equivalent 
cuit is used (see Section 8 and Fig. 10) in the form of two anti- 
nant circuits in series, the alignment is best performed by 
necting these two circuits in parallel and tuning such a 
bination to maximum rejection at f,,;,. and minimum 
ection at fp, thus ensuring proper values of inductance and 
macitance. When using the equivalent circuit for the series 
neh of a z-configuration (see Fig. 10), care should also be 
fien to minimize the stray capacitance between the earth lead 
i the junction point between the two anti-resonant circuits. 
2 other stray capacitances are easily accounted for by adjusting 
4}: values of the C,,7, condensers. 
/The alignment procedure is greatly simplified if a cathode-ray- 
Ye display unit is available, capable of producing, simul- 
seously, the filter response over the whole frequency range 
juired. However, if the point-by-point alignment method is 
4d, it is a good policy to compute the positions of the minima 
W\the pass band (i.e. frequencies where the loss is minimum), 
‘ich for a low-pass filter correspond to the frequencies 


fos ae QoS 
)d for a band-pass filter to 


ve } = V2 + GfsQ007] F 4f2Qos 

f 0s,2 

Heese frequencies, as well as those corresponding to infinite 
‘ection, should be strictly adhered to. In the case of a high- 
Ss or a band-stop filter the frequencies of minimum loss are 
‘stemmed from the above formulae by replacing the Qo, by their 
Dyiprocals. 


. 5) A REASONABLE ESTIMATE OF MINIMUM ALLOWED 
| Q-FACTORS 

»A- stressed in the preceding Section, the method of filter design 
ibed here makes no allowance for the ohmic losses of com- 
Yrents. Several methods are, in fact, available to adjust the 
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3TH 


component values accordingly; these ‘predistortion’ methods 
are described fully by Darlington.° A symmetrical filter, how- 
ever, when designed with the predistortion techniques, ceases 
to be symmetrical in the proper sense of the definition (see 
Section 3). 

The easiest predistortion technique consists of shifting the 
real frequency axis in the complex frequency p-plane by a small 
amount which eventually is made to be equal to the reciprocal 
of the Q-factor of the coils. The shift can in no circumstances 
be greater than «, [which is equal to the real part of the zero 
nearest to the real frequency axis in Fig. 4; see also eqn. (33)]. The 
usual practice is to take this shift to be equal to «,,/3. 

It was found experimentally, on the basis of long practice in 
the laboratories, that by taking 

10 
Qrp> pet 


n 


(107) 


for a low-pass filter, the resultant adjustment of components can 
be easily performed even when these components have been 
obtained without the use of the predistortion techniques. The 
Q-factors required are thus about three times as large as those 
obtained when predistortion is used. 
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Fig. 19.—Data for the estimation of minimum Q-factors. 


In Fig. 19 the minimum Q-factors are plotted from con~ 
dition (107) as functions of the number of sections, ”, and the 
bandwidth ratio, k, for the values of A, used in the component 
graphs (Figs. 12-18). 

It should be stressed that these values of Q-factors are to be 
regarded as a guide only. 

For band-pass or band-stop filters the Q-factors become 


f 


Opp or Qps = Our e 


where fp = centre frequency 
fz = V (BB) 
as in eqns. (96) and (99). 


(108) 
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(15) APPENDIX: AN EXAMPLE ON THE USE OF THE 
TABLES 
A required low-pass filter is to be equally terminated in 
1 kilohm, and should pass frequencies up to 2:8 Mc/s with an 
attenuation not greater than +0-05dB; it should suppress all 
signals above 4 Mc/s by at least 40 dB. 
The filter specification can thus be written (see Fig. 1): 


fy = By = 2-8Me/s, A, = 0-1dB 
fy = B,=4Me/s, A,> 40dB 
By 


that — 2—(- 
so tha k B, 0-7 
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From Fig. 11 we find that for k = 0:7 and A, = 0:1, Ai} 
just slightly above 40dB for n = 2. The complete filter spec| 
cation is therefore 


n = 2 sections (5 branches) 
k =0-7; A, = 0:1dB; A, > 40 dB 


The characteristic constants Qo, governing the shape of |) 
insertion-loss function are found in Table 1: 


Qo = 054476; Qo. = 080712 


while the ladder coefficients for the designated values of & and |) 
are found from Figs. 14, 15, 16, 17 and 18: 


Pell a, = 1-425 
a; = 1:90 a, = 1:05 = 
G5 0:92 


To obtain the actual low-pass filter components it is necessé) 
to evaluate the characteristic filter frequency: 


fa = V(B,B,) = 3:3466 Me/s 


We choose the configuration in order to account for the str 
capacitances across the filter terminals. The component valt h 
can be computed with slide-rule accuracy from the formulae (& 
given in Section 8. For R = 10? ohms, | 


wp ~ 21-0 x 10° 


OF 202297 2) 0 -6a8 
and from a, as found from the graphs, 
a ae L, = 8H C= 10pF 
C, = 44pF Ly = 50H Ci = 29pF 


In Fig. 19 we see that the Q-factor of the coils should be great 
than 110. 

The filter will usually need slight adjustments, but the actus 
alignment will be simplified if the following points are careful} 
watched: a 


(a) The shunt capacitors C; and Cs need to be adjusted to accout! 
for the stray, the input and the output network capacitances. | 
(6) The series-resonant arms need careful tuning to propi 
frequencies of rejection with the proper L;/C2; ratios retained. 


The final alignment should aim at producing the response shar 
postulated, so that the frequencies of ‘zero’ and ‘infinite’ los 
should be carefully adjusted. These are 


te 
foos = OF fos = fpQos 
Thus, in megacycles per second, 
Sot =3.071433 fo, = 8231 


SUMMARY 


The dispersion characteristics of periodically loaded waveguides are 
umined. As is well known, a loaded waveguide has the properties of 
‘iter having infinitely many stop bands, which occur when the phase 
unge per section for the wave is a multiple of 7. For linear accele- 
yor and other applications it is sometimes desirable to operate the 
<acture in the 7-mode but the resulting zero group velocity raises 
siderable difficulties. 

yn the first part of the paper it is shown how a finite group velocity 
“he a-mode frequency can be obtained in a waveguide loaded with 
‘lid dielectric discs. This is accomplished by making the discs 
tionless at the required frequency; the stop band being thus 
“injaated, the structure can be regarded as a confluent band-pass 

tr. 

/ © permit the passage of an electron beam it is necessary for the 
scs to have central holes. Evanescent and other propagating modes 
3 set up, but it is shown in the latter part of the paper that it is still 
isible to operate the structure in the 7-mode with a finite group 
ocity. This result cannot be obtained if the guide is loaded by thin 
yal discs, as used in most present-day linear accelerators. 


LIST OF PRINCIPAL SYMBOLS 


a = Circular-waveguide radius. 
L = Distance between loading obstacles. 
L, = Length of air-filled region of waveguide. 
Ly = Thickness of dielectric disc. 
f = Phase-change coefficient. 
8, = Phase-change coefficient in air-filled guide. 
{ 84 = Phase-change coefficient in dielectric-filled guide. 
By = Radial phase-change coefficient in circular waveguide. 
= Phase change per period in periodically loaded guide. 
 Z, = Characteristic wave impedance in air-filled guide. 
4Z, = Characteristic wave impedance in dielectric-filled guide. 
‘ €) = Permeability and permittivity, respectively, of free 
space. 
€ = Dielectric constant of the dielectric disc. 
. @ = Angular frequency. 
|. f, = Cut-off frequency in empty guide. 
Sm = Frequency at which the characteristic wave impedances 
in a dielectric-filled and an empty waveguide are 
equal. 
ec = Velocity of light. 
v, = Group velocity. 


(1) INTRODUCTION 


’ Naveguide structures capable of supporting a wave with phase 
mety less than, or equal to, the velocity of light, have received 
lisiierable attention in recent years. For linear-accelerator 
“Wwieations the slowing of the wave, so that it may interact with 
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high-energy electrons, is usually obtained by loading a hollow 
circular cylindrical waveguide with metal irises at regular inter- 
vals. A similar result can be obtained by loading with dielectric 
discs as in the case of the travelling-wave linear accelerator of 
Harvey, Mullet and Walkinshaw.!>2>3 

There are certain advantages to be gained by the use of 
dielectric-disc loading. With dielectric materials such as titania 
it is possible to have lower losses, and thus a higher accelerating 
efficiency, than can be obtained in all-metal structures,+ but an 
equally important feature is that structures with better dispersion 
characteristics can be produced. 

In connection with the design of a resonant accelerator an 
investigation has been made into the mode spectrum of dielectric- 
disc loaded cavities operated in an E-mode, and it is the purpose 
of the paper to indicate how it is possible to achieve a higher 
mode separation in the region of 7-mode operation than can be 
had by the use of metal irises. 


(2) GENERAL THEORY 
(2.1) Filter Characteristic of Periodic Structures 


As shown by Slater> a periodically loaded waveguide behaves 
as a band-pass filter, having, in general, infinitely many pass and 
stop bands associated with each mode type. It will propagate a 
wave disturbance which can be analysed into a series of space 
harmonics having phase-change coefficients given by f,, = Bo 
+ 2mn/L where L is the periodic length (distance between 
loading obstacles), n is an integer and fy is taken to be the phase- 
change coefficient of the fundamental harmonic. As the com- 
posite wave consists of harmonics having phase changes per 
period differing from each other by 27m, it does not itself have a 
unique phase change per period. It is, however, convenient to 
attribute a phase change of ¢ to the composite wave equal to 
that of a reference harmonic, which is chosen in such a way that p 
lies between 0 and 77, in the first pass band, 7 and 277 in the second 
pass band, and soon. In many periodic structures this reference 
harmonic has the greatest amplitude. A plot of frequency 
against p therefore appears as in Fig. 1, where a discontinuity 
at a phase change of z indicates the first stop band, with other 
stop bands occurring when ¢ is a multiple of 7. 

An important quantity is the group velocity v,, given by 
dw|dB, which is the same for all the space harmonics at any one 
frequency, and is proportional to the slope of the tangent to the 
curve. The phase velocity w/f is, of course, proportional to the 
slope of the radius vector from the origin to the operating point 
on the curve. 


(2.2) Condition for Resonance 


If reflecting end walls are placed at points midway between 
loading obstacles so as to form a waveguide cavity containing 
n sections, a resonance is possible when the total phase change in 
a progressive wave is an integral multiple of 7. If is an integer 
then for resonance, nf = m7. Thus, in general, there are 
n + 1 values of ¢ which give resonances between 0 and 7, 7 and 
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Fig. 1.—Typical dispersion curve for periodically loaded waveguide. 


The abscissa is the phase change per section and the curve is discontinuous at the 
value. Ten equal intervals have been marked off between 0 and = to iljlustrate resonant 
modes of a cavity containing ten sections. Only a small frequency difference occurs 
between the m-mode and its nearest neighbour. 


27, etc. The n+ 1 resonant modes in the first pass band are 
shown in Fig. 1 for a 10-section cavity. It can be seen that the 
frequency separation between adjacent modes is a minimum at 
the ends of the pass bands where the group velocity falls to zero. 
The mode separation will obviously also decrease as the number 
of sections increases. 


(2.3) Choice of Operating Mode 


Several workers® have noticed that there is an advantage to be 
gained from operating a resonant linear accelerator in the 7-mode. 
The advantage arises from the fact that the amplitude of the wave 
which couples or resonates with the particle is suddenly increased 
in amplitude when the z-mode is reached. This can be shown by 
a consideration of the various space harmonics which exist in the 
resonant accelerator (see Appendix 8). 

It is possible to make use of this mode of operation if the 
accelerator is relatively short, so that the adjacent modes are 
sufficiently far away to present no difficulty in the feeding of 
power to the accelerator. To make the best use of the available 
power sources, the cavity should be as long as possible,’ and it is 
found, in practice, that the limit to the possible length in 7-mode 
operation in present accelerators is set by the mode separation. 

For this reason some workers? have preferred to operate a 
resonant accelerator in the region of the 7/2 mode (z/2rad phase 
change per section), where much longer cavities can be used 
before interference between adjacent modes becomes a difficulty. 
It should be noticed that 7/2-mode operation involves the use of 
twice as many loading obstacles as the 7-mode for a given cavity 
length, and consequently some of the advantage in mode separa- 
tion to be gained by working in this region of large group velocity 
is lost. 

In addition to the accelerating efficiency of the z-mode it 
has other, though less important, advantages. Fewer loading 
obstacles are required than in other modes of operation, thus 
leading to a simplification in manufacture. The large spacing 
between obstacles tends to reduce the multipactor effect some- 
times found in accelerators,!° by making half-cycle transit-time 
multipactoring impossible for fields of the order of magnitude 
found in accelerators. 


(2.4) Condition for Disappearance of the Stop Band 


Operation of the loaded resonator in the region of the 7-mode 
has been shown to involve a small mode separation, arising from 
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the zero group velocity at the 7-mode. When the phase cha } 
per section is 7 radians the reflections of a progressive wave fr 
successive loading obstacles add together in phase. In an infir i 
loss-free structure the reflected wave builds up to become eq) 
in magnitude to the incident wave, so that a pure standing w.)) 
is set up having zero group velocity. If the loading obstacles ); 
reflectionless at the 7-mode frequency there can be no build) 
of a backward wave, and so it should be possible for a travell|y 
wave of finite group velocity to be propagated. Under sucl@ 
condition there is no stop band at the point d = 7, and the gu 
behaves like the confluent band-pass filter of electrical circ) 
theory.!! In the following Section it will be shown that suc} 
structure can be produced by using solid dielectric disc loadi} 


(3) THE DIELECTRIC-DISC-LOADED WAVEGUIDE _ ; 


(3.1) Derivation of Filter Characteristics 


The transmission characteristic of an infinite length of wa) 


guide loaded at regular intervals by solid dielectric discs (Fig’| 
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Fig. 2.—Waveguide loaded with dielectric discs. 


can be deduced from a knowledge of the characteristic we 
impedances and propagation coefficients of the air and dielect! 
regions. The structure will be assumed to be lossless and 
propagate only one mode type, for which the wave impedani! 
and phase-change coefficients of the air and dielectric regict 
are Z,, Z,, and B,, Bg, respectively. The analysis proceeds as } 
a cascade of identical networks.!! It is convenient to divide th 
guide into half-sections by reference planes placed midwi 
between discs and through the centre of each disc. The systi 
of half-sections can then be regarded as a cascade of identi# 
dissymmetrical networks connected on an image basis. | 
For the half-section between AA and BB in Fig. 2, let Z,, a} 
Z,- be the input impedances at AA when a short-circuit or | 
open-circuit is placed at BB. It can be shown that, for an infin’ 
line, . 


Z. 
it pigs, Saha 
jtan ¢/ Z 


oc 


where ¢ is the phase change per section as before. 
Transforming impedances from BB to AA, Z,, and Z,, can 
found, and are given by 


i Zolguai ee tanp 0 staniBy is 
oe [2g CORE GE IZ, ian err 


vies Z,Z4 + Z2tan BAL, cot ByL, 
“= jZ, cot BgLy + jZqtan BL, 
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dean Bila + (Z/Z,) tan BoL,)|[(ZalZ,) tan ByLy + tan BL]? 
¥2Z,/Z,) tan BL, tan Bly — 1\(Z,/Z, — tan B,L, tan BL) 
() 


) The limits of the stop bands occurring when @ is an odd 
Ki altiple of 77 are given by tan ¢/2 = 00, and are therefore 


tat, tanp Lk = 24/2, 
tan §,L, tan B3L, = Z,/Z, 


(2) 
(3) 


| hile the limits when Z is an even integral of a are given by 
1 ¢/2 = 0 and are as follows: 


tau 6,1, cot 67, = = Z,/Z., \. (4) 
fap, L cot ply = — Z,|Z 4% (5) 


e modes of particular interest are the m-modes, which are 
ven by the lowest-frequency solutions of eqns. (2) and (3). 

if is easy to see that for a disc-loaded waveguide the loading 
tstacles are reflectionless if the characteristic wave impedance 
“tthe air region is equal to that in the dielectric region, i.e. 
);=Z,. It is shown in the next Section that this condition 
* 2 De obtained for an E-mode wave by the correct choice of 
side dimensions (i.e. cut-off frequency fc), operating frequency 
‘id dielectric constant of the discs. The discs will only be 
ectionless at one frequency, but if the frequency chosen is 
fat of one of the 7-modes then the condition to produce con- 
>sience of the 0-7 and 7-27 pass bands is satisfied. 

{If the condition Z, = Z, is substituted in eqns. (2) and (3) it 
ép (readily seen that the two z-modes have the same frequency, 
aich is another way of stating that the pass bands are confluent. 


~2) Matching of Characteristic Wave Impedance between Air- 
| Filled and Dielectric-Filled Regions 

For a uniform waveguide propagating a single mode type, it is 
):Il known that the characteristic wave impedances are given by 


LZ) = Volo Ie — (f,/f)*] for an E-mode, 


and Zy = +/(Ao/€o)/-V/ le — (f-/f)7] for an H-mode 


{It is obvious that for an H-mode in a given waveguide Zp must 
ways be greater when « is unity than when e is greater than unity. 
anus for an H-mode wave it is not possible to achieve an impe- 
ince match between air-filled and dielectric-filled regions of a 
veguide. However, for an E-mode this is not the case, and at 


“yirequency given by 
l+e 
di Wa foal e 


e characteristic wave impedances in the two regions are equal. 
‘nis condition was first noticed by Lamont.!?»!3 In general, 
‘mere the regions are filled with dielectric of dielectric constants 
, and €,, the matching frequency is given by 


ete SA ae? 

Im = Je €1€ 

3.2) Mode Separation in Dielectric-Disc-Loaded Waveguide 
Cavity 

ili is convenient first to designate the two 7r-modes, 7, and 7, 
aese frequencies are given by eqns. (2) and (3), respectively, 
<ieve zr, has a node at AA in Fig. 2 and 772 has a node at BB. 
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Which one of the z-modes is excited depends, therefore, on where 
the cavity is terminated, and for a given termination only one of 
the z-modes can be excited. The other modes in an n-section 
cavity are numbered according to the number of 7-phase changes 
there are along the cavity length—those adjacent to the 7-modes 
being the (x + 1) and (nm — 1) modes. 

It is difficult to derive an expression for frequency separation 
between the z-mode and its neighbour, because, in general, the 
zero slope of the dispersion curve at the 7-mode makes a first- 
order approximation impossible. The frequency of the (nm + 1) 
and (” — 1)-modes can be determined by calculating the dis- 
persion curve in the region of the 7-mode. When the pass 
bands become confluent a first-order approximation is possible 
for small frequency differences, because of the finite group 
velocity. It can be shown that the group velocity at the matched 
am-mode is given by 


Vy = 


wy? 1 2741/2 
|Z) (tan BL, + tan ByLg)(Ly + Lae + 1) — («< = 2) | 
€ 
and that the mode separation Af in terms of Vg is 


v 
Af= +—& 
f= + 2nL 

In linear accelerators it is customary to use a circular cylindrical 
loaded waveguide operated in the Ey ;-mode, and so the numerical 
work in this Section deals with this case. 

For a circular waveguide, in eqn. (1), 


Ba = V(@*Ic* — BA) 
Ba = Vw? I]c*« — 83) 


Zq_ Ba 
Ze Boe 


where for an Eo\-mode, if a is the guide radius, f,a is the first 
root of the zero-order Bessel function: 

A comparison between dispersion curves for disc-loaded wave- 
guides which are matched and unmatched at the 7-mode is shown 
in Fig. 3. In both waveguides the same 7r,-mode frequency, disc 
spacing and dielectric constant are taken, but for the non- 
matching case the waveguide diameter has been adjusted so that 
the a-mode frequency is 3:9% higher than that required for 
matching. The group velocity at the 7-mode for the confluent 
curve is seen to be the maximum value over the whole pass band. 

Instead of presenting a series of dispersion curves in order to 
show how the mode separation varies as any one of the guide 
dimensions is varied, it is convenient to show the mode separation 
directly plotted against the relevant variable. Of the variables 
available, f, «, a, L,, and Ly, some are fixed for any particular 
accelerator design. For example, using an available low-loss 
dielectric material for the discs it is necessary to assume € to be 
fixed. Similarly the operating frequency is generally determined 
by available high-power oscillators which, in turn, for a length of 
accelerator of constant phase velocity, determines the disc 
spacing. The remaining variable to satisfy the matching condi- 
tion is the tube radius a, which, when chosen, determines the disc 
thickness. 

In Fig. 4 the frequency of the 7,-mode, which is the most 
efficient of the zr-modes for a linear accelerator, is taken as fixed, 
and the variations of the 77,, (n — 1) and (m + 1) mode frequencies 
are plotted against the guide radius for a particular 10-section 
cavity. 

If the cavity is terminated so that the operating mode is the 
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Fig. 3.—Dispersion curves for disc-loaded waveguides. 
(a) With unmatched discs. 
(b) With matched discs. 
In (a) the waveguide diameter is slightly greater than required for matching. For 
comparison the two guides were made to have the same 71-mode frequency by using 
slightly thinner discs in (a) than in (6). 
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Fig. 4.—Resonant modes of a dielectric-disc-loaded cavity. 


The cayity has ten sections each of length 5cm, and the relative permittivity of the 
discs is 86. The disc thickness has been adjusted to keep the frequency of the m-mode 
fixed. The broken line gives the frequency at which the matching condition is satisfied. 


m,-mode, Fig. 4 shows that its nearest neighbour depends on 
which side of the matching frequency, f,,, it lies. When its fre- 
quency is less than f,, it lies on the upper pass-band and the 
(n + 1)-mode is its nearest neighbour, and when it is greater 
than /,, it lies on the lower pass-band and ( — 1) is its neighbour. 

Fig. 5 shows the mode separation over a wider range as a 
function of tube diameter for a particular 20-section cavity. 
The factor of improvement in frequency separation at the critical 
matching diameter, over the separation for a tube diameter only 
3% different, is as much as 20 in this example. 
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Fig. 5.—Mode separation for a 20-section cavity. 


7ty-mode resonant frequency = 2998 Mc/s. 

L£ = Som, 

€ = 86. 
(a) Frequency separation between the modes = n + 1 and 7. 
(b) Frequency separation between the modes = n — 1 
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Fig. 6.—Measured confluent characteristic of a 4-section cavity, | 


a = 3-849 cm. a 

LE = 5cm. fend 
2La = 0:48 cm. 

e ~ 90 


An experimental verification of a loaded cavity producing | 
confluent band-pass characteristic was made, and the result 
shown in Fig. 6. A 4-section circular cylindrical cavity we 
constructed loaded by discs of a titania ceramic with a dielectr:| 
constant of about 90. The cavity diameter was chosen so the. 
the matching condition held at 2998 Mc/s, and for a periodi) 
length of 5cm the disc thickness was chosen so that this was als. 
the 77-mode frequency. The curve was plotted from the measure! 
values of the resonant frequencies of the cavity. The cavit 
termination did not permit the 7r>-mode to be excited, but fror 
the plotted points it can be seen that if a finite stop band doe 
exist, it must be extremely narrow. 

It is unlikely that the matching condition was exactly satisfiec! 
as the dielectric constant was not known to within an accurac 
of better than 2°, but cavity losses will tend to modify the cury 
in the vicinity of the a-mode to produce confluence if th 
theoretical stop band for the lossless cavity is small. . 


) CAVITY LOADED WITH DIELECTRIC DISCS HAVING 
AXIAL HOLES 


(4.1) Introduction 


«in practical applications of dielectric disc loading, it is necessary 
> there to be a concentric hole in each disc to allow for the 


itic field pattern and makes a simple impedance match between 
_: air and dielectric regions no longer possible. A complete 
ithematical treatment of this problem is very difficult, but the 


It is probably more convincing if this can be 
monstrated in a practical way. 


(4.2) Discussion of Problem 


(ft has already been shown that confluence can occur if the 
| ading obstacles are reflectionless at the z-mode frequency. 
“me attempts were made to discover whether a frequency could 
‘| found at which a single disc with a hole was reflectionless. 
ais was very difficult to do experimentally, since the required 
“dition is near the cut-off frequency of the unloaded guide, 
lid also a special standing-wave indicator for a circular wave- 
“ciGe was required. However, on further consideration, it 
‘ame clear that this reflectionless state is not a necessary 
‘ition nor is it even relevant. For solid discs a single 


is. When a hole is made in the disc, evanescent modes are set 
', and it cannot be assumed that these have completely died 
"tat adjacent discs. To be valid, therefore, an experiment 
ust take into account any such mutual interaction between discs. 
(Rather than investigate the question of reflections in a long 
“iriodically-loaded waveguide terminated, say, in an absorbing 
ad it was decided to approach the matter from a different point 
‘\ view. As has been shown, there are, in general, two fre- 
encies at which there is a 7-phase change per section. To 
asure these frequencies a length of guide may be converted 
«0 a resonant cavity by placing end walls midway between the 
%es or through the centre of the discs. It may be noted that 
ily by placing end walls in these positions can the system be 
flected in the end walls in such a way that the field pattern in a 
yort cavity is the same as in a long structure. The shortest 
wssible representative cavity contains only one disc, which can 
placed at the centre of the cavity, or alternatively half- 
“sickness discs may be placed against each end wall [see Figs. 7(a) 
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Fig. 7.—Disc positions for (a) 71- and (6) 72-mode cavities. 


1d 7(b)]. The resonant frequency of the cavity with the central 
me gives one 7-mode, and that of the cavity with the half 
se gives the other 7-mode. Using the notation of Section 3.3 
=S. may be referred to respectively as the 7,- and 7r>-modes. 

fff. by varying any dimension (such as the length or diameter 
{ “4e cavity, the hole size or disc thickness), it can be shown 
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that it is possible for the 7,- and 7>-modes to have the same 
frequency, the condition for confluence has been established. 


(4.3) Experimental Verification 


An experimental verification was carried out. To save cost 
and for ease in machining, an initial test was done with discs of 
polystyrene instead of titania. As the dielectric constant is 
much less, a thicker disc was used so that the thickness would be 
roughly the same fraction of a wavelength. All factors are not 
altered in the same proportion by a change in dielectric constant, 
but there is no reason to suppose that there is any change in 
principle. 

A cavity of length 5-Ocm and diameter 7-24cm was prepared 
which had detachable end walls held in position by tie bars. The 
cavity was excited by a small probe placed in an axial hole in one 
end wall, the end of the probe lying flush with the wall. A 
similar probe in the other end wall was fed to a crystal detector, 
and resonance was detected in the manner of a transmission 
wavemeter, only a symmetrical E-mode being set up. The discs, 
which were a push fit in the cavity, were first located by a depth 
gauge and held in place by small screws through the guide wall. 
Resonant frequencies were measured for a range of disc thick- 
nesses, the hole size being maintained at 4in diameter. The 
results are shown in Fig. 8. As the curves for the two 7-modes 
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holes. 


a = 3:62cm. 
LC = Siem: 


(-] m1-mode, 0-Sin diameter hole. 
© 7-mode, no hole. 
A, T2-mode, 0-5in diameter hole, 
* 7t2-mode, no hole. 


intersect when the disc thickness is 1-77cm and the frequency 
is 3722Mc/s, a confluent structure can be made. For com- 
parison a similar test was carried out with solid polystyrene discs 
and the results are shown by the broken lines in the Figure. As 
expected, the effect of the hole is to increase the resonant fre- 
quency, but the general forms of the curves taken with and with- 
out the hole are similar. It is reasonable to suppose that any 
small change in dimensions will affect the resonant frequency of 
the solid-disc resonator in approximately the same way as for the 
resonator containing a disc with a hole, and so the simple calcula- 
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tions on solid discs may be used to estimate frequency shifts. 
This is particularly useful in reducing the number of measure- 
ments which require to be done to discover the precise cavity 
dimensions which give confluence at some particular frequency. 


(5) THIN METAL DISCS 


Most microwave accelerators in common use are loaded with 
thin metal irises, and operation of this type of accelerator at the 
a-mode is found to suffer from small mode separation. Slater®, 
for example, reports a 0:1°% mode separation at 10cm wave- 
length for a 24-section cavity of the Massachusetts Institute of 
Technology resonant linear accelerator. It is not possible to 
improve this by trying to obtain confluence, as may be seen from 
the following argument. 

In order that the 7, and 7 resonant frequencies shall be the 
same it is necessary for the loading obstacle to have the same 
effect on the resonant frequency of a cavity when placed in the 
middle, as when divided into two and placed against the end walls. 
If the loading obstacle is a thin metal disc (with or without a hole), 
then clearly when the half-discs are placed at the end walls the 
resonator behaves as if it were empty. For confluence, therefore, 
the disc when placed at the centre must not change the resonator 
frequency. This is not possible for a solid metal disc, and if it 
were possible to achieve the result by some arrangement of holes, 
clearly the disc no longer acts as a loading obstacle at that fre- 
quency. Hence it is impossible to achieve confluence in a slow- 
wave structure by the use of thin metal irises. 


(6) ACKNOWLEDGMENTS 


This work was carried out at, and supported by, Queen Mary 
College under an A.E.R.E. contract. The initial idea was due 
to Mr. R. L. Fortescue, formerly Head of the Nuclear Particle 
Laboratory, Queen Mary College, and the progress of the work 
was considerably assisted by Dr. E. A. Ash. To both, the 
authors wish to express their warmest thanks and appreciation. 


(7) REFERENCES 


(1) R.-SHeRsBy-HARVigE, R. B.: “Theory of Dielectric Loaded 
Waveguides applied to Linear Electron Accelerators’ 
(A.E.R.E. Report No. EL/R402; 1949). 

(2) BELL, J. S., and WALKINSHAW, W.: ‘Review of Theory of 
Dielectric Loaded Linear Accelerators’ (A.E.R.E. Report 
No. G/R544; 1950). 

(3) MULLET, L. B.: ‘Dielectric Loaded Waveguides for Linear 
Accelerators at 10cm. Wavelength’ (A.E.R.E. Report 
No. G/R448; 1950). 

(4) R.-SHERSBY-HARViE, R. B.: ‘A Proposed New Form of 
Dielectric-Loaded Waveguide for Linear Electron 
Accelerators’, Nature, 1948, 162, p. 890. 

(5) SLATER, J. C.: ‘Microwave Electronics’ (Van Nostrand, 
1950). 

(6) Fry, D. W., and WALKINSHAW, W.: ‘Linear Accelerators’, 
Reports on Progress in Physics, 1948-49, 12, p. 102. 

(7) R.-SHersBy-Harviz, R. B.: ‘Travelling Wave Linear 
Accelerators’, Proceedings of the Physical Society, 1948, 
61, p. 255. 

(8) Lawton, E. J.: “The Choice of Operating Mode for Standing 
Wave Type Linear Accelerators for Electrons’, Journal of 
Applied Physics, 1948, 19, p. 534. 

(9) Lawton, E. J., and HAHN, W. C.: ‘Experimental Results 
on Standing Wave Type Linear Accelerators for 
Electrons’, ibid., p. 642. 


WALKER AND WEST: MODE SEPARATION AT THE 7-MODE IN A 


(10) Mutter, L. B., CLAy, R. E., and HADDEN, R. J. B.: “Mup 
pactor Effect in Linear Accelerators and other Evacua} 
R.F. Systems, and a New Cold Cathode Valve’ (A.E.Rit 
Report GP/R1076). i 
(11) Gumttemin, E. A.: ‘Communication Networks’ (Wil) 
1935). 
(12) Lamont, H. R. L.: ‘Theory of Resonance in Microwi) 
Transmission Lines with Discontinuous Dielectr) 
Philosophical Magazine, 1940, 29, p. 521. 
(13) Lamont, H. R. L.: ‘The Use of the Waveguide for Measu}« 
ment of Microwave Dielectric Constants’, ivid., 19) 
30, p. 1. 


(8) APPENDICES 
Space Harmonics in Resonant Accelerator 


with the space harmonics found in a periodically loac } 
accelerator. The forward harmonics, having positive gro) 
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Fig. 9.—Space harmonics in a periodically loaded waveguide, - 


velocity, are shown as continuous lines, while the dotted lir 
show the backward harmonics. If the accelerator dimensio 
are chosen correctly, any one of the harmonics with positi 
phase velocity, ie. 6, positive, can be made to travel at t/ 
same velocity as the particle and to resonate with it. 

When the accelerator is operated as a resonant system, the 
for each forward travelling harmonic there is a backwa 
harmonic of equal amplitude and of equal phase and grou 
velocities, but of opposite sign. For example, if the accelerat 
is Operated at the frequency f’, the forward harmonics a 
...(n— 1), (Wy, (1 + Ly, etc., and the backward harmoni 
are ...(7 — 1), @,, @ +1), etc. Of all these harmom 
only one can be made to couple to the particle over a number 
wavelengths and to give a resultant energy to it. 

It is usual in accelerators to couple the particle to the fil 
forward harmonic, (m)r, and so this is designed to have 4 
largest amplitude, such that most of the forward wave ener; 
is carried in it. The other forward harmonics will have small 
and smaller amplitudes as their wavelengths decrease. Unavoi 
ably in a resonant system, half the energy is still carried in fl 
backward wave. 

It is interesting to note the behaviour of the first backwa 
harmonic with positive phase velocity, (n — 1),, as the operatit 
frequency approaches the upper cut-off frequency f”. It is four 
that its amplitude approaches that of the accelerating harmon 
(n)y, and as can be seen, its phase velocity also approaches th 
of (n)r. However, so long as its phase velocity is slightly differe 
from that of the particle, it can give no net acceleration to 
In the limit when the frequency f” is reached, i.e. 7-mode opel 
tion, the two harmonics coalesce. When the end walls lie midw 
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Fig. 10.—Performance of linear accelerator loaded with 
dielectric discs. 


a = 3-849 cm. 
Ff = 2998 Me|s. 
eleo = 86. 


tween discs, these harmonics add in phase and hence give an 
elerating field of greater amplitude. 
* the end walls are moved a distance of one-quarter of the 
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harmonic wavelength, i.e. to points at the centre of discs, the 
harmonics are out of phase so that they diminish the accelerating 
field. The z-modes corresponding to these positionings of discs 
are referred to in the paper as the 77,- and 77y-modes respectively. 

To illustrate the advantage in operating a dielectric-disc- 
loaded accelerator at the z-mode, calculations were made of 
the energy gain of an electron travelling with approximately the 
velocity of light in structures having different numbers of discs 
per wavelength. Two discs per wavelength corresponds to the 
m-mode, three discs to the 27/3-mode, etc. Fig. 10 shows a 
graph of the relative voltage gain, defined as the ratio of the 
mean energy gained per unit length, namely W electron-volts 
per metre, to the peak field strength, E,,.,. A graph has also 
been made of the shunt impedance, defined as the ratio of W? 
to the mean power dissipated per unit length of the structure. 
For ease in computation the case of solid discs was taken and 
it was assumed that no energy was gained by the electron in 
traversing a disc. The discontinuity at the w-mode is clearly 
seen in both curves giving an improvement in both charac- 
teristics by a factor of about two. 

The advantage in operating a metal-iris-loaded accelerator at 
the 7-mode has been discussed by Fry and Walkinshaw.® 
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SUMMARY 


Synchronized oscillators of the feedback type, possessing low-pass 
and band-pass filters in the loop, are considered. It is shown that 
these filters can, under certain conditions, be represented by time-delay 
networks. 

Stability and the pulling effect in a synchronized oscillator with a 
time-delay network in the loop are investigated analytically, graphically 
and with the help of an analogue. The corresponding non-linear 
hystero-differential equation is studied, and typical solutions are pre- 
sented on the phase plane. Methods of improving the performance by 
the use of correcting circuits are also considered. 


LIST OF SYMBOLS 
M = p,/S = Normalized detuning. 


M, = Critical value of M for pulling effect. 

p=& -- jw. 

p=ddt. 

p =e +jw’ =a/S + jos. 

D =dldr: 

S' = Half the angular synchronization range. 
times 

T = Time delay. 


T’ = ST = Normalized time delay. 
To = Critical delay to cause instability. 
T,, = Critical delay to cause pulling effect. 
¢, = Instantaneous phase of the synchronizing signal. 
¢o = Instantaneous phase of the controlled signal. 
b = bo — $1. 
A = Limit cycle. 
Tt = St = Normalized time. 
@, = Angular frequency of the synchronizing signal. 
W, = Instantaneous angular frequency of the controlled signal. 
@q = Free-running angular frequency of the controlled signal. 
Lp = Bo — @, = Free-running beat angular frequency. 


(1) INTRODUCTION 


The system of synchronizing oscillators by indirect means, 
employing a phase discriminator and a reactance valve,! is 
widely used, its applications including frequency-generating 
circuits, automatic frequency control,3»4 and control of the 
horizontal sweep in television receivers.5 The circuits used to 
perform the above operations generally include some means of 
filtering in the loop (see Fig. 1); these filtering networks increase 
the complexity of the system and affect the pulling effect,* 
transient and frequency response, and stability. 

Although the differential equation describing such a system is 
non-linear, the analytical method can be used without great 
difficulty in problems regarding stability and frequency and 


* The frequency range, in which an oscillator can be drawn into synchronism with 
all possible initial conditions, is called the pull-in range. Once synchronized, the 
oscillator can retain synchronism up to the limits of the pull-out range. The pulling 
effect is said to exist if the pull-in range is less than the pull-out range. 
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transient response within the synchronization range, since in the) 
cases a small perturbation within the system can be assumgé/) 
leading to a linear equation. On the other hand, in the probly 
of pulling effect, the non-linear equation has to be consider) 
and, in this case, graphical analysis seems to give the best resul} 
The system which has attracted greatest attention is one with 
simple RC low-pass filter following the phase discriminator, whe} 


the equation is of the type 


ah dp a | 
Aa ap ne tam, cen | 

A and B being constants. ; 
This system is always stable. In some systems, howev) 
which include more complex filters of the low-pass or band-pz’ 
type, such as those used for frequency generation, it may © 
necessary to consider not only the pulling effect but also t 
stability of the system. For the purpose of analysis, it may | 
possible, under certain circumstances, to approximate to t 
filter characteristics, by considering them as time-delay networ 
and establishing a system equation on this basis. This approai 
gives a non-linear difference-differential or hystero-differentit 
equation of the first order, equivalent to a differential equation 
infinite order. Some linear hystero-differential equations ha 
been analysed.7-!2. The present non-linear equation, howeve 
does not appear to be tractable analytically, but an analysis — 
a linearized equation gave conditions of stability and usef 
indications of the graphical procedure for solution. In additio 
observation of an experimental set using an electro-mechani 
analogue with a time-delay unit helped considerably in antic 
pating and checking graphical computations. é 


(2) DERIVATION OF THE HYSTERO-DIFFERENTIAL 

EQUATION 

The analysis of a simple synchronizing system possessing’ 

filter of transfer function F(p) is carried out in order to develc 
the phase equation. 


Vv 
1 CONTROLLED 


v. 
3_JREACTANCE 
VALVE OSCILLATOR 


PHASE 
OISCRIMINATOR 


SYNCHRONIZING 
VOLTAGE 


Fig. 1.—Block diagram of a synchronized system. 


Referring to Fig. 1, put 
Wo = Wo a rb; ° . ° . . . ( 


where r is the reactance valve constant (rad/sec-volt), and a 
and @g aré the instantaneous and free-running angular frequenci 
of the controlled oscillator, respectively. 


C36 F(p)v2 6 : a . . ‘ ( 
2R=qwusp ~. |. . ae 
where q is the discriminator constant (volt/rad), and ¢ is tl 


But 


and 
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“ference between the phase of the oscillator voltage, vg, and 
"it of the synchronizing voltage, v,. 
’ Therefore 


Wo = Wo — grF(p) cos co) 
(Uy, = @ = Wo ae Oy — qrF(p) cos f 
ere @, is the angular frequency of v,. 
50 that 


d d d 
ee sa = & = pd = py — grF(p) cos d 


"iere Ly = Wo — @, is the undisturbed beat angular frequency. 
» It can be seen that, in synchronism (p¢ = 0), pu, can be within 
Pwange +grF(O), so that, assuming that F(O) = 1, half of the 
~ fl-out range, or synchronization range, is 


Saar a he ae Sse 6 CD) 
me phase equation then becomes* 
pd + SF(p) cos fd = py 


| in normalized form, 
1 oa 
Pe + F(p) cos ¢ = > 


Dida ED )COS Ota ntasoa on is), (6) 


it is shown in Section 9.2 that if the network possesses a 
ostantially flat amplitude response and linear phase response 
thin a band of 2-5S radians per second, then the low-pass 
“er in the synchronization circuit shown in Fig. 1 could be 
olaced by a time delay 


gay a es Nee na) 
“thout materially affecting the performance of the circuit. Thus, 
* an input v,(f), the output will be v3(¢) = v2(t — T). 
“However, 
T2 
v(t — T) = v(t) — Tpv(t) + sp P Patt) —... (8) 
= ¢—!y,(7) . (8a) 


‘iHence, the transfer function can be reduced to ¢~/? or, in 
2 normalized form, 


F(p) = e-T?’ Mert aioe oo = (9) 
“nere T’ = ST, p’ = p/S = dfdr, and 7 = St is the normalized 


me. 
Substituting in eqn. (6) gives 


x +e-T?' coop =M (10) 
Snich could be written 
SP + cos PG TM (10a) 


at 


Gieating that cos ¢ is delayed but not affected otherwise. 

‘4 similar approach can be made in the case of carriér systems 
ilizing band-pass filters and frequency changers which may be 
we for frequency generation (see Section 9.3). 

1£4n. (10a) is called a non-linear hystero-differential equation, 
\d. since e—7’?’ can be expanded into an infinite series, yields 
»dTerential equation of infinite order. The first part of the 
er is concerned with the solution of the equation from the 
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points of view of stability and pulling effect. In the second 
part, the problem of stabilization of unstable systems is con- 
sidered. It does not seem possible to solve this equation as it 
stands, and graphical methods have been applied. 


(3) STABILITY AND PULLING EFFECT IN THE SYSTEM 


(3.1) Description of Solutions 


In this Section the types of solution of the governing eqn. (10a) 
are investigated on the phase plane. It is intended at this stage 
not to explain the method of graphical construction of the 
solution, which will be given in detail later, but rather to outline 
how it is affected by time delay. 

When time delay is not present, i.e. T’ = 0, the system equation 
is simply 

db 

i M — cos ¢ (11) 
and this can be represented on the phase plane by o, as shown in 
Fig. 2(a) for M <1. The motion of a point in the plane is 


Fig. 2.—Simple phase equation on the phase plane. 
(2) M<1 (6) M>1. 


constrained to lie on this curve, moving from left to right above 
the ¢-axis, and from right to left below the ¢-axis, where d$/dr 
is negative. The curve crosses this axis at the singular points P 
and Q where the solution can remain indefinitely, being stable 
at P and unstable at Q. 

Thus, when M < 1, i.e. within the synchronization range, the 
system will eventually come to rest at a stable point P representing 
constant phase difference between the oscillators. 

If, however, M > 1 [Fig. 2(6)], i.e. outside the synchronization 
range, the path will not cross the ¢-axis, since M — cos ¢ cannot 
be zero. Thus no locking is possible and beats will occur, with 
the phase difference between the oscillators increasing indefinitely. 

When time delay is present, ic. T’ > 0, the point will move 
along a different path, which will lie, however, with the exception 
of the first period of time T when it can be arbitrary, between 
the limits 


d 
Mateo 


The actual shape of the path is a function of T’ and M. Thus, 
consider M to be reduced gradually from greater than unity to 
zero, while the delay is constant. 

(a) M> 1. The system is operating outside the synchroniza- 
tion range, this state being represented on the phase plane by a 
periodic curve along which the operating point will move. 

(6) M,<M< 1. The system is now within the synchroniza- 
tion range, where locking may be expected to occur. Since, 
however, M is greater than a critical value M,, which is dependent 
on 7’, the operating point continues to move along a periodic 
curve, and synchronism is not possible, although stable singular 
points have appeared. This curve is denoted by A, in Fig. 3, 
and corresponds to the limit cycle of the second kind, described 
in Reference 1. 
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Fig. 3.—A periodic solution of eqn. (10a) on the phase plane. 


(c) O<.M<™M,,. Synchronism is now achieved, and A, has 
vanished. If M < M,, with any initial conditions, the operating 
point tends either to a stable equilibrium at P, Fig. 4(@), or to 
move along another closed curve, around P, Fig. 4(5). This 


Fig. 4.—Examples of solutions of eqn. (10a) on the phase plane. 


atter case represents instability at P, and its presence depends 
on the magnitude of T’. The curve denoted by A, corresponds 


to a limit cycle of the first kind. 
(d) M=M,,. At the critical value of M, the operating point, 


if started from Q, comes to rest at the next point Q, 
In a manner corresponding to the above, if M is 
held constant at less than unity, and 7 varied from a large value 
to zero, the pattern of behaviour is similar, provided that the 
When 7 has been reduced to the 


Fig. 4(c). 


point is originally on A). 
critical value T,, (for a given M), A, vanishes. 


The pulling effect exists, therefore, because, as M is being 
reduced, if the operating point moves along the limit cycle V,, 
Thus the 
system ‘pulls-in’ to synchronism when M = M,, (for a particular 
Conversely, if the operating point is at a stable 
singular point, it will remain there until the latter vanishes. 
Thus, as M slowly increases, the system ‘pulls-out’ of synchronism 


it will continue to do so as long as the latter exists. 


value of T’). 


when M > 1. 


It is also possible, however, for the system to be locked even in 
the presence of A,, provided that |M| <1, if it starts from certain 
This aspect of performance’ will not be further 


initial conditions. 
considered. 


SYSTEMS WITH TIME DELAY IN THE LOOP 


(3.2) Stability 


In order to consider the stability of the system at the sing|z 
point P or Q, where the phase ¢) satisfies cos 2 = M, a sii 
increment x is added to ¢ in eqn. (10a): 


$= $2 +x 


Then eqn. (10a) becomes 


ee + cos ¢, cos x (r — T’) — sin gd, sinx(t —-T) =M 
. 
Since x is very small, and cos ¢, = M, 
dx(r P , b 
os — sin ,x(7 — T’) =0 


This is a linearized form of the equation. It can be noticed & 
at point Q, sind, > 0, whereas at point P, sin fd. <0. | 
Section 9.1, which contains an analysis of the linear hystis 
differential equation, the question of stability is examined. 
is shown that, whereas point Q is always unstable, it is poss} 
for point P to be stable or unstable, depending on the value o} 
The condition of stability is 


—j7<T’sngd,<0. . . . JM 


In this Section the stability is considered in a different mani 
to give an indication of the means of stabilization of an unsté? 
system. ‘ 

In order to do this, the system is considered at first with? 
time delay in the loop. Subsequently the effect of the dela’ 
considered as a phase shift increasing linearly with frequer} 
which must be added to the phase shift of the system. t 

Consider a system without time delay, in which the oscilla} 
is operating in stable synchronism with the constant phi 
difference $5. 

Then, referring to Fig. 1, 


03 = V, =q COS oy 


Consider now the loop opened between the phase discrimina 
and the reactance valve, a voltage g cos ¢, being put into | 
reactance valve in order to maintain synchronism. If now 
very small increment V3¢/! is added to g cos ¢, 


V3 = q C08 dy + V3eiot 


a component V¢/°! will appear at the output of the phase ¢ 
criminator. The ratio V,/V3 will then be the open-loop trans 
function of the system. 

The frequency of the oscillator will have an increment rV3é 
and the phase increment 


rV3 | elotdt = V5 jet 
Jo 
so that 
rV3. V3 
y= q.cos ( + —eie") ~ qcos ¢, — qsin 6, eiot 
D 2 jw q oy q 2 jw 
since V; eA 
Hence, the open-loop transfer function is given by 
; qr sin 
KG) ee 
Jw 


Since qr = S, and at P, ¢, is negative, 


aol 2 
KGa) = asa a) 


( 


K(jw) has a polar plot as shown in Fig. 5(a). The integrati 


(-1,0) 


(a) (d) 
Fig. 5.—Polar plot of the open-loop transfer function. 


—in phase shift, is the result of the reactance-valve/phase- 
friminator arrangement. 
As stated earlier, the effect of time delay is one of phase lag 
portional to frequency, leading to a spiral in the polar 
\gram. 
Pigs. 5(b) and S(c) show two cases of systems with delay. 
pce, in the second of these, the diagram encloses the point 
1, 0), the system is unstable. 
i , he condition of stability is that, at a frequency w, at which 
{= 1, i.e. at 


wy = S/H — M?) (15) 


‘): critical time delay must contribute an additional phase lag 


Thus wT = Aan 
13 Tae i 
Ps 255/C = N12) 
/ fi: 
Ty = ST = 7G 5° (16)* 


This agrees with the condition obtained in Section 9.1. The 
wendence of Tj on M is shown in Fig. 6. 


Fig. 6.—Limit of stability of the synchronized system. 


The above approach suggests means of stabilizing unstable 
stems in a manner somewhat similar to that used in the case of 
vo mechanisms. This will be considered in a later Section. 


(3.3) Pulling Effect 


: ‘From observation of an electro-mechanical analogue of the 

Jove system, it is found that as time delay is increased, the 

ill-in range decreases, although the pull-out range is unaltered. 
nus the pulling effect is dependent on delay, and it is desirable 

* find the relationship between them. 

A simple expression for the numerical value of the pulling effect 

yin be given as 

(Pull-out range) — (Pull-in range) 

Pull-out range 


Er PONT ie Maraimenacs 2 °85)'(17) 


* “ince the paper was submitted, an approximate analysis of synchronized systems 
4 *een published by Kapranoy,!® in which a triangular function of ¢ was sub- 
luted for cos ¢. His results of the analysis ofa system with an RC filter were found 
ébe ‘n reasonable agreement with those given in Reference 1. He also considered a 
‘@:. with a time delay, but the conclusions appear to be faulty because of an error 
ar ilysis, owing to which the order of the differential equation obtained was not 
ecid by the presence of the time delay. The condition of stability, however, is 
t ously in agreement with eqn. (16) with M = 0. 


Pulling effect = 
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(4) GRAPHICAL AND EXPERIMENTAL INVESTIGATION 
OF THE PULLING EFFECT 

Since an analytical approach seems to yield no solution of the 
pulling problem, graphical methods and an analogue were 
employed. 

The observation of the operation of the analogue led to the 
conclusion that, at the edge of the pull-in range, the corresponding 
curve in the phase plane would move from one unstable point Q 
to the next one, as it was found to be the case in the system with 
an RC filter following the phase discriminator.! 

In the graphical method, therefore, given the values of M and T, 
a curve was obtained in the vicinity of a point Q and continued 
into the neighbourhood of the following point Q. If it did not 
reach it, the value of T was modified and the procedure repeated. 


(4.1) Analytical Basis of the Graphical Construction 


In order to proceed with the graphical method, it is necessary 
first to know how the operating point will travel immediately after 
it has been displaced by an infinitesimal amount from Q. This 
information was obtained by a study of the linearized system 
equation (12). As found in Section 9.1, the general solution 
near Q is 


ive) 
x = Aje%* + DB, cos (wr + oy e%e 
3 


where a, > O and a, <0. 

The starting impulse may give rise to all the above terms, but 
after a very short time has elapsed the oscillatory terms die out 
and the exponential term alone remains. 

Therefore the operating point moves according to the law 


% = Aye%i® (18) 
On oo) d. d , ty 
giving _ = as = 0A eu" 
A transcendental equation, 
%, = sin doe—aT (19) 


is also derived, from which «; can be found. 

Thus, the operating point will move with this gradient after 
the decay of the oscillatory terms, as shown.in Fig. 7. This 
applies only in the region close to Q. 


& 

> 
Be 
ee 


eo" 


bo 


5k 


ea 


Fig. 7.—Moyement of the operating point in the vicinity of point Q. 


At the other end of the path, where the operating point 
approaches the next point Q, the approach may be such that the 
value of A; may be zero. Only then could the path lead finally 
to the point Q. This would be the case when, with a given M, 
T has a critical value equal to T;. 

The point would approach Q in a logarithmically decreasing 
spiral, since in the end only one oscillatory term, which attenuates 
at the slowest rate, would remain. 

If TAT,, the exponential term will exist and, depending on 
the sign of A,, the point will move as, for example, in Fig. 8(@) 
or 8(b). 
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(a) 


Fig. 8.—Solutions of eqn. (10a) on the phase plane. 
(O) ui eu 
(©) TS ae 


(4.2) The Graphical Method* 


Consider Fig. 9, which shows the phase plane with a plot, o, 
of the simple phase equation (11). With time delay, the operating 
point moves along a path which must always satisfy eqn. (10a). 
As shown in Section 4.1, the point starts from Q at a gradient 


Fig. 9.—The construction of a solution on the phase plane. 


«;. Let A and B be two points on this path close to Q, spaced 
such that the time taken to travel from A to B is equal to one 
period of time delay, T’. (The distance between A and B can 
be found by applying eqn. (18) with T’ in place of 7.) Since 
eqn. (10a) must also be satisfied at B, 


This equation forms the basis for finding further points of the 
path. 

Proceeding from B, the operating point moves along the path 
shown, passing through points C, D, etc., spaced one period of 
time delay apart. Projecting vertically upwards from B will give 
Wc at the point B’ of intersection with o. 

Since the velocity of the point moving from B to C increases 
from wp, to we in time T”’, it is necessary to find the average 
velocity w, lying between these two, so that 


bc ax bp a wT’ 


* A somewhat different method of graphical solution of this type of equation has 
been recently given in Reference 16. 
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It can be shown that, if the ratio between wg, and we is ni 
unity, the average velocity is very close to their mean value: 


Wa seo wp + Wo) 


Thus, the co-ordinates of C can be found, and proceeding in ij 
way the whole path taken by the operating point can 
constructed. 
If wc/we differs greatly from unity, the overall accuracy] 
the method can be increased by dividing the time delay inti) 
number of equal sub-periods, with a consequent decrease in | 
distance between successive points. 


according to whether 7” is smaller or greater than T,. Thus, |’ 
trial and error, a satisfactory approximation to 7; is found. 17) 
estimated error with which 7, was found in this way was 1-2) 


(4.3) Experimental Equipment and Methods 


of T’ can be obtained by other means directly, e.g. by the use” 
an experimental set-up or an analogue. This greatly reduces 1}: 
number of graphical attempts at solution and serves also as) 
rough check. In addition, the observation of such an arran)) 
ment allows for a better understanding of the effect of the var) 
tion of T’ and M on operation of the system. In measuring 1) 
effect of stabilizing networks on the pull-in range, neith) 
analytical nor graphical methods can be readily employ« 
whereas the analogue gives results as conveniently as in 1) 
simple system. 

In this investigation an analogue was employed whose functi) 
was to solve the hystero-differential equation (10a). It was bu} 
in two units: (i) the analogue of the simple phase equation (1! 
and (ii) a time-delay network. yo 


(4.3.1) The Electro-Mechanical Analogue.13 


The electro-mechanical analogue (see Fig. 10) consists of a dé 
motor-generator driven by an amplifier whose input is the su 


CONSTANT 
ARMATURE CURRENT 
Kid Plat 


Fig. 10.—Analogue of the synchronized system with time delay. 


of three voltages. One of these is obtained from a cosi 
potentiometer, driven by the motor, giving an output volta; 
proportional to Scos¢. A voltage representing Ly is derive 
from a hand-set potentiometer across a d.c. supply. The thi 
voltage, obtained from the tacho-generator, is proportional ° 
the speed of the motor, i.e. to df/dt. The motion of the mot 
is such that the sum of the three voltages is maintained close | 
zero level, thus satisfying eqn. (10a). The time scale and Sc: 
be altered by changing the proportion of the generator volta: 
applied to the amplifier. This facility was very useful when fl 
analogue was used in conjunction with the delay unit. | 


(4.3.2) The Delay Unit.14 


The basis of the delay system is a magnetic tape recorde 
arranged so that the record and replay heads are in simultaneo 


“seration. The length of delay is equal to the time taken for the 
ype to travel from the former to the latter head, obviously a 
nection of speed and head spacing. 
: 1 Since the type of signal which must be delayed is of very low 
, quency or direct current, it is necessary to use some form of 
yodulation before recording. This is achieved by using a 
»equency-modulated oscillator to feed the recorder, which, after 
»production, delivers the signal to a discriminator of the double 
jalse-counter type,!> which recovers the modulating signal. 
| The delays obtained by this means were 0-233 sec and 0-433 Sec, 
ith two inter-head spacings, at a tape speed of 74in/sec. The 
Sormalized delay T’ = ST could be varied continuously by 
"tering S, as explained in Section 4.3.1, within the range 0-4-2°5. 
» By placing the delay unit in the path of the voltage feeding 
“ick from the cosine potentiometer to the amplifier input, an 
yaalogue for eqn. (19a) was obtained. 
| The pulling effect could be measured by noting the difference 
| the hand-set dial readings for pulling-out and pulling-in for a 
»rticular value of ST [see formula (17)]. The estimated accuracies 
“measurement of x, and ST were 5% and 3%, respectively. 


(4.4) Results 


' The results for pulling effect, as obtained by graphical and 
}perimental means, are shown in Fig. 11, together with a plot 


mal 
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>/g. 11.—The effect of time delay on the pull-in range, together with 
the limit of stability (eqn. 16). 


x Experimental. _ 
© Computed graphically. 


> the relation between 7) and M, eqn. (16), for stability. It is 
+) be noted that the pulling effect starts at T’ = 0-77. 
t For a given value of 7’, the experimental results show some- 
‘hat greater pulling effect. This is due, probably, to factors in 
“e mechanical construction of the analogue, e.g. friction and 
“acklash, the effect of the inertia of the motor, and the inter- 
“ateace due to wow and flutter in the tape recorder. 
Yhe area of the graph can be divided into zones: 
f2) Region of Absolute Stability—In this area, the system 
\ways reaches synchronism, since it operates within its pull-in 
sige and below the limit of instability. 
(©) Region of Instability——Within this area no stable syn- 
mponism is possible, and the value of T’ is such that a limit cycle 
7 “ne first kind exists at P. 

You. 104, Parr C. 
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(c) Region of Conditional Stability —The manner in which the 
system will operate within the area is dependent on the direction 
in which M varies. 


(5) DESIGN OF STABILIZING NETWORKS 


A designer of an automatic frequency-control system can find 
in the previous Section sufficient data to predict stability and the 
pulling effect in his circuit. If it appears unstable, he can 
stabilize it by reducing S or by redesigning the filters with a view 
to reducing T, or both. He may be restricted in these alterations, 
however, and other methods of enlarging the stability area in 
Fig. 11, ie. extending the range of stability and reducing the 
pulling effect, may become of interest. 

Some simple stabilizing networks, as used in the servo- 
mechanism technique, will be considsred here and their effect on 
the pull-in range will be assessed. 


(5.1) Phase-Lead Correction 


Consider the phase-lead network shown in Fig. 12, whose 


transfer function K,(p) is 
: 1 + pT, 
K,(p) ; 


= ny 20 
Coreraap (20) 


Fig. 12.—Phase-lead correcting network. 


where T, ="R,C, and n, is the attenuation at zero frequency; 


Ry 


i.e. po 2——— 
Se RR 


A relationship connecting the time-constant 7; with the critical 
delay for instability Ty will now be developed. The open-loop 
transfer function of the system, without the time delay, derived 
in Section 3.2 becomes 


1— M2 
K(p) = Svi( ) (14a) 
Pp 
Therefore, the overall open-loop transfer function is 
S\/(1 — M?) 1 + pT 
Ke ae Qt) 


p 1+ mpT, 


if the attenuation n, of the correcting network is compensated by 
an increase of gain of the system (this is necessary if the value of 
SS is to be preserved). Thus, from eqn. (21), 


Sx/( — M?) 4/1 + wT?) 
w / (1 + niw?T?) 
For instability, it is necessary that |K,(jw)| = 1, which defines 


the critical frequency w,. At this frequency the phase lead of 
the network alone will be 


|Ky(j)| = 


6 = arc tan w,T; — arc tan ny T; 


Now, for instability, the total phase shift must be 7 radians, and 
since the overall phase shift of the system and the network is 
17 — 0, the critical time delay must retard the phase at this 
frequency by 47 + 6. Thus 


(22) 
14 


To —= 
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mee | 


Fig. 13.—Range of stability of a synchronized system with phase-lead 
correction. 


From the above formulae the normalized critical time delay ST 
was found as a function of the normalized time-constant of the 
network ST, and is shown in Fig. 13 for a few values of 7. 

It is clearly shown in this graph that a phase-lead network can 
improve the system stability only within a certain range of ST}. 
The maximum possible improvement is 16%, which occurs in 
the extreme case of ny = 0. It can also be seen that the use of a 
network having too large a time-constant can reduce stability. 

The latter phenomenon can be explained with the help of 
Fig. 14, in which the amplitude and phase responses for an 


ST,=1:57 
° 
/ 


STo=0°82 
/ 


-90* 

12) 

= 

a 

O PHASE SHIFT DUE 
is TO TIME DELAY 

rT 
O+180 a 


01 w/S 1 


Fig. 14.—Gain and phase shift in a phase-lead corrected system. 
M= 0, ST, => 1, ny = 0-1. 
— Uncorrected system. 
—--- Corrected system. 


uncorrected and corrected system without the time delay are 
plotted to a log-frequency scale, for M=0, ST; =1 and 
nm, =0-1. In the uncorrected system (solid line) the phase 
response is —90° at all frequencies. The critical time delay ST, 
must retard the phase by an additional 90° at a unit-gain fre- 
quency w,/S = 1. Its phase lag is represented as the distance 
between the —180° line and an exponential line passing through 
point A. In the corrected system (broken line) where the unit- 
gain frequency has been raised to w,/S, the new phase shift 
without the time delay is 47 — @,; hence, for instability, the time 
delay must contribute 47 + 6. The phase lag of the latter is 
represented by an exponential line passing through point B. In 
the present case, where the increase 0, does not offset the increase 
from w, to wz [see eqn. (22)], the critical time delay is less than 
that without correction, and so the correcting network fails to 
increase stability. 

It was expected that this type of network would have another 
advantage, i.e. that it would reduce the pulling effect, since the 
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phase lead should in a way counteract the phase lag due to t 
time delay. The result of tests carried out with a phase-le} 
network (ST; = 0:5, m; = 0-1) are shown in Fig. 15, compar} 


PULLING EFFECT, °/e 


O 1 2 
Siti 


Fig. 15.—The pulling effect in corrected systems. 


(a) No correction. , 
(b) Phase-lead correction. 
(c) Phase-lead-lag correction. 


with an uncorrected system. It can be seen that, as in the ca 
of stability, the effect of the network is not very great. 


containing a time delay. In a conventional method of desig! 
the open-loop frequency responses are arranged so that the fri 
quency at which the phase is —180° is higher than that at whi) 
the gain is unity. In the case with a time delay, a similar criteric 
would apply, in which an exponential line corresponding to t 
time delay would replace the —180° line. 


(5.2) Phase-Lead/Phase-Lag Correction 


It is apparent from the preceding Section that a great} 
stabilizing effect can be expected from a reduction of the un 
gain frequency than from advancing the phase. That reductic 
could be obtained by using a phase-lag network. A system w 
examined comprising the analogue, a phase-lag and a phase-lez 
network (Fig. 16). The latter was added in order to compensa 


Cy ' 
1 R3 
Ry ! gra 
i 
Ro To 


Fig. 16.—Phase-lead-lag correcting network. 


for the phase lag of the former, in the appropriate frequen 
range. Fig. 17 shows the open-loop frequency response of tl 
system without a delay, for ST; = 0-63, n, = 0-25, ST, 
SRiCy = 6°3, np = (R3 + R»/Rg =4. A critical time dele 
of ST) = 4-6 at w3 was obtained. 

It should be mentioned that the above type of network all 
for an almost unlimited improvement of stabilization of t) 
system. The great disadvantage, however, of this method ; 
stabilization is that it adversely affects the pulling effect. Th 
can be seen in Fig. 15, where the results of tests carried out wi 
the analogue possessing the above networks are shown. It is” 
be expected that the use of the phase-lag network will increa 
the pulling effect, from considerations in Reference 1.* | 

A specification of a synchronized system may require the pull- 
range to have a certain value, without imposing any restriction ¢ 


* Although only stabilization and pulling in the synchronized systems are studi 
Abe st was noticed that the phase-lag-lead network made the transient response ve 
sluggish, ‘ 
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ag. 17.—Gain and phase shift in a phase-lead-lag corrected system. 
M = 0, ST; = 0:63, ny = 0:25, ST> = 6:3, n> = 4. 

— Uncorrected system. 

——-—-— Corrected system. 
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Fig. 18.—The pull-in range in corrected systems. 


(a) No correction. 
(b) Phase-lead correction. 
(c) Phase-lead-lag correction. 


42 pull-out range §. In many cases the latter value can be 
Viried in the circuit with little difficulty. It may be of interest to 
2 designer, therefore, to know how the pull-in range depends 

( the value of S, for a given fixed value of 7. The relationships, 
“duced from the data in Fig. 15, and normalized with respect 

| T, are plotted in Fig. 18 for the three cases examined, i.e. a 
“tstem with no correction, with phase-lead, and with phase-lag- 
‘ad correction. The points of instability are also marked on 
2 first two curves. It can be seen that, whereas the phase-lead 
‘irrection may increase the pull-in range by 15-22%, the phase- 
z-lead correction only reduces it. 


(6) CONCLUSIONS 


; (a) In synchronized oscillators of the feed-back type, low-pass 
“id band-pass filters in the loop can be considered as time-delay 
tworks, if the angular frequency range of approximately con- 
Yant gain and linear phase shift is 2-5S in low-pass filters and 
'Y in band-pass filters, S being half of the angular synchronization 
mge. 

4>+ The presence of a time delay T in the loop of a synchronized 
icilator may cause instability and introduce pulling effect, emit 
‘nm make the pull-in range smaller than the pull-out range. 

(cy Equation (10a) of the system with time delay is of the first- 
«e- non-linear difference-differential or hystero-differential 
@e its solution in closed form is unknown as yet. 

Ac) In order to ensure the stability of the system, when it is 


fh n the synchronization range, T must be less than 7/25. 
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(e) In order to ensure that there is no pulling effect, T must 
be less than 0-77/,S approximately. 

(f) A conventional phase-lead network incorporated into the 
system can improve the stability by allowing for an increase of 
the limit for 7, as given in (d) above, but only by 16% at the 
most. From the point of view of the pulling effect, it can raise 
the limit for T, as given in (e) above, by 30-40%. 

(g) A conventional phase-lead/phase-lag network can improve 
stability very considerably, but it may also greatly increase the 
pulling effect. It can even produce the pulling effect without 
any time delay in the system. 
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(9) APPENDICES 
(9.1) Analysis of a Linear Hystero-Differential Equation 
(9.1.1) Characteristic Equation and its Roots. 


Egn. (12), developed in Section 3.2, describes the behaviour 
of a synchronized system in the immediate neighbourhood of 
singular points of equilibrium, P and Q. It can be written in a 
more convenient form: 


dx(7T) 
dtr 


where, referring to the parameters of the synchronized system, 
m = sin dy = + +/(1 — M’) at Q, and m= — +/(1 — M?) at 
P, the normalized time 7 = St and the normalized time delay 
T’= ST. An equation of this type has been studied7-!2 from 
various points of view, depending on the particular application. 
Here a more complete analysis will be presented. Although in 
the present application mm is restricted to the range —1< m< 1, 
the analysis will not be affected by this restriction. 

Since eqn. (12a) can be considered as a linear equation of 
infinite order, its solution can be composed of terms such as 
Ae”’t, where p’ = p/S. Substituting into eqn. (12a) gives the 
characteristic equation 


De = foe 


—mx(r —-T)=0. (12a) 


(23) 


which may have real and complex roots py = a + jw,. It is 
convenient to normalize eqn. (23) further by putting 


phe a aT’ + jw’T’ 1 € + jn 
mT’ = p 
Then eqn. (23) becomes 


é Sig) == pe—&t+in) (23a) 
If there are any real roots €,, eqn. (23a) becomes 
= pe-® (236) 


Referring to Fig. 19, which shows graphs of p; = &/u and 


Fig. 19.—Construction for finding real roots of the characteristic 
equation (23). 


p2 = exp (—&) for various values of pL, it is apparent that there 
are four possible cases :* 

(a) One real positive root. For all > 0 the intersection of 
the graphs lies in the first quadrant. 

(b) Two real negative roots. For —1/e < u < Oitis apparent 
that two intersections exist, such that €;< — 1 < &,. 


* Real roots have been recently discussed in Reference 17 in the case of a more 
general hystero-differential equation. 
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(c) One double negative root. For uw = — 1/e, Ei 2 - 
(d) No real roots for uw < — I/e. ) 
Thus, the general solution of eqn. (12a) can be put in the form} 


ive) . 
x = AyeXit + Arest + SY Bye%e* cos (wyt +4) (AI 
k=3 | 


This solution applies fully in case (b); whereas in case (a 
A,=0; in case (d), Ay = Az = 0; and in case (¢), ; 


x = (A, + Agr)e%.2* + DY Bye*e® cos (wyt + wy) (24a 
k=3 


In order to find the complex roots, eqn. (23a) is expanded int : 
its real and imaginary parts: 
£ = pe—* cos 7 
y= —peSsinn . . . . oe 
Elimination of «exp (—&) from the above equations gives | 


relation 
f= —yeoty .. . . |. a 


in which the parameter yx does not appear. It is plotted i 


n=wT x 
1 co (ATP) 


Deo a 


Fig. 20.—Roots of the characteristic equation (23a). 


Fig. 20 with | alternate branches corresponding to p>od ) ol 
<0. Elimination of sin 7 and cos 7 from eqn. (25) leads t 


ie — pre-2 — &2 . - : " 3 (21 


which gives a family of curves in Fig. 20, with a parameter : 
Since all curves corresponding to eqns. (26) and (27) are syn 
metrical with respect to the axis 7 = 0, only one-half of the plan 
is shown. The intersection points of a curve of the family 
corresponding to a given js, with the branches of the curve ¢ 
eqn. (26), selected according to the sign of bt, give the comple 
roots of eqn. (23a). The intersection points of that curve wit 


}e axis 7 = 0, lying to the right of zero, give the real roots of 
+0. (23a) if 4 > 0; those lying to the left of zero give the real 
spots if 4 <0, in accordance with the previous analysis of 
“qn. (23). 


/.1.2) Behaviour of the Synchronized System at the Points of 
Equilibrium. 

|The behaviour of the synchronized system will now be con- 
dered when it is at one of the states of equilibrium corre- 
-»onding to points P or Q on the phase plane. First, it is to be 
bticed that the system is stable if all roots in Fig. 20 are to the 
Tift of the axis € = 0. 


i (a) At point Q, ~ > 0, there exists one real positive root and 
'n infinity of complex ones. Thus, in the solution (24), x, > 0, 
lo =0. It can be seen from Fig. 20 that Oe One a 
‘ubstituting € = 0 in eqn. (25) gives pairs of values: +7 = 
= 30/2, +n =p = 7n/2, etc. One can deduce from this 
jad from Fig. 20 that, if ~ < 37/2, all complex roots will 
Mave negative real parts, ie. O>a;>a,.. If, however, 
97/2 < we < 7x2, one pair of complex roots will have a positive 
al part: «; > a, >0>a4.... Theoretically, it is possible to 
jad initial conditions such that only one or two terms in eqn. 
3.5) will remain. These initial conditions must specify the state 
{the system during a period of time —T < t < 0. 
1%) At point P, ~ <0, several cases can be considered, 
‘cording to the value of p: 
mG —1/e< <0. In this case there are two real roots, 
>< —1/T’ <a, and the remaining complex roots have a 
egative real part. 
(i Gi) ~ = —I1/e. In this case there is a real double root 
: 1.2 = — I/T’, and the system behaves according to eqn. (24a). 
(Gil) —7/2 << wp < —I1/e. Now all roots are complex, with 
‘egative real parts. The above lower limit is found by sub- 
‘tituting € = 0 in eqn. (25). Pairs of values are then obtained: 
y= — pw =7/2, +m = — p = S5n/]2, etc. Hence, one pair 
+ complex roots will have a negative real part if —57/2 <p 
—7/2. This gives the condition of stability of the system, 
8. #4 > — 7/2, which, put in terms of the synchronized system, 
ives a relation obtained in a different way in Section 3.2: 


a Ty 


Stes (16) 


TT 
2/1 — M2) 


’..2) Transient Response and its Spectrum at the Critical Time 
Delay 


j The analyses of synchronized systems with time delay in the 
yedback loop can be applied with a fair amount of confidence to 
“ystems possessing low-pass or band-pass filters in the loop, 
rovided that the latter satisfy certain requirements. 
4 As far as stability is concerned, the gain around the loop 
Hbould be constant and the phase shift linear for all values of 
4; = SVU — M?) gn. 15), ie. from w = 0 to w = S, since 
,;, the frequency of oscillation of the system with the critical 
e delay Tp, is the only frequency entering the problem of 
lability. It corresponds to the lowest imaginary root for » <0 
| Fig. 20, and refers to the behaviour of the system in the imme- 
‘vate vicinity of point P in the phase plane. 
') The pulling effect is associated with the transient performance 
* the system having the critical time delay T,: the system, in 
“sstable equilibrium at point Q, when given an infinitesimal 
parture from equilibrium towards increasing d [Fig. 4(c)] and 
“oxitive db/dt, should move to the next point Q and remain there; 
ve final part of the movement is oscillatory, corresponding to 
i¢ Lowest root for > 0 in Fig. 20. If the frequency of that 
ec were taken as a measure of the required range of linearity 
the filter characteristic, a value of w =4-1S would be 
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obtained.* It will be shown, however, that this value is 
unnecessarily large. Transient responses have been obtained as 
a by-product of the graphical computation of T,, for two cases, 
M=1 and M=0-4, and their frequency spectra were 
numerically computed. (Other cases, for intermediate values 
of M, may be expected to fall between these two.) It was found 
that over 90% of the area under each of the two curves was 
contained in the frequency band from w =0 to w =2:5S. 
Therefore, this figure can be safely taken as the required range 
of linearity of the filter characteristic, for the filter to be replaced 
by time delay for the purpose of analysis. 


(9.3) Systems with a Band-Pass Filter in the Feedback Path 


Some frequency-generating circuits* use frequency changing in 
the path from the controlled oscillator to the phase discriminator, 
for the purpose of incorporating crystal-stabilized reference fre- 
quencies in the system. Frequency changers, of necessity, 
possess band-pass circuits in order to select the required com- 
ponent out of a multitude present in the output. Consider such 
a system, in which all frequency-selective circuits are lumped in 
one equivalent band-pass filter with a transfer function F,(p). 
In Fig. 1, this filter would be placed in the feedback path. In 
the system, the oscillator voltage vg, which is frequency or phase 
modulated, is applied to the band-pass filter F,(p). The fre- 
quency or phase, ¢4, of its output is not a linear function of the 
modulating voltage v3, since it suffers distortion due to the non- 
uniform gain and non-linear phase-shift of F,(p). Since the 
relationship between ¢4 and v3 is very involved, it is easy to 
see that the presence of F,(p) in the system makes its analysis 
almost intractable. 

The situation changes radically, however, if F,(p) has uniform 
gain K, and linear phase-shift 6, in a frequency band embracing 
the spectrum of vg in all cases of interest. F,(p) can then be 
considered to introduce gain K, and time delay T, = — A0,/Aw 
into the system. In the derivation of the equation of the system, 
on the lines shown in Section 2, eqns. (3) and (4) would be 
replaced by 

v3 = F,(p)q cos 4 
= F,(p)q cos d(t — T>) 


If, in addition, F,(p) can be represented by a time delay 7, 
v; =q cos $ (t — T; — To) = q cos o (t — T) 
where the total time delay 
T=17,+T, 


and eqn. (10a) and its subsequent analysis would apply to the 
system. 

Consider now the requirement for the range of linearity of 
the characteristics of F,(p). The spectrum of a sinusoidally 
frequency-modulated carrier is somewhat wider than twice the 
highest modulating frequency, or the range of frequency deviation, 
whichever is greater. The greatest range of the frequency 
deviation of an oscillator which has to be within the synchroniza- 
tion range is +2; this applies when the synchronizing fre- 
quency is constant and the oscillator is detuned; (with constant 
tuning of the oscillator and detuning of the synchronizing 
voltage, the range is +S). On the other hand, it is shown in 
Section 9.2, that the spectrum of v3 is confined practically to 
a range from 0 to 2-5, the components at frequencies greater 
than 2S being rather small. Hence, it may be concluded with 
some confidence that the required band of linearity of the 
band-pass filter F,(p) is 5S. 


* This corresponds to the case of M = 1, and is obtained from Figs. 11 and 20 in 
the following way: at uw = 0, = — o and from eqn. (26), n = w’Tj= 7. Since 
Tp = 0°77, © = 7/0-77 ~ 4-1, For other values of M smaller values of w’ are 


obtained. 
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A CONTRIBUTION TO THE DESIGN OF MULTI-ELEMENT 
DIRECTIONAL COUPLERS 


By J. W. CROMPTON, B.E., Associate Member. 


(The paper was first received 21st June, and in revised form 20th December, 1956. It was published as an INSTITUTION MONOGRAPH 
in April, 1957.) 


SUMMARY 


A multi-element directional coupler is considered as a cascaded set 
of 2-element directional couplers, each of which, at the design fre- 
quency, is perfect in match and directivity. A characteristic impedance 
matrix and a voltage transfer matrix may be defined for each of the 
basic 2-element couplers, and these are analogous to the characteristic 
impedance and the propagation coefficient in iterative 4-terminal net- 
work theory. 

The voltage transfer matrix is shown to be a linear function of the 
cosine and sine of a certain angle which is related in a simple way to 
the coupling factor of the elemental coupler. This function has 
algebraic properties analogous to those of complex numbers. In 
particular, the use of de Moivre’s theorem is shown greatly to simplify 
the design of multi-element couplers. 

An example is given of the design of a 5-slot 3 dB coupler (a binomial 
slot hybrid). 


LIST OF SYMBOLS 


A, = Wavelength in main waveguide. 
c = Power coupling factor = sin? @. 
b’ = Width of branch waveguide. 
b = Width of main waveguide. 
Z = Characteristic impedance of branch wave- 
guide. 
Zy = V (1 — Z). 
V;, V5, I;, 1, = Input voltages and currents to a 2-stub coupler. 
Vi’, Va’, 1, 1 = Output voltages and currents from a 2-stub 
coupler. 
n = Number of 2-stub couplers in a semi-infinite 
chain. 


(1) INTRODUCTION 


The study and design of multi-element directional couplers may 
be approached in either of two ways. The first, which is the 
more general, takes as its starting-point the individual coupling 
elements—the holes or slots or other means used to couple the 
main transmission line to the auxiliary line. Unfortunately the 
analysis generally leads to expressions of great complexity which 
fail to demonstrate the underlying physical principles involved. 
Lippmann! has used this method to study the properties of 
couplers having two identical coupling elements, the analysis in 
this case yielding results which can be readily interpreted 
physically. 

By using 2-element couplers as elements from which to build 
multi-element couplers, a second and less general study of their 
properties is possible. In this way Lippmann extended his work 
on the 2-element coupler to a complex analysis of a cascade set 
of 2-element couplers.. The object of the paper is to present a 
simpler version which emphasizes the physical principles and 
enables the coupling factors and the dimensional tolerances of 
the elements to be easily calculated. 
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The discussion will be limited to waveguide couplers in whic 
the coupling elements are A,/4 stubs connecting the broad face} 
of the main and auxiliary waveguides, but the principles used at 
quite general and may be applied to other types of coupler. —_ 


(2) THE 2-STUB COUPLER 


The 2-stub coupler with ideal properties at the design frequenc} 
has been described by Lippmann. It is shown diagrammaticall | 
in Figs. 1(a) and 1(6) and has the following characteristics at th! 
design frequency: | 


(a) The power coupling factor [i.e. (power in auxiliary line/inpu! 
power)] is c. 

(6) The directivity is infinite. | 

(c) The image impedances in both the main and auxiliary line} 
are equal. 

(d) The fields at corresponding sections of the main and auxiliar 
waveguides such as A and A’ in Fig. 1(a) are in phase quadrature. 


r,/4 A 
Neeria F oe Se ae 
‘ b 
1 
; H 
g/4 b b 
} { 
1 
ee 
b 
1 
atl 
(a) A ft 
4(1-C) 1 N(1-C) 
AC NC 
d(-c) 1 Ma-c) 
(b) 


(C) 


Fig. 1.—Configuration and characteristics of a 2-stub coupler. 


(a) Mechanical configuration of a 2-stub coupler. 
(6) Impedances in a 2-stub coupler. : 
c = Power coupling factor for the coupler. 
(c) Positive directions of voltage and current at the terminals of the 2-stub coupler 


The power coupling factor c is equal to the square of the ratic 
of the characteristic impedance of the stub guides to the main (0) 
the auxiliary) guide impedance; 


- (The ae 


i.e. 


io) 
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then the coupling is weak. In the case of stronger coupling, 
orrections to this simple relation are necessary to allow for the 
ect of the T-junctions at the ends of the stubs. These correc- 
pons are dealt with fully by Harrison.2 

Corrections have also to be applied to the quarter-wavelength 
sistances between the main and auxiliary waveguides and between 
ae centre-lines of the coupling guides. Curves showing these 
Orrections are given by Harrison. 


(2.1) The Characteristic Impedance Matrix 


The 2-stub coupler may be represented by an equivalent 
j-terminal (4-terminal pair) network for which a characteristic 
npedance matrix and a voltage transfer matrix may be defined 
tith properties analogous to those of the characteristic impedance 
jad propagation coefficient in the case of iterative 4-terminal 
jetworks. Thus, using the symbols defined in Fig. 1(c) for the 
bltages and currents in the main and auxiliary waveguides, we 
aay write for the input voltages in terms of the input currents 
hen the coupler is correctly terminated 


Bs Zo OAGE, : 


there Z = Effective characteristic impedance of the A,/4 stubs 
normalized with respect to the characteristic impe- 
dances of the parts of the main and auxiliary wave- 
guides which lie between the stubs. 


(2) 


2© Output voltages and currents are similarly related: 


ee ed a 2 
Ve se 0 Zi TA 0 = V6 i ys 


lo’ I 

», called the characteristic impedance matrix of the coupler. It 
cates merely that, at the design frequency, Zp is the impedance 
‘wesented to both the main and auxiliary waveguides, and that 
))oth waveguides are completely decoupled at the input and out- 
‘yut ends of the coupler. 

| In this form the coupler is not ideally suited for cascading with 
her couplers of differing coupling factors since the image impe- 
“vances are a function of the stub impedances and these vary with 
ae coupling factor. Fig. 2(a) shows how the impedances may 
e rearranged to make the image impedances unity irrespective of 


(3) 


| {he matrix 


a5 
; V(i-c) 1 


TAN @ TAN 6 


1 SEG 6 1 
(b) 
Fig. 2.—Impedances in a matched 2-stub coupler. 


(a) Impedances expressed in terms of the power coupling factor 
c = Power coupling factor for the coupler. 

(b) Impedances expressed in terms of 0. 
sin2 6 = Power coupling factor of the coupler. 
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the coupling. It is now possible to cascade as many couplers of 
differing coupling factors as may be necessary, and each will be 
correctly terminated. 


(2.2) The Voltage Transfer Matrix 


For the coupler shown in Fig. 2(a@) the voltage transfer matrix 
relating the output voltages to the input voltages for the 2-stub 


coupler is 
INC | 
Vii sie . 


ile [oe 
V5 —jr/e 

If the reference phase in the auxiliary guide is retarded by 90°, 
the j terms in the matrix become real and it reduces to the simple 


form 
Pave 


Its simplicity becomes more apparent if we write 


c=sin?@ . 


(5) 


i.e. sin @ is the voltage coupling factor for the coupler. 
The transfer matrix then beomes 


cos@ sin 
E sin@ cos A : 


If we define, in the usual way, the unit matrix 


and the J matrix 


Mil 
TAL a 
the voltage transfer matrix may be written as 
U cos 8 + Jsin 8 
Since the J matrix has the following properties: 


Jt Uy Pas BS U, ete. 


the voltage transfer matrix has an algebra identical with that of 
the ordinary complex number 


cos @ + jsin 0 


In particular, it may be written in the form 


—sin@ cos 


cos@ sin@ 
| | = exp (J@) 


making use of de Moivre’s theorem. 
Fig. 2(b) shows, in schematic form, the 2-stub coupler with the 
waveguide characteristic impedances expressed in terms of 0. 


(3) CASCADED 2-ELEMENT COUPLERS 


The voltage transfer matrix has properties analogous to those 
of the propagation coefficient in the theory of lossless iterative 
2-terminal-pair networks. 

Thus if two 2-stub couplers having voltage coupling factors, 
sin 0, and sin 83, are cascaded, the overall voltage transfer matrix 
for the resultant 4-slot coupler is obtained by multiplying together 
the individual transfer matrices using de Moivre’s theorem. 
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Thus exp (J@1) x exp (J0,) = exp J(O; + 4) 
be (@, + 4) 
~ | —sin(@; + 43) 
The overall power coupling factor for the 4-slot coupler is thus 
sin? (0; + 63) 


Miller has given expressions for the voltages in the main and 
auxiliary waveguides [eqns. (39) and (40) on p. 694 of Reference 3] 
which are merely an expanded version of de Moivre’s theorem. 


sin (0, + By 
cos (6, + 5) 


(3.1) A Semi-Infinite Chain of Identical 2-Stub Couplers 


Consider a semi-infinite chain of 2-stub couplers each having 
a voltage coupling factor sin 9. The voltage transfer matrix for 
the whole structure is 
sin nO 
cos n@ 


cos n@ 
— sin n@ 

It is apparent that, if we start at the generator end of the struc- 
ture with energy in the main waveguide only and proceed down 
the chain, the amplitudes of the voltages in the main and auxiliary 
waveguides will vary cosinsuoidally and sinusoidally, respectively. 
This is illustrated in Fig. 3. 


Ww 
oO 
a 
a 
ie) 
> 


Fig. 3.—Variation of the voltage in the main and auxiliary waveguides 
in passing down a chain of cascaded 2-stub couplers. 


If, in the limit, the coupling factor of each 2-stub element is 
made indefinitely small, any coupling factor can be obtained by 
terminating the structure after an appropriate number of sections. 
Alternatively, given a coupling factor and a required number of 
sections, the coupling factor per section may readily be calculated. 


(3.2) Binomial Slot Couplers 


Lippmann! and others have dealt with the first-order theory of 
broad-band directional couplers in which the voltage coupling 
factors of the elements are so proportioned that they form a 
binomial sequence when normalized with respect to the coupling 
factors of the smallest elements. The basis of the theory may be 
quoted from Lippmann! as follows: 


Let us consider two transmission lines joined by N arbitrary, 
equally spaced coupling elements and let us call the backward, or 
undesired voltage wave coupled from one of the lines into the other V. 
Then, on the basis of first-order theory, it may be shown that the 
necessary and sufficient condition that V and its first (N-2) derivatives 
with respect to the frequency be zero at the design frequency is 
that the N elements form a binomial coupler. The nature of the 
coupling elements is completely arbitrary; they may be holes, slots, 
T-junctions, probes or combinations of these, but the elements must 
couple proportionally in both directions. 


Although this theory is satisfactory for couplers having weak 
overall coupling (say 10dB or more) it may be shown that there 
are serious objections to its validity in the case of strong coupling. 
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Nevertheless 3dB couplers have been designed on this princip 
and have performed satisfactorily.* 

In the following Section an example is given of the design ¥ 
such a coupler. 


(3.2.1) The Design of a Binomial-Slot 3dB Coupler. 
Consider a cascaded pair of identical 2-stub couplers. 


are perfect at the design frequency that the performance of tl} 
resultant 4-slot coupler at the design frequency is independent «) 
the distance between the individual couplers. At other fn) 
quencies, however, the directivities are no longer perfect ar) 
there will be two backward waves set up in the auxiliary way) 
guide. If it is assumed that the coupling is weak, the first-ordi 
theory can be applied, and use can be made of the fact that thet) 
backward waves will destroy one another if the distance betwee 
the couplers is an odd number of quarter wavelengths. TI 
least frequency-sensitive design is obviously obtained when th 
distance is one-quarter wavelength. The two middle slots the 
coincide, and they must be combined into a single slot havir) 
twice the voltage coupling factor of each individual slot to give” 
3-slot binomial coupler (i.e. the stub impedances are as 1 : 2:1) 

The design of a binomial-slot 3 dB coupler for No. 16 waveguic 
is next considered. A 5-slot design is assumed in which the stu’ 
characteristic impedances are in the proportions 1 :4:6:4: 7 

If the argument is extended for the 3-slot binomial coupler, | 
is readily shown that the 5-slot coupler may be broken dow) 
into a cascaded set of four 2-stub couplers with voltage couplin; 
factors in the proportions 1: 3:3: 1. l 

Let the voltage coupling for the two end sections be 


| 
| 
| 


sin 6; = x 
and for the inner sections 
sin 0, = 3x 


For the 3dB coupler we have for the overall voltage transfe¢! 
matrix | 


1 1 
| Cos 28; + 65) sin 2(8, -F 65) /2 /2 | 
— sin 2(6, + 65) cos 2(0,; + a ES 1 1 
V2 
i.e. 6, — 0, => ; C 5 5 A * . ( 


If x is assumed to be sufficiently small, so that 


Q, x } 


an approximate solution for x may be found at once. 
Substituting in eqn. (6), we have 


l2 


T 
Ayia 
nag 
TT 
x ~ 39 = 0-098 
3x = 0-294 


However, an exact solution for x may be found without difficult 
From eqn. (6) 


0, == — 8; 


3 sin 8, = sin 6, 


' nerefore 3 sin (<q _ 6) = sin 6, 


i.e. 3 sin 3 cos 8, — 3 cos 3 sin 0, = sin 0, 
3 Sin 
tan 6, si 
1 + 3 cos a 
6, = 16° 56’ 
- aerefore sin 8, = 0-291 
sin 0; = 0-097 


the ideal configuration of impedances shown in Fig. 2(b) is 
sumed, the height 6’ of the stubs must be such as to give an 
‘Yective characteristic impedance tan 6, for the stubs in the end 
“‘tctions, and tan 8, for the stubs in the middle sections. The 
‘quired values of b’ may be found from a curve in Harrison’s 
port,” which gives the relationship between b’ and the coupling 
r 2-stub couplers based on the assumption that the coupling is 
| tog Z? decibels, where Z is the effective characteristic imped- 
vce of the stubs after corrections have been made to allow for 
e effect of the T-junctions. 

In this case the coupling factors for entering this curve are 
‘follows: 


C, = 10 log (tan? 0,) = — 20-2dB 
C> = 10 log (tan? 6.) = — 10-3dB 
; ich give the corresponding values of 5’: 

b; = 0-040in 

b, = 0-130in 


‘ae heights of the main and auxiliary guides between the stubs 
2 found as follows: 


b, = bsec 8; = 0-400 x 1-005 = 0-402 in 
b, = bsec 0, = 0-400 x 1-045 = 0-418in 


ae corrections to the quarter-wavelength distances between the 
wntre-lines of the stubs and between the main and auxiliary 
“tides are readily found from the curves given by Harrison. 
|The complete dimensions of the 2-stub sections are shown in 
ig. 4, based on a design frequency of 9 368 Me/s (A, = 4:48 cm). 
‘ae 3dB coupler may be assembled in three ways from these 
“sisic elements, namely 


(a) Spacing the individual 2-stub couplers 3A,/4 apart, centre-line 
(to centre-line, P 
(6) Spacing the two middle elements A,/4 apart and connecting the 
«resultant 1 : 2:1 coupler to the two end-sections by waveguides 
\ A,/2 in length, 

_ “(c) Spacing all four 2-stub couplers A,/4 apart to give a 5-slot 
binomial coupler. The separation of the main and auxiliary wave- 
guides then becomes a matter of compromise. 


1 ?4e author has not had an opportunity of checking the relative 
formance of these three types of coupler, but the dimensions 
~ the 5-slot 3dB coupler whose performance is described in 
tef-rence 4 are reproduced in Fig. 5. No attempt was made in 
is design to apply corrections to the heights of the main and 
wxtiary waveguides, but in spite of this, the experimentally 
etermined slot widths bear a striking resemblance to those 
6 ined by directly cascading the 2-stub sections derived above. 
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'9Q-449"1 


(b) 


Fig. 4.—Dimensions of the 2-stub sections. 


(a) End-sections. Coupling factor = 20-2dB. 
(b) Middle-sections. Coupling factor = 10-3dB. 
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Fig. 5.—Dimensions of 5-slot binomial hybrid. 


Thus we have 0-043 in, 0-171 in and 0-259 in, respectively, for 
the slots in the experimental coupler and 0-040 in, 0-170in, and 
0-260in, respectively, for the coupler designed by the method 
described above. 


(3.2.2) The Effect of Machining Tolerances on the Slot Widths. 
The design procedure outlined in the preceding Sections may 
be used to find the effect of machining tolerances on the slot 
widths on the overall coupling of a multi-slot coupler. 
For this purpose we may use the approximation 


b’ 
eave 


Taking, as an example, the 5-slot 3dB coupler described in the 
preceding Section it may be assumed that the tolerances on the 
slot widths for the 2-stub elements are +0:00lin. The maxi- 
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mum and minimum possible voltage coupling factors for the 
2-stub elements are given by 


Onax 0 +0-001in  b’ 
Onin 3 b b 


refers to the plus and 0,,,,, to the minus sign. 


+ 0-002 5 


6 


max 


Assuming the slot widths are all on ‘top limit’, the voltage 
transfer matrix becomes 
Tt A 7 
cos (G + 0-01) sin (G + 0-01) 0-700 0-714 
5. iE 7 
— sin (5 +0-01) cos (5 + 0-01) — 0-714 0-700 


The error in output balance is then 
0-714 | 
10 log | : a = 0:-18dB 


In this case the overall tolerances on the three middle slots of the 
coupler, which each comprise a pair of slots from adjacent 
2-stub elements, will be +0-002in. If this tolerance is reduced 
to +0-001 in and the tolerance on the end slots is made 0-000 5 in, 
the greatest error in output balance from this cause will be less 
than 0-1 dB. 


(4) CONCLUSIONS 


It has been shown how de Moivre’s theorem may be used in 
conjunction with correction curves for end effects given by 
Harrison? to simplify the design of multi-element directional 
couplers of the branched-guide type. 
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The method also makes possible a simple assessment of th) 
effect of manufacturing tolerances on the slot widths on th) 
overall coupling factors. 

As an example the design of a 5-slot 3 dB coupler was discussed 


the dimensions of the slots derived by this method agree well wit); 
those adjusted experimentally to give 3 dB coupling. 
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SUMMARY 


|| The influence of the magnitude of network parameters on the wave- 
‘yorm generated by the simplest types of circuit used in high-voltage 
‘ympulse testing has been discussed at some length in the literature. 
‘hese treatises are based, however, on simplifying assumptions not 
| )bsolutely necessary, and no attempt appears to have been made to 
»plevelop a unified approach to this problem. Moreover, some 
‘;mportant circuits of slightly greater complexity have received par- 
‘ficularly scanty attention, ostensibly on the grounds of mathematical 
»emplication. 

| The present paper introduces a unified treatment, without approxi- 
‘mations, and with application to the more complex as well as to the 
implest circuits. It indicates how one of the former may be employed 
» achieve higher efficiencies, coupled with increased economy of parts, 
articularly where resistive potential dividers are used. Some light is 
‘Iso thrown on the discrepancy between the nominal and actual rise 
imes of double-exponential impulse waves. 


LIST OF SYMBOLS 


R,, R,, Ry = Series resistance elements in a pulse-shaping 
circuit. 

R,, R3, R4 = Parallel resistance elements in a_pulse- 
shaping circuit. 

, 11s 125 T3, 'g = Normalized values of network resistances. 
C, = Equivalent output capacitance of the im- 
pulse generator. 
C, = Equivalent ‘load- circuit’ capacitance. 
iy, Los <= = Instantaneous values of currents flowing in 
different parts of the pulse-shaping circuit. 
Tho. Lo9, 139 = Initial values of i;, i, and 3. 
t = Time variable. 
T, = Actual rise time of double-exponential 
impulse wave. 
T,4 = Nominal rise time of double-exponential 
impulse wave calculated in accordance 
with A.S.A. 68.1: 1953. 
T,z = Nominal rise time of double-exponential 
impulse wave calculated in accordance 
with B.S. 923: 1940. 
T, = Time to half-value of double-exponential 
impulse wave. 

T3, T4, T5 = Times in which double-exponential impulse 
wave rises to 10%, 90% and 30% of its 
peak value, respectively. 

+ = Normalized time variable. 


Wiss 


K=T7,/T; 
Ky =T2[Tya 
Kz = T)|Tip 
PA T/T, 4 
Pim T,/ 1B: 


Vo = Initial voltage to which C, is charged. 


dq Correspondence on Mono gees is invited for consideration with a view to 


Ww ication. 
| # +. Ellesworth is at the University of Adelaide, South Australia. 
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SOME CHARACTERISTICS OF DOUBLE-EXPONENTIAL PULSE-SHAPING 
NETWORKS IN HIGH-VOLTAGE IMPULSE GENERATORS 


By G. ELLESWORTH, B.Sc.(Eng.), Associate Member. 


(The paper was first received 5th September, and in revised form 11th December, 1956. It was published as an INSTITUTION 
MonocraPH in April, 1957.) 


v = Impulse voltage across test object as a 
function of time. 
Umax = Peak value of impulse voltage across test 
object. 
Ny = Voltage efficiency. 
A = Waveform-dependent efficiency parameter. 


(1) INTRODUCTION 
The two simplest forms of double-exponential pulse-shaping 
network are shown in Figs. 1 and 2. They will be recognized 
as limiting cases of the circuit illustrated in Fig.§3; circuit A can 


Fig. 1.—Circuit A: Conventional non-inductive equivalent circuit of 
an h.v. impulse generator with two energy-storage regions. 


Fig. 2.—Circuit B: Alternative form of simplified equivalent circuit of 
an h.y. impulse generator with two energy-storage regions. 


Fig. 3.—Circuit C: Generalized non-inductive equivalent circuit of an 
h.y. impulse generator with two energy-storage regions. 


be obtained from circuit C by making Ry, = 00 and R, =0, 
while circuit B results from making R; = 0 and R; = 0. In 
all these circuits, C, represents the effective capacitance of the 
impulse generator, while the other circuit elements are used in 
waveform shaping. They incorporate such resistive and capaci- 
tive stray components as arise within the generator, the measuring 
circuit and the test object. Circuit inductance should be kept to 
a minimum by careful design and proper disposition of all parts 
of the network; the influence of residual inductance can then be 
taken into consideration in the manner described in the litera- 
ture.!,2,3.4* The effective impulse voltage wave is in each case 
developed across C,. 


* The testing of highly inductive circuits, such as transformers, merits special 
treatment, South Australia. 
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The influence of the magnitude of network parameters on the 
impulse waveform has been discussed at great length in the 
literature.!-6 These treatises are based, however, on certain 
simplifying assumptions, and no attempt appears to have been 
made to develop a unified approach facilitating effective design 
and optimum performance of high-voltage pulse-shaping net- 
works. Moreover, the circuit in Fig. 3 receives particularly 
scanty attention in these references, ostensibly on the grounds 
of mathematical complication. Its performance has, in conse- 
quence, not been analysed sufficiently to illustrate the manner in 
which it may produce optimum results. Finally, with one 
exception,® none of the references available deals with the dis- 
crepancy between the theoretical rise time and that calculated in 
accordance with British,7 American®’ or I.E.C.? Standards. It 
is the purpose of the paper to offer a unified treatment which 
includes all three circuits and to provide simple means whereby 
the most satisfactory operating conditions can be determined in 
both the technical and economic senses. 


(2) NORMALIZED WAVEFORM EQUATIONS 

The curve OAB in Fig. 4 is typical of double-exponential 
impulse waves, except for the initial portion which is here shown 
concave upwards for convenience of drawing. Such waves are 
specified by three parameters: the rise time, 7, the time to half- 
value, T,, and the peak value of the voltage, v,,,,. For con- 
venience of measurement B.S. 923:1940 defines the nominal 
value of T; as T;, = 1°25(T, — T3), while the American Standard 
A.S.A. C68.1: 1953 defines it as T;, = 2(T, — Ts). In each case 
T;, T, and T; are the times shown in Fig. 4. Any network with 


Fig. 4.—Double-exponential impulse-voltage waveform. 


two energy storage regions will lend itself to the generation of 
such waves. The basic equations of double-exponential impulse 
waves are derived in normalized form in Section 7.1 where it is 
shown that 


Dama AE at ies CMe ree) | einen aw 1) 

« and f being constants related by the transcendental equations 

B= cee One ae een ( 2) 

and S(6 oP) Se ee Re ee RE ey ae ama 3) 
K is the ratio of time to half-value to actual rise time, i.e. 

Ko Tol T pect eytehtasee ee) 


while 7 is the normalized time in which the actual rise time T, is 
used as the unit of time (instead of the microsecond). 


Thus TH Thcrethsl ae phe SAG) 
A=, 1¢- = 5254. ieee) 


since v = U,,,, When tT = 1. 
The solution, in closed form, of eqns. (2) and (3) is imprac- 


and 
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ticable, but iterative solutions for 8 and K are easily obtaine | 
for any given value of «.. The results of these computations a} 


presented in Figs. 5 and 6. 


(0) 


10-3 107? om Or 1 


Fig. 5.—Relationship between the waveform parameters « and f. | 
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Fig. 6.—Relationship between the waveform parameters K and «. | 


The importance of these results lies in the observation the) 
both a and 6 are determined, and with them the waveform, b 
K alone. | 

It may be emphasized again that these results will apply to a} 
circuits possessing two energy-storage regions. In particulai! 


they apply to all three circuits in Figs. 1-3. 


(3.1) Characteristics of Circuit A 


Once the secondary parameters 7 and K, and therefore « an 
B, are known, it is easy to determine the circuit constants i! 


Fig. 1. For it follows from Section 7.1 that 
C2 aE 1 1 1 
F E OS eee - oo. on 
1 RiChe RCo we ee: . 
and aB/T? =1/R,R,C.C, . . . . ane 


Upon eliminating R, from these two equations a quadial 


equation is obtained in R,, the solution of which may be writte 
in the form 


rp = Roe & +B + VIB — a? — 4a BN] 
2aB(N + D/N -¢ 


N=C,/C, . (10) 


ind r, may be regarded as the ‘normalized’ value of Re 
Gqns. (8) and (9) may then be used to calculate R, (or its 
»ormalized value r,) in the form 


z RC ei oe. 
‘ Cee eRe C fi, 


‘Ne have already seen that specification of the wave by means of 
ae ratio T,/T, determines K, and with it « and B; one may now 
P pote that C, and C,, or C, and N, must also be known before 
p and R, can be calculated. Of these, the value of C, is usually 
‘istablished from considerations involving the energy content of 
)ne impulse wave; C, is in any case determined once and for all 
a a given generator. Thus for a known value of K, only N 
‘yemains as an independent parameter. Apart from the desira- 
vility of using resistances and capacitances of convenient magni- 
"wade, some further criterion of circuit performance appears to be 
“hecessary so that one may find the best combination of primary 
ircuit constants. The voltage efficiency, 7,, defined by the 
» jelationship 


(11) 


Ny = Crash Vo (12) 


nay be used for this purpose, Vo being the initial voltage across C,. 
‘sts value is derived in Section 7.3, where it is shown that, for 
yircuit A, 

(13) 


(14) 


Ny =AR,CIT; 
“vith A = aBle~* — e~®)/(B — a) 


* dere A is an efficiency parameter which is a function of the wave- 
‘orm but is independent of the circuit constants. 


K y= 10 


10 100 


(b) 
Hie. 7.—Variation of parallel resistance, Rp, (normalized), with 
capacitance ratio, N, for four standard waveforms, using 


(a) circuit A; (b) circuit B. 
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From this it is clear that for any given waveform (i.e. K = con- 
stant) 7, varies with N in the same way as R,, and that for 
maximum voltage efficiency R, should be made as large as 
possible. These conclusions are borne out by Figs. 7(a), 8(a) 
and 9(a), in the first two of which R,C,/T, and R,C,/T> are 


(hb) 


Fig. 8.—Variation of series resistance, Rs (normalized), with capaci- 
tance ratio, N, for four standard waveforms, using (@) circuit A; 
(b) circuit B. 


plotted instead of R,C,/T, and R,C,/T; as the former lead to 
more convenient scales. 


(3.2) Relation between Actual and Nominal Rise Times of 
Impulse Waves 

In selecting the values of K for Figs. 7(a), 8(a) and 9(a) it was 
considered desirable to make allowance for the discrepancy 
between the actual and nominal rise times of impulse waves; the 
latter may be calculated in accordance with British, I.E.C., or 
American Standards,7:8»9 These graphs were therefore plotted 
for the appropriate values of K, and Kg (instead of K, as pre- 
viously defined) where 
ES mee T, 
Tie 2a) 


pple. T, 

Tip 1-25(T, age T3) 
To do this it is necessary to establish the relationship between K 
and Kz or K, respectively. For example, by putting v =0°1 Upoy 


K,= (15) 


(16) 


and Kz 
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O1 1 q 10 100 
(b) 
Fig. 9.—Variation of voltage efficiency, 7,, with capacitance ratio, N, 
for four standard waveforms, using (a) circuit A; (5) circuit B. 


atr =7; and v = 0:9v,,,, at rT = 7, in eqn. (31) (see Section 7.1) 
we obtain the transcendental equations 

e—%3 — g—Bts — Q-1(e—% — eB) (17) 
(18) 


From these 73; and 74 may be calculated by an iterative process 
for any value of K (and therefore « and f). As the actual rise 


and Gade brt =/0)*O(e 4 = or) 


Table 1 


DATA FOR STANDARD WAVEFORMS 


Waveform K=T)./T; | Kg =T2/T3\ K4 =T2/Tia 


time is always unity in our normalized system, the ratio of actual 
to nominal rise time, based on British’ or I.E.C.? Standards, is 
Pet Wee 1 


(19) 


Fig. 10 shows the variation of pz with «.* The graphs in Figs. 6 


* Similar data have been published by Angelini,° but there is considerable divergence 
between his results and those presented in this paper. 
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Fig. 10.—Ratio pz of the actual rise time to the rise time calculated i b: 
accordance with B.S. 923:1940, as a function of the waveforr|” 
parameter «. Mi 


and 10 may then be used to find « for any given Kg, since fror|) 
eqns. (4), (16) and (19), 
Kp = ppk 


A similar procedure may be used to find the variation of K| 
with «; Table 1 summarizes the relevant data for the variou’) 
standard waveforms. y 

The marked difference between T,, T;, and T; 4, amply demon} 
strated by Table 1, suggests the desirability of modifying thi 
multiplying factors used in the present method of calculating thi 
nominal rise times of standard impulse voltage waves, thu'!! 
making them agree more closely with the actual rise times. 


(3.3) Characteristics of Circuit B 


On carrying out similar calculations in connection with circui: 
B, R, is again found as the solution of a quadratic equation} 
Using the same notation as before, its value is now given by 


» RCs +B £ VIG — a) — 408 /N] 
fei 2aB(N + 1)/N i 


which may be compared with eqn. (9). Eqns. (10) and (11) 
remain valid for this case without any modification at all. Like 
wise, it is shown in Section 7.3 that eqns. (13) and (14) alsc{ 
apply to circuit B, the voltage efficiency being defined by eqn. (12), 


as previously. The families of curves in Figs. 7(b), 8(b) and 9(b) 
may therefore be drawn to illustrate the performance of this 
circuit. 

(3.4) Conclusions concerning Circuits A and B 


Comparison of corresponding graphs relating to circuits A and 
B leads to the following deductions: 


(a) Circuit B can be used with a wider range of capacitance 
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Fig. 11.—Variation of voltage efficiency, nv, in circuit C with 
capacitance ratio, N, for different values of r4. 


(a) Standard 1/50 impulse wave (Kp =50), Cs=5000pF, R3~ 150009 (73 = 36). 
(b) Standard 14/40 impulse wave (K4 = 26:7), Cs = 5000 pF, R3 ~ 15000 2 (r3 = 35). 
(c) Standard 1/10 impulse wave (Kz = 10), Cs;=5000pF, R3~ 15000 (r3 = 45). 
(d) Standard 1/5 impulse wave (Kz = 5), C; = 5000 pF, R3 ~ 150002 (r3 = 50). 
(e) Standard 1/50 impulse wave (Kp =50), Cs=5000pF, R3~ 500002 (r3 = 120). 
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ratios, N, than circuit A. This means that circuit B may give 
satisfactory performance with low values of C,, where circuit A 
will either fail completely or work at a very low efficiency. 

(b) The voltage efficiency of circuit B is higher than that of 
circuit A for all practical values of N (actually for N > 1). 
As against these advantages of circuit B, it must be remembered 
that its adoption will preclude the use of resistive potential 
dividers, which have certain advantages (as well as drawbacks) in 
the oscillographic measurement of impulse voltage waves. (The 
use of resistive voltage dividers is explicitly recommended by the 
current American Standard specifications.8) Thus the ability of 
circuit C to combine, in considerable measure, the advantages 
previously associated with circuit B and the facility of employing 
resistive voltage dividers for measuring purposes makes its use 
particularly attractive. 


(4) CHARACTERISTICS OF CIRCUIT C 
It is shown in Section 7.2 that the ratio, N, of the ‘generator’ 
and ‘load’ capacitances, and the ‘generator resistance’, Ry, are 
connected by the simultaneous equations 


(r2 + r4)r3 ror3t4 | 
= foe WA ee | ee ae 
- op| Cat rors, 4 tats ( ) 
ea oorlt Pees terre Nea 3 cata) (23) 
1 «p Ny Ay ae IND Tbe ieee le 


where « and f have been defined before, and r;, r, r3 and ry are 
the ‘normalized’ values of the resistive components in Fig. 3, 
given by 

ry = R,C,/T,; k = 1, 2, 3 or 4 (24) 
It is also shown in Section 7.3 that, using the notation of 
eqn. (24), the voltage efficiency may in this case be written in 
the form 

r 3M 4 

i aR Py ap Ta 


y= r (25) 
where A is still the waveform-dependent efficiency parameter 
whose value is given by eqn. (14). 

The simultaneous eqns. (22) and (23) may be used to 
evaluate N and r, for a given waveform if rz, r; and r, are known, 
while eqn. (25) will give the efficiency under the same con- 
ditions. This method has been used in constructing the graphs 
shown in Figs. 11 and 12. Figs. 11(@)-11(d) corresponds to 
R; ~ 15000 ohms (C, = 5000 pF) representing the resistance of 
a resistive potential divider of conventional design. Fig. 11(e) 
was drawn for R3; ~ 50000 ohms (C, = 5000pF) and may be 
compared with Fig. 11(@) to show the influence of r; on network 
performance. 

The following comments and conclusions are based on a study 
of these graphs: 

(a) From Figs. 11(a)-11(d@) it is clear that replacing circuit A 
by circuit C removes the restriction on the range of values of N 
at which the former can function. 

(b) With the particular values chosen for the generator capaci- 
tance and the resistance of the potential divider (R; ~ 15000 ohms, 

; = 5000 pF) the maximum efficiency obtainable with circuit C 
is only slightly above that given by circuit A for the British 
Standard 1/50 and American Standard 14 x 40 waves; but it is 
very significantly increased, and almost equal to the relatively 
high efficiency associated with circuit B, for 1/10 and 1/5 waves. 

(c) A comparison of Figs. 11(a) and 11(e) indicates that higher 
efficiencies, approaching those of circuit B, may be attained with 
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the 1/50 (and similarly with the 14 x 40) wave if higher value)) 
of r3 are used.* 4 
(d) The choice of shunt resistance Ry, (or in its normalize) ~ 
form r,) is very important in attaining the highest efficiency wit | 
any waveform. It is obvious from all the relevant figures tha) ° 
r, Should be made as high as practicable. i 
(ce) The nature of the limitations upon indiscriminate increase)» 
in the value of ry is seen in Fig. 12, from which it appears that!’ 


20 


@ 


fe} 


ey 


Fig. 12.—Variation of series resistances, 7; and r2 (normalized), ir 
circuit C with capacitance ratio, N, for standard 1/50 impulse): 
wave (Kz = 50), Cs = 5000 pF, R3 ~ 150000hms (73 = 36) and 
different values of rq. 


for otherwise similar conditions, as r4 is increased, r, decreases) 
while r. becomes larger. For each waveform, and for a given 
value of r3, there is a maximum value of rz which makes r, = 0; 
beyond this one would require r; < 0.f 

(f) For all standard waves, capacitance ratios of the same) 
magnitude, broadly 10< N< 20, appear to give optimum! 
results when using circuit C. However, even if higher ratios are) 
used, there is no appreciable deterioration of performance. It) 
is possible, therefore, to obtain very reasonable results with a 
fixed set of shunt capacitors across the test object, or even| 
relying on the stray capacitances across the potential divider an 
test piece alone. 

Finally, it may be observed that, in their normalized form, 
Figs. 11 and 12 apply without modification to wavefronts of any 
duration, as long as K remains constant; e.g. Figs. 11(a) and 12 give: 
the data for 0-1/5 as well as 1/50 waves. Moreover, for the same 
value of C, and r3, a reduction of T, will bring about a propor+ 
tionate decrease in R3, which is in accordance with the recom- 


mendations of the American Standards on this subject.® | 


(5) CONCLUSIONS 


The foregoing results show that expressions can be derived 
without the use of simplifying assumptions that will give, on the 
one hand, the mathematical parameters « and B for any specified 
double-exponential impulse waveform, and on the other hand, 
appropriate values for the different circuit elements in each type 
of pulse-shaping network considered. By a simple process of 
normalization of the time and resistance scales, all equations, 
and the graphs plotted from them, have a general usefulness 
conferred upon them, instead of being applicable to one particular 


* The effect of increasing R3 on the accuracy of oscillographic measurement must 
not, however, be overlooked. It may be worth noting that the American Standard: 
recommend that the potential-divider resistance should not exceed 20000 ohms ever 
os i times over | microsec duration. 

_In practice it is found convenient, from the point of view of suppressing spurious 
oscillations within the generator, not to use extremely low values of rj. ma 


se only. In this normalized form, they show quite clearly the 
kibility of the slightly more complex circuit in Fig. 3 and 
“jlicate the manner in which optimum technical performance 
} iy be obtained from it in conjunction with resistive potential 
iders. At the same time, the possibility of operating the 
| ypulse generator in a technically satisfactory manner with only 
‘fixed set of shunt capacitors, or even entirely without such 
oacitors, is a matter of considerable economic importance. 
; As a side issue, it is noted that the method of calculating the 
inal rise time of double-exponential impulse waves, aS now 
proved by the various national and international standards, is 
mewhat unrealistic, as it leads to consistently large differences 
\tween the nominal and the true rise times of such waves. 
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(7) APPENDICES 


1) Normalization of the Waveform Equation and the Relation- 
ship between the Parameters « and B 


|The class of passive linear lumped-circuit networks possessing 
vO energy-storage elements, to which the three circuits in 
ygs. 1-3 belong, have their response to a step-function deter- 


, ned by the differential equation 
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The general solution of eqn. (26), assuming v = 0 when 
f£=0, is 


v = Ale~Ha-Pit — e-H@+PY] | (27) 
where P=V/(@ — 4b) (28) 
If « and B are defined by 

2 2tG piri (29) 
and B=}a+P)T, (30) 


where, in the notation of Fig. 4, dv/dt =0 and v = Up g, at 
t = T,, then 

v 

E7% 


Tar |g . 


oss = max e7et 
Vi A (Ear ge ) 


é &) = (e7% 


31) 


and (32) 
Also, once again in the notation of Fig. 4, 
V = Wyrax When t = T, = KT, i.e. when t = K; hence 


H(e—* — ef) = 6 Ke KP 


(33) 
Lastly, since dv/dt = 0 when 7 = 1, we obtain from eqn. (31) 


B= aels* (34) 


(7.2) Computation of the Primary Circuit Parameters 


Taking the values of a and 6 for circuit C from Table 2 and 
putting 


we may write 
R,R> + RRs + RyRg (36) 
Nis Pores Ro +R, +R, 
RR 
and R= 2 (Ro + R)Ry _ 1 at aR (37) 


NR, + R34 Ry | 
Then, using eqns. (29) and (30), we obtain 


~ bC, Ry t+ Ry +R, 


C.\2[ (Rp + ROR3 RyR3R, | 
- R, + (38) 
a «8 (=z) Ss Pe Re ae 


Char B T (R, af R3)R4 aif 1 (R, ae RgR3 
“B Ge R,+ R3 + Ry N Rz + R3 + Ry 


These equations may be expressed in normalized form by putting 


(39) 


and R,= 


¢6+av+bv=0 (26) Pea Cli qe kik, 2505 OL A (40) 
: i yPsl, 
“here v is the voltage across C, and the values of the coefficients giving N= af (rz + r4)r3 ri, - 3 ‘ - (41) 
and 6 for each of the three circuits is given in Table 2. Io +13 +8, 2 Bete TA 
Table 2 


VALUES OF a AND b For Circuits A, B AND C 


Circuit A .. 


RECs Cy 


1 1 


RS Ge 


1 


Circuit B .. REC) Ras 


RsCs 


RURGCC 


Ri(R2 + R3 + Ra) + (Ro + R3) Ra 


(Ro + R4)R3 Rz2 + R3 + R4 


Circuit C .. CpRR1R2 + Ri Ry + R2Ra) 


CsR3(RiR2 + Ri R4 + R24) 


CsCpR3(Ri R2 + Ri R4 + R2R4) 
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ae Bry ts)h, 1 (rf) + 1r4)r3 From eqns. (44) and (46) one obtains, also using eqns. ¢ 
and 1S bos — B (42) and (30) 
ap amen ae ie NNTB) SRI Ste , 
anes : ee v (e—* — e-P)T, Ry 
This pair of simultaneous equations in N and r; may be solved i 
for any given values of r>, r; and r4, « and B being constant for Vo (B — ®) CR Ry + Ri Ry + RoRe) 
a particular impulse waveform. 
SD arien 
(7.3) Computation of the Voltage Efficiency Rope ae 
To obtain the voltage efficiency, 7,, defined by eqn. (12), ores rie! sci = 
we may write for the initial values of the currents i;, i, and i3, pe ae ae leet 
using the notation of Fig. 3 throughout, Eqn. (47) may again be written in normalized form usi 
R>R R eqn. (40); thus 
hho = Vo] (Ry + _ \=V, 0 aia Ge « 
Ry + Rg RyRy + RyRy + RR ==, }\ 1304 
WS pha 
0 Ro FR, ORR, + RyRy + RyRy * For the special cases of circuits A and B, one must put i 
and = eqn. (49) r2 = 0 and rg = 00 and r; = O and r3 = ©, res 
SC ee eae Meera ce) tively. This gives for both circuits, using the notation of Fi 
Also, by using eqns. (31) and (45), and 2 respectively, 
dv CAB — «) RG 
I = Paar == f Rea et \ eas 
20 O(F } Te-# 5= 8) "max = 5 (46) Ny =A Fr 


4 ‘ pe = n 
ss : eee : ia ate ten = 7 = - _T o, —_— is _ =" = _ - 
sma heiactliala s a eita at  IE A LE ee Se Se ee eee 
wee te eee _ = = — - 


SUMMARY 


in a class-B push-pull amplifier having balanced transformers, even- 
ider harmonic distortion can be caused by differences in the 
“waracteristics of the two transistors. By considering the voltage 
rin of the two halves of the amplifier it is possible to obtain general 
“pressions from which distortion caused by any particular charac- 
) ristic can be calculated. 
| The paper is primarily concerned with audio-frequency amplification. 
‘is necessary to consider harmonics outside this range because of the 
 »ssibility of their giving rise to intermodulation products in the a.f. 
mnge. 
' {The parameters giving rise to distortion can be divided into the 
/equency-independent and frequency-dependent types. 
With regard to the frequency-independent parameters, the only 
sficant factors are the current gain factor, the variation of base- 
lltector current gain factor with emitter current and the extrinsic 
sé resistance. In the case of the frequency-dependent parameters, 
‘nich, in general, only become important at the higher audio fre- 
) xencies, the significant factors are the collector capacitance, the 
* iriation of current gain with frequency and the carrier-storage effect. 
\In order to obtain low distortion, some matching of transistor charac- 
iristics is necessary. Methods are described whereby this can be 
ihieved by fairly simple measurements. 
j ‘Most of the work described in the paper is based on a low-power 
inction-type transistor. However, the methods used are quite general, 
4d therefore applicable to other types of transistors. 


LIST OF PRINCIPAL SYMBOLS 
A; = Amplifier current gain. 
a = Emitter-collector current gain factor. 
a = Mean value of a. 
& = Low-frequency value of «. 
a, = Value of « at zero emitter current. 
%-p = Base-collector current gain factor. 
B = Harmonic factor in a half sine-wave. 
B = Slope of «/I, curve. 
C, = Collector-base junction capacitance. 
e = Charge of an electron. 
ft, = Cut-off frequency in the common-base arrange- 
ment. 
Such = Cut-off frequency in the common-emitter arrange- 
ment. 
fz = Cut-off frequency of an amplifier. 
G = Voltage gain of an amplifier. 
H = Ratio of the operating frequency to fj. 
, I, and I, = Emitter, base and collector currents, respectively. 
i, = Signal current. 
K = Ratio of operating frequency to fy. 
k = Boltzman’s constant. 
m = Ratio of the values of ro. 
n = Ratio of the values of G. 
po = Extrinsic base resistance. 
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DISTORTION DUE TO THE MISMATCH OF TRANSISTORS IN PUSH-PULL 
AUDIO-FREQUENCY AMPLIFIERS 


By K. W. GURNETT and R. A. HILBOURNE, B.Sc. 
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rp, = Intrinsic base resistance. 
r, = Emitter resistance. 
r, = Collector resistance. 

Rs = Source resistance. 

Ry, = Load resistance. 

R;, = Input resistance. 

Ry = Total resistance in the emitter circuit. 
T = Temperature. 

vy = Signal voltage across R;. 
v, = Source signal voltage. 

V, = Collector voltage. 


(1) INTRODUCTION 


In power-amplifier applications, using junction transistors, it 
is often desirable to employ class-B push-pull circuit arrange- 
ments. The main reasons are the rather limited power-handling 
capabilities of transistors and the higher power efficiency 
obtained. In such a circuit arrangement the factors giving rise 
to harmonic distortion can be divided into two categories, 
namely: 


(a) Non-linearities in the transistors. 
(6) Differences between the two halves of the amplifier. 


Type (a) gives rise to odd-order harmonic distortion! whereas 
(6) gives rise to even-order harmonic distortion. Assuming that 
the rest of the circuit is exactly balanced, the even-harmonic 
distortion is due to differences in transistor paramcters. With 
two exactly similar transistors, the even-order distortion is zero; 
such a pair of transistors are said to be ‘matched’. 

At present, some transistors are matched solely on the basis 
of the current gain factor; however, this is not really sufficient. 
A better approach using an oscilloscopic display has been used,* 
in which the performance of the two transistors was compared 
under actual operating conditions. 

The paper deals with the transistor parameter variations which 
give rise to even-harmonic distortion. These parameters can be 
separated into two types. The first is concerned with the para- 
meters which do not involve frequency; they produce the dis- 
tortion obtained at low frequencies. The second type is 
concerned with the frequency-dependent parameters; in general, 
these become important at higher audio frequencies. This is 
particularly true when the transistor is used in the common- 
emitter arrangement, and for this reason, considerable attention 
is paid to this circuit configuration. 

In the present state of transistor production there is a con- 
siderable spread in their characteristics, and a random selection 
of transistors can result in substantial even-order harmonic 
distortion. Thus some degree of matching of transistors is 
required. If the factors which give rise to distortion are known, 
simple methods of matching can be derived; the method described 
in the paper consists in matching a voltage gain factor measured 
under conditions which fairly closely simulate those obtained in a 
practical amplifier. 

When transistor class-B amplifiers (common emitter) are 
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operated at high audio frequencies considerable distortion can 
arise owing to different phase shifts in the transistors and also 
owing to carrier storage effects. The latter occur at the cross- 
over region of the fundamental waveform and cannot be over- 
come by matching. 

In the paper the terms ‘match’ and ‘mismatch’ are used solely 
to describe the differences between the two halves of the transistor 
amplifier and do not refer to impedance matching. 


(2) LOW AUDIO-FREQUENCY MATCHING 
CONSIDERATIONS 

The amplification of a sine-wave signal by a class-B push-pull 
amplifier is considered. The two transistors amplify alternate 
halves of the input signal with voltage gains G; and G), respec- 
tively; G is defined as the ratio of the voltage developed across 
the load to the open-circuit generator voltage. The waveform 
appearing across the common load may be written 


vy = G,[A sin wt — AB, cos 2wt — AB, cos 4wt — 
AB, cos qwt] — G[A sin (wt +7) 


— AB, cos (wt + 7)... — AB, cos q(wt + 7)] (1) 


where the input signal is given by 2A sin wt (open-circuit 
generator voltage), and B,, By, etc., are factors representing the 
amplitude of the harmonics present in a half sine-wave. 

This expression is correct for all forms of G,; and G, whether 
constant or not, but it is very cumbersome to use if they are 
functions of the input signal. Therefore, they are assumed to be 
constants. This approximation ignores the effect of intermodula- 
tion products, but these are likely to be very small. 

Thus 


Oe (G,; SF G>) Asin wt ate (G, ape G,)AB, cos 2wt 
+ (G, — G,)AB, cos 4wt +... (G, — (2) 
From eqn. (2) the amplitude of the fundamental frequency is 
given by (Gy + G,)A and the amplitude of the gth harmonic by 


(G, — G,)AB,. Thus the percentage gth harmonic content is 
given by 


G,)AB, cosqut . 


Lei x 100 


3 
oe, (3) 


If the ratio of the gain factors G,/G, is n, the percentage gth 
harmonic content is given by 


1 — 
ey panda x 100 (4) 
The values of B, for a half sine-wave are known. . Thus 
B, = 0-425 
Bs = 0-089 
Be = 0-038 
Bio — 0-013 


Each B term is multiplied by the same factor (1 — n)/(1 + n); 
this can therefore be determined by measuring only one of the 
harmonic components, e.g. the second harmonic B,. Hence if 
two transistors are matched for minimum second-harmonic 
content, they will produce minimum even-order harmonics (see 
Section 8). 

The variation of the second harmonic with the out-of-balance 
ratio m was calculated using expression (4), and the results 
obtained are given in Fig. i. 

Since the paper is concerned only with distortion due to mis- 
matching in the transistors, the transformers are assumed to be 
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Fig. 1.—Variation of second-harmonic distortion with out-of-balan|: 
ratio 7. 


perfectly matched and the effects of transistor parameters are Co)” 
sidered separately. These parameters are 


(a) Input resistance. 
(>) Current gain factor and its variation with emitter curren t 


(2.1) Mismatch of Input Circuit Resistance 
The voltage developed across the load R, is given by 


Alp A SARS 
a Rin +R; AE ee “| 
= Gv, 
where A; is the current gain of the amplifier (see Fig. 2). 


TRANSISTOR 
Rs 
* a | 3 bay 


Fig. 2.—Nomenclature used in referring to each half of a push-pu 
amplifier. ! 


Current gain: Aiy = ioztliin. 
Voltage gain: G; = vz/vs. 
In this Section it is considered that R,, A;, Rs and v, are equé 


for the two halves of the amplifier, and distortion due to mis 
match of R;, only is considered. 


(2.1.1) Common-Emitter Amplifier. 


The input resistance of a transistor in the common-emitte 
connection at low frequencies is given? by 


Rin ~ Yoo + Tot rag 2 ) <ovng eee « 


when r, is large compared with r,, rp, ry and Ry. ' 
The current in the input circuit is given by 

. Us ; 
i= | 
Rin + Rg ‘ 

= - C 
Rot ro p+ 1 OS 
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: : ma: ef MES a 
€ emitter resistance r, is given by r, ~ 7 = ohms, where 
re: ori 5 ome 
fis in milliamperes. Also r,; decreases in a similar manner 
‘th increasing emitter currents. In power amplifiers the 
_nitter currents are sufficiently high to make r, and r,, negligible 
+ mmpared with rpo and Rg. 

v 
_ “Hence ee a ee rr re re (.: 
REE Tho °) 
erefore the principal cause of distortion in this case is due 
po, and from eqns. (5) and (8), 


na ks ten 
Rs + rp02 


“3Substituting for n in eqn. (4) the percentage gth-harmonic 
‘stortion is given by 


9) 


’po2 — Voot 
2Rs + ro01 + roo2 


Ifthe base-resistance ratio rpo1/rz02 is given by m, the percentage 
h-harmonic distortion is given by 


| por = m) 
2Rg + rpo2(1 + m) 


1fhe variation of distortion with m for particular values of 
‘isifpo1 is given in Fig. 3. Also shown in Fig. 3 are the distor- 


)B, x 100 (10) 


|p. x 100 (11) 


PbOl 
Tbo2 


RATIO 


. 21g, 3.—Variation of second-harmonic distortion with the ratio rp01 Iroo2 
; for various values of Rs/rp01- 


‘yons that were obtained in a push-pull amplifier (common 
witer). It can be seen that they are in very good agreement 
‘it® the calculated values. 
] ¥ a spread in ry) of 45 to 90 ohms is assumed, the worst 
soxsible case of mismatch in ro is 0-5. It can be seen from 
{ig 3 that, with this mismatch and a generator resistance of 
*§ kilohms (approximately 30 times greater than /9;), the 
2eond-harmonic distortion is of the order of 1%, whereas if 
j.'s of the same order as rgo}, it is 8-5 %. 


413 


(2.1.2) Common-Base Amplifier. 


The input resistance of a transistor in the common-base con- 
nection at low frequencies is approximately given by 


Ree fear Thal a) 


provided that the load resistance R, is small compared with r,. 
Hence, if the input signal v, is fed from a generator resistance Rs, 
the input signal current is given by 


5 U; 
ES a ee Re ee 
Repent Wig tal =e) 


Vv 


ss 2 as Gee eee el 
Rs tro — 2) Me 


In this case, the effect of mismatch in the base resistance is 
reduced because of the multiplication factor (1 — «). 
(2.1.3) Common-Collector Amplifier. 


In the common-collector amplifier the input resistance is 
given by 
Ve = Rr 

1 Ries 


where R; is small compared with r,(1 — «). 


Ri = Te + 41 + 


Thus 


‘ v 
ihe, (os 2 


i, (13) 
Rg hitro ea 


ips ae lkSp 
i) = 


a 


From this expression it is seen that the base resistance is swamped 
by the term R,/(1 — «), and thus distortion due to mismatch of 
the base resistance is negligible. 


(2.2) Mismatch of Current Gain Factor 


Differences in the current gain factors of transistors can be 
classified in two ways. The mean gain for a given input signal 
voltage may not be the same, and, as seen from Fig. 4, the slope 
of the «/J; curve may also differ. 


(2.2.1) Mismatch of the Average Current Gain Factor. 


Let the average current gain factors for a particular input 
signal be denoted by %, and &, for the two transistors. If the 
slopes of the «/J, curves for the two transistors are such that 
a&,/x2 is constant for all values of J,, the distortion can be cal- 
culated using expression (4) as before. 

Fig. 5 shows the second-harmonic distortion of a common- 
emitter amplifier as a function of the average current-gain ratio 
of the two transistors, &1,4/%52, calculated from expression (4). 
Fig. 5 also gives the measured values of second-harmonic dis- 
tortion obtained with transistors having different values of &,». 
These results are in close agreement with the calculated values. 

From Fig. 5 it can be seen that, in order to obtain less than 
2:5% second-harmonic distortion, the gain factors ~,, must be 
matched to within 10%. 


(2.2.2) Mismatch of Slope 8 of the Current Gain Factor. 


Typical variations of the current gain factors « and a, 
(common base and common emitter, respectively) with emitter 
current are shown in Figs. 4(a) and 4(5). It is seen from 
Fig. 4(a) that a close approximation to the variation of « is 
given! by 


a=, — Bi, . (14) 
To a first approximation the mean value of « is given by 
ge Seal) 5 Plep (15) 


0-96 


CURRENT GAIN @ 


0-94 
@ 


- | 
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Fig. 4.—Variation of current gain factor with emitter current for three 
low-power transistors. 
(a) a plotted against J. 
+++ aw = a,0Je, where «, = 0:985 and 8B = 0-0005 per mA. 
(b) ap plotted against Je. 


CURRENT GAIN G4 


40 


w 
° 


Le) 
°o 


2ND HARMONIC DISTORTION, %o 


3 


10) O1 0-2 0-3 0-4 a6 07 


a:5 
RATIO =cb4 
Xcb2 


Fig. 5.—Variation of second-harmonic distortion with the ratio of 
current gains ocp1/acp2. 
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In the common-emitter configuration the mean current ga 
&p is given by 


ies | 
SebyS ees | 
_1/_20, = Blep al 
Bice, a | 


If the two transistors have the same value of «, but differe}? 
slopes, 8, and §3, the ratio n may still be expressed approximate}/ 
as the ratio of &,,; to &,. Substituting for n in expression (4/@ 
the percentage second-harmonic distortion is given by | 


1 Beotteo2 — Keil %ep2 100! 5, A al 
1 + &61/%o2 “ff 


1 1,1 
(2a, ~Balep)( 1 — a, a ele ae (Q«, — Bile (1 —_ & 7g Pla 


(2, ~Balep)(1 —a,+ re) + (2a, Bilep)(1 —a,+ elas 
B, x 100 . (hil 

From this expression it is found that the distortion due t/ 
different values of B is a function of peak emitter current, th) 
current-gain slope 8, «, and the slope ratio B,/B,. Figs. 6, 7, an!) 
8 show the percentage second-harmonic distortion as a function «(> 
B,/B2 for typical values of JI,,, 8, and «, as calculated froi) 
eqn. (18). For these calculations the slope of 8, was less tha] : 
that of 8, and the resultant expression for the distortion has 
negative sign. 
The sign obtained from the application of expression (4) 
important because some of the distortions do, in fact, cance): 
Thus in a practical amplifier the two transistors are likely ti! 


have different values of «,. If o,; <«,. the sign of the dis) 
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Fig. 6.—Variation of second-harmonic distortion with slope ratio fo. 
various values of Ip. 


a, = 0-975. 
8; = 0-000 36. 
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fig. 7.—Variation of second-harmonic distortion with slope ratio for 


various values of «;. 


Tep = 50mA. 
B1 = 0-000 36, 


Ww 
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se 8.—Variation of second-harmonic distortion with slope ratio for 
. various values of (3. 


Tep = SOMA, 
az = 0-975. 
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tortion is positive, which means that the distortion due to 
differences in 8, will be reduced if 8; <B>. This is an important 
consideration, since units having high values of «, usually have 
high values of 8; this may be seen from Figs. 4(a) and 4(d). 

Owing to the number of variables involved, it is difficult to 
measure the distortion caused by differences in 8. However, 
the effect is relatively small; a difference of 30°% in the values of 
B would give less than 3% second-harmonic distortion. 


(2.3) Application of the Results obtained in Sections 2.1 and 2.2 


In this Section the effects of r49, & and f are considered and 
their relative importance is assessed. It is shown that the normal 
production measurement of current gain factor at low emitter 
currents does not offer a satisfactory basis on which to match 
transistors for push-pull power amplifiers. 


(2.3.1) Base Resistance. 


For the particular type of transistor considered it was found 
that ro varied over the range 45-90 ohms. In common-emitter 
amplifiers the source resistance is, typically, as high as 1 000 ohms 
(in order to reduce cross-over distortion).! If two limit transis- 
tors are used (i.e. rgq is 45 ohms for one and 90 ohms for the 
other) the second-harmonic distortion due to unequal values of 
rp is less than 2%. 


(2.3.2) Current Gain Factor. 


A spread of the order of 2:1 is obtained for x,,. On its 
own this would give rise to a maximum second-harmonic dis- 
tortion of about 15%. However, for two transistors with limit 
values of &,,, the difference in f is such as to reduce the distortion 
by about 3% for a peak current swing of 30mA; if the peak 
current is increased the distortion is further reduced, as may be 
seen from Fig. 11. 


2ND HARMONIC DISTORTION, % 


0-6 0-7 0-8 0-9 Ee) 
RATIO OF «ep 


Fig. 9.—Variation of second-harmonic distortion with the ratio of 
Och (measured at J, = 1 mA). 
1-5-kilohm source resistance. 
-—--- Calculated value. 
(a) Iep = 30mA. 
(b) Tep = 50mA. 
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(2.3.3) Matching of Transistors for Push-Pull Operation. 


To assess the combined effects of mismatch in &, B and ro, a 
number of a particular type of transistor were paired at random 
and operated in a common-emitter push-pull amplifier. The 
second-harmonic distortion was measured at peak emitter currents 
of 30 and 50mA and plotted as a function of the ratio of various 
current-gain measurements. The results are shown in Figs. 9, 
10 and 11. It is seen that, in all cases, the distortion is less 
than 10%. 

Fig. 9 shows the results obtained using the current gain factors 
measured at emitter currents of 1mA. It is seen that there is 
no correlation between these and the results theoretically pre- 
dicted on the basis of Section 2.2. The reason can be seen from 
Fig. 4(b), in which it is shown that this current gain factor departs 
substantially from «, and hence from &y, since « is greatly 
affected by the transistor surface conditions in this low current 
range. 

The variation of the second-harmonic distortion with the «,» 


a 


2ND HARMONIC DISTORTION 
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RATIO OF & ebi0 


O:9 te) 


Fig. 10.—Variation of second-harmonic distortion with the ratio of 
&ebio at Je = 10mA. 


Source resistance = 1-:5kQ. 
Indicates +2% spread due to roo. 
—-— Calculated value. 
(a) Iep = 30mA. 
(0) Teo = 50mA. 
at J, = 10mA is shown in Fig. 10. It is seen that there is a 
considerable spread about the calculated value. 

The range in values of rpg for the transistors used (45-90 ohms), 
and the source resistance of 1 000 ohms, would result in a possible 
spread of +2% in the second-harmonic distortion, which is 
confirmed by the experimental results. As mentioned earlier, 
transistors having a high value of «,, also have a high value of ; 
this accounts for the distortion being lower at peak currents of 
50mA than at 30mA, and lower than the calculated value for 
large degrees of mismatch. 

One method of matching is to measure the gain of the amplifier 
under conditions which closely resemble the actual operating 
conditions, the only difference being that a d.c. input signal is 
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Fig. 11.—Variation of second-harmonic distortion with the ratio of/© 
gain (d.c. measurement). 1. 


Source resistance 1:5kQ. 
Calculated. 
(a) Tey = 30mA. 
(6) Tey = 50mA. 


used instead of an a.c. one. A voltage is applied through al 
typical source resistance (e.g. 1 kilohm for a low-power transistor)|) 
to the base of the transistor, and the collector current is measured;}- 
the collector load is also chosen to represent a practical case.) 
Fig. 11 shows the calculated and measured distortion, using the} 
gains obtained by this experiment and applying the method! 
discussed in Section 2.2. 

It is seen that good agreement is obtained, and this fairly! 
simple method of matching is therefore satisfactory. It is) 
important to note that transistors matched for one set of operating’ 
conditions may not be matched for another; matching for all! 
possible circuit conditions is cumbersome, since it involves inde-| 
pendent matching of «,, B and ro. { 


(3) MATCHING CONSIDERATIONS AT HIGH AUDIO 

FREQUENCIES | 

In this Section only the common-emitter amplifier is con- 

sidered, since frequency effects are more pronounced in this’ 

arrangement than in the common-base or common-collector types. 
The main factors to be considered are: 


(a) Collector capacitance. 
(5) Variation of current gain factor with frequency. 


(3.1) Collector Capacitance 


The effective output capacitance C,,, can be high in the 


common-emitter amplifier. If Ry is large compared with R;,, 


4 | 
———C 

l—a * 

where C, is the capacitance of the collector-base p-n junction. 


Cour ~ 


jer will be limited by C,,,.. A difference in the values of Ce 
pr the two transistors in a push-pull amplifier (owing to dif- 
)yrrences in « or C,) can result in even-order harmonic distortion. 
| In most power-output stages R, is very low compared with 
(Cour) Over the audio-frequency range, and the effects of Coit 
(yan therefore be ignored. However, when higher-power transis- 
prs having high collector capacitance are used for handling 
me low output powers, C,,,, can have a significant 
mcrect. 


(3.2) Variation of Current Gain with Frequency 
+) The common-base current gain factor, «, varies with frequency 
ccording to the expression 
Xo 
ry 
yhere a) = Value of « at low frequencies. 


K=flf,, f being the operating frequency and f, the 
frequency at which |a| = 0-7ap. 


(19) 


'| In the common-emitter amplifier the current gain factor «,, is 
‘yven by 


eee EO Re ho. 19) 
1+] 


| = @4p 


/ The cut-off frequency fy,,, i.e. the frequency at which 
b| = 0: 7Taxo/(1 — ax), is given by 


acs = Sa(1 — %) (21) 


It has been verified experimentally that f,,, varies with fre- 
ency according to eqn. (20) up to frequencies of at least 5f,,,. 


.2.1) Variation of Amplifier Gain with Frequency. 


_A common-emitter amplifier working from a source Rg into 
) load R; is considered. The voltage gain G (as defined in 
ection 2) is given by 
| a pR 
Gs (22) 
Rs ze Ri, 
From the expression given in Section 2, the input resistance R;,, 
an be written as 


Re 


1—a 


Rin = 0 + 


"here Ry is the total resistance (i.e. r, plus any added resistance) 
a the emitter circuit. 


; R 
' Therefore G= AL (23) 


Ike a Way ar 


l1—«a 


The value of G will decrease with frequency owing to «,, [see 
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eqn. (20)] and its modulus will decrease to 0-7Gp (Go being its 
low-frequency value) at a frequency fa» given by 


fy = Sal | ote (24) 


a 
ORS =F La) + Re 


_ Since (Rg + 149)/(Rs + 19 + Re) is always less than unity, f 
is greater than f,,,, [which is equal to (1 — a)f,]. 


6 


ReyOHMS 


Fig. 12.—Variation of f, with emitter resistance Rg for various source 
resistances. 


49 = 0-97. 


Fig. 12 shows the effect of the term (Rg + rpo)/(Rs + roo + Re); 
it compares f, and f,,, for various values of Rg and (Ry + Fp0). 
Since the difference between f, and f,,, for a given value of 
(Rs + rpo)/(Rs + roo + Re) increases as a increases, the results 
in Fig. 12 have been taken for aw = 0-97. 

Thus improvement can be obtained in the following two ways: 


(a) Decrease (Rg + p90). 
(6) Increase Rp. 


It should be realized that this is merely a method of increasing 
the effective bandwidth of G at the expense of decreasing the gain 
at very low frequencies. Therefore the extent to which (a) and 
(b) may be applied depends on the decrease in gain that can be 
tolerated; a number of other limitations also arise. 

The minimum value of Rs, in most applications is limited by 
origin distortion considerations,! and therefore for low-power 
transistors R, must, in general, be greater than 500 ohms; with 
no addition to Rg this value of Rg does not greatly increase f, 
above fxs: 

Ry may be increased by adding external resistance in the emitter 
circuit. If (Rs + 749) = 500 ohms and Rg = 10 ohms, f, is 
increased to approximately 1-7f,,,. However, the addition of 
external emitter resistance decreases the efficiency of the stage. 


(3.3) Effects of Mismatch of Cut-Off Frequency 


It may be assumed that the base-current input signals of a 
common-emitter amplifier are of a half sine-wave form (i.e. they 
consist of a fundamental and even-order harmonics) and the two 
halves are identical. 
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These are operated upon by G, as given by eqn. (22). The 
output voltage across the load R, is thus given by 
vy = G,| A sch uals sin (wt — $4) 
ba NAW + #H2,) 4 
1 
AB, cos (2wt — $49) —... 
V1 + H2,) 
1 
— ABg———. Cos (= 
qa ee) ie bi) 
a (Gi E ! sin (wt — do;) 
Slat (es) 3 
1 
+ AB,—.———;~ cos (2wt — ee 
2/1 + H2,) ( w 22) 
1 
+ AB ———.. cos t— : (25) 
I + H3,) (qu 20 


where #H is the ratio f,/f, and fj, is the frequency considered (i.e. 
the frequency of the fundamental or a harmonic). The suffixes 
denote the transistor and the harmonic, e.g. Hy, is the ratio 
Snlfz in the second transistor for the fourth harmonic. ¢ is 
equal to arc tan H. 
With the substitution sind = H/,\/(1 + H?) and cos¢d 
= 1/\/( + A?) the fundamental is given by 
G; 
4 1+ Hi, a 


2 pi 
1 are sin wt 


GA, ) 
ae To. H3, COS wt 


G,Hi; 


G G: z 
ay 1 2 ) 
| ape 


GA, GH; y" : 
+ G + Hi, ae i+ Hi, sin (wt — 6;) 


(26) 


where 6, is the phase shift and is given by 


GH; 


G2; 
| eeser 


6, = arc tan (27) 


1 
Pie 
The second harmonic is given by 


G, 
AB) 1 + H2, 


) Je 2wt 
1+ A, os 2w 


G,H, 
1G 14712 


G,H- 
iti Sali a2 
12 


Leer , 


G G 2 
= ABy\| ( 1 2 ) 
: (ie te, 


tig oeeelo: GH, \* 
T 1 fe H?, eae, Cos (Qwt ore 65) 3 (28) 


where @, is the phase shift and is given by 


GA, — G2Ay 

1+ H? 1+ H2 

@, are tan ZB 22 
Z Gi Gs vo) 


ltd, eal Sane; 


Thus from expressions (26) and (28) the percentage secon) 
harmonic distortion is given by 


Cia — aio (Gat G22 \ 4 

a Ge Hy, 1 + A, = H?, 1+ 3) 

: G; i G, ii +( GA, G26 yy : 
TF 1, Pe) ie, ee 


G, % G,. Hence the percentage second-harmonic distortion is 
( 1 1 ) a ( iy ie y t 
1008 (Sao ie ae 1 Hey ee kb 
5 1 u y 1 (ea eee yt 
1+ H2, 1+ 83, (<7, 1 + H2)4 


_ From eqn. (25) the phase shift and amplitude of any harmoni) 
may be calculated by substituting the appropriate values of ./ 
and H for any given mismatch of fp. 

The variation of second-harmonic distortion with frequenc! 
for various ratios of cut-off frequency were calculated usin 
eqn. (31) and are shown in Fig. 13. It can be seen that, with ti 
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Fig. 13.—Variation of second-harmonic distortion with frequency fo! 
various values of mismatch in fy. 


large mismatch of f,, 4% distortion is obtained at one-tenth o} 
the lower cut-off frequency. These curves can be used ti 
obtain the higher-order harmonic distortion, since, for a giver) 
value of f,/f, the percentage distortion is proportional to thi 
values of B given in Section 2. 


(3.4) Effects of the Spread in Transistor Characteristics ; 


Most transistor characteristics show variation between units | 
For example, at V. = — 6 volts and J, = 1mA, the following 


spread in characteristics was obtained with the type of transisto} 
considered: 


(i) fa ...0°8-2-8 Mc/s 
(ii) C, ... 55-85 pF a 
(iii) &,, . . . 40-80 . 


(iv) facp » » » 15-48 ke/s 
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ar The spread of fp is less than would be expected from taking 
pe limit cases of (i) and (ii). This is because transistors with a 
hgh current gain tend to have a high cut-off frequency. 

'/ C, is sufficiently small in these transistors for its effect on 
jower-amplifier performance to be ignored. 

It is found that f,., varies with emitter-current bias in an inverse 
/panner to a,,; this is to be expected since f, is substantially 
idependent of emitter current. Therefore, the minimum value 

Fact occurs at the maximum value of «,,; in the transistor 

” this corresponds to an emitter current of about 
} Fifty pairs of transistors were matched for G to within +5 Yeo 
if low frequency by the method described in Section 2. Tech 
as measured (V, = — 6 volts and J, = 10mA) for each 

ansistor, and the results obtained for the individual pairs are 
spotted in Fig. 14. All pairs lie within a fy.41/fx.p2 range of less 


fecebt, ke/s 


3. 14.—Mismatch spread of fycoi/facb2 for 50 matched pairs of the 
type of transistor considered. 


yan 2:1; 42 pairs are within 1-5:1. Applying the results 
{ Section 3.3, it would be expected that the distortion at 10 kc/s 
, n a class-B push-pull power amplifier) would be less than 5% 
ar 43 pairs and less than 8% for all pairs. When the distortion 
“ss measured experimentally the results shown in Fig. 15 were 
tained; in the amplifier the peak collector current was approxi- 
ately 30mA. It is seen that 44 pairs have distortions less than 
5%, and the remainder are less than 5%. 

} The lower distortions obtained in the practical case can be 
q ributed to the fact that the relevant cut-off frequency should 
: the mean value over the emitter-current range used rather 
an the small-signal value at 7, = 10mA used in the calculation. 


£5) Reduction of Distortion at High Frequency by means of 
| Matching 


A second-harmonic distortion of less than 5% at 10kc/s is 
‘iffciently low for most applications. In this case, the results 
“wseribed in Section 3.4 indicate that matching of low-frequency 
iis is adequate for the type of transistor considered. 
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Fig. 15.—Histogram of second-harmonic distortion measured at 10 kc/s 
with 50 matched pairs of the type of transistor considered. 


However, if lower distortion is required from amplifiers using 
these transistors, or if other types of transistor having lower values 
of fx, are used, some further matching is necessary. A modifica- 
tion of the low-frequency matching method to higher frequency 
(i.e. by using an a.f. input signal) is not suitable for high-frequency 
matching, since it would be an amplitude matching method and 
would not take phase differences into account. The accuracy of 
such a method is increased if the measurement is made at a 
frequency greater than the cut-off frequency. However, this 
necessitates a knowledge of the range of cut-off frequencies of the 
device. A better method is to match by means of the cut-off- 
frequency measurement, since this gives both the amplitude and 
phase differences. 

A measurement of /, may be made by using the matching 
arrangement suggested in Section 2, but with the base supplied 
from a variable-frequency source instead of with direct current. 
A measurement of mean collector current is made at a suitable 
low frequency, and the frequency is then increased until the 
output current has decreased by 3 dB. 


(4) CARRIER-STORAGE EFFECTS 

When the frequency of operation of a class-B amplifier is 
increased the output waveform can become very distorted because 
of carrier-storage effects. These occur even with a pair of 
transistors which are perfectly matched in all their parameters. 
An example of this distortion is shown in Fig. 16(a); this is an 
output waveform obtained at a frequency of 10kce/s. It is seen 
that the distortion takes the form of a high-frequency ‘ringing’ 
superimposed upon the fundamental waveform. This is more 
clearly seen in Fig. 16(b), in which the fundamental waveform 
has been removed. The ringing occurs at the change-over from 
one half of the amplifier to the other. 

The cause can be seen by examining the waveforms of one half 
of the amplifier. Fig. 17(a) shows the waveform obtained at the 
collector load of the amplifier, whereas Fig. 17(5) shows the 
waveform obtained by passing a half sine-wave through an RC 
network of the same frequency characteristics as the transistor. 
It is seen that a much sharper current cut-off is obtained from 
the amplifier than from the network. The reason can be seen in 
Fig. 17(c), which shows the base input current waveform. ‘Thus, 
instead of the expected half sine-wave there is a reverse current 
pulse when the base is driven positively. This reverse pulse is 
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(a) 


(6) 


Fig. 16.—Waveforms of a class-B push-pull amplifier at 10 ke/s. 


(a) Output waveform. : : 
(b) Ringing of the waveform in (a) with the fundamental removed. 


due to the minority carriers (holes in a p—n—p transistor) which are 
in the base region and which must be removed before the reverse 
input impedance becomes high. 

If two waveforms of the form given in Fig. 17(6) are added 
together in the output circuit of a push-pull amplifier, a sine-wave 
output signal is obtained. However, adding together collector 
waveforms, as shown in Fig. 17(a), gives an output which consists 
of a sine wave with pulses superimposed on it at the cross-over 
points; the input waveform is similarly distorted. These pulses 
give rise to ringing in the input and output transformers. 

The ringing frequency is determined by peaks in the transformer 
response curve. These occur at high frequencies owing to reso- 
nance between the leakage inductance and the self-capacitance of 
the transformers.2 The Q-factor of the resonant circuit depends 


on the magnitude of the winding resistance and the transistor ~ 


impedance relative to the leakage inductance. The damped 
oscillations given in Fig. 16(5) correspond to the input trans- 
former having a Q-factor of 2 to 3. This can be reduced by 
increasing the resistance of the secondary winding. 

In general, the ringing frequencies are well above the a.f. range, 
e.g. 50-60kc/s in Fig. 16(5); however, they may give rise to 
unwanted signals which are fed back to other amplifier circuits 
in the equipment, e.g. the i.f. amplifier of a broadcast receiver. 

The carrier-storage effect in junction transistors is dependent 
upon the thickness of the base region. Since f, is also dependent 
upon the base thickness, the carrier storage is decreased as f, is 
increased. The waveforms shown in Fig. 17(c) were obtained 
with a transistor having f,, = 0-8 Mc/s, whereas Fig. 18(a) shows 
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(c) | 


Fig. 17.—Waveforms of one half of the amplifier. 


(a) Collector-current waveform. . 
(b) Effect of an RC network on a half sine wave. 
(c) Base input-current waveform, . 


the waveforms obtained using a similar transistor having 
Su =1:8Mce/s; the latter has a considerably lower carrier: 
storage effect. : 

Fig. 18(5) shows the waveforms obtained with a higher 
frequency transistor. Little carrier-storage is exhibited. In 
general, medium-power transistors have a lower value of f,,, and 
as expected, they exhibit a larger carrier-storage effect. 

The ringing effect can be eliminated by reducing the reverse 
current pulse. This can be achieved by connecting a low-hole: 
storage diode in series with the base of each transistor. In the 
case of a low-power transistor, a point-contact diode can be used’ 
since these have a lower carrier storage than junction transistors 
The diode is connected in series with the base, so that the curren! 
through the diode is considerably less than the emitter current. 
and this results in a small carrier-storage effect. The waveforms 
shown in Fig. 18(c) were obtained with such an arrangement 
(cf. Fig. 17(c)]. With higher-power transistors, a junction diode 
would have to be used because of the high base current; junctior 
diodes exhibiting a low carrier storage are not readily available. 

In addition, for thermal stability the d.c. gain of the amplifier 
should be as low as possible; this requires a low-d.c.-resistance 
base circuit. Thus the inclusion of a diode in series with the 
base decreases the thermal stability and increases the possibility 
of runaway. 


An alternative method, which decreases the ringing effect, i 
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(6) 


(i) 


(ii) 


(c): 
Fig. 18.—Waveforms of one half of the amplifier. 


)z) A transistor with high cut-off operating at 10kc/s. 

)o) High-frequency transistor operating at 10kc/s. _ eee , 

)-) The transistor used in Fig. 17(c) with a diode in the base circuit operating at 
oce/s. 


(i) Base input-current waveform. 
(ii) Collector-current waveform. 


2 use of bifilar secondary windings. This ensures a close 
jusling between the two windings and hence a low leakage 
Wisctance.* 


(5) MATCHING 
"From Section 2 it is seen that a d.c. gain measurement is 
wu red for low-frequency matching, and a test circuit simulating 
yvical amplifier arrangement is suggested. A direct voltage 
applied to the base via a typical source resistance. The 
lector supply voltage is adjusted to the rated value for the 


device, and a collector load resistance is included such that the 
maximum collector current is equal to the rated peak value. The 
input voltage step is such that the resultant collector current lies 
between 40 and 90% of the rated peak value. 

A suitable measuring circuit for the type of transistor con- 
sidered is shown in Fig. 19(a). Using this circuit, transistors 
can be matched on the basis of the measured collector current. 
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Fig. 19.—Transistor matching circuits. 


(a) L.F. matching. 
S1: 2-pole bias switch (normally open). 
(6) H.F. matching. 
S1: Bias switch (normally in position 1). 
$2: 2-pole bias switch (normally open). 
R,/R2 : 3/7. 


To obtain the cut-off frequency f,, required for high-frequency 
matching, the low-frequency circuit can be adapted as shown in 
Fig. 19(5). The base is now supplied with an alternating voltage, 
whose value is constant with frequency. A. diode is inserted in 
series with the base to overcome carrier-storage effects and the 
meter is decoupled to the a.c. signal. 


(6) CONCLUSIONS 


Even-harmonic distortion can occur in a class-B push-pull 
amplifier owing to the mismatch of several of the transistor 
parameters. 

At low frequencies, three parameters are important. Of these, 
the most important is the current gain factor. However, to 
obtain a low level of even-order harmonic distortion, all three 
parameters must be matched. This is difficult as a production 
technique; instead, a simple test circuit which simulates a typical 
amplifier arrangement can be used. This is found to give suffi- 
ciently well matched pairs of transistors. 

At higher frequencies considerable harmonic distortion can 
arise owing to the mismatch of the common-emitter cut-off 
frequencies. This is very important if the operating frequency is 
close to the cut-off frequency of either of the transistors. Thus, 
with power transistors having a low-frequency response, some 
frequency matching is essential. For this reason it is highly 
desirable that the power-handling range of transistors having 
good high-frequency characteristics should be extended as far as 
possible by the application of efficient cooling systems. 

The cross-over transients obtained at higher audio frequencies 
are caused by carrier-storage effects and cannot be overcome by 
matching. These transients do not seriously affect a.f. amplifiers 
but may be important in higher-frequency applications. Their 
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effects can be reduced by circuit techniques, including the use of 
transformers having bifilar windings. 

The transistor considered throughout the paper is the type 
GET4. The diodes used for Fig. 18(c) are type GEXS54. 
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(8) APPENDIX 
(8.1) Second Harmonic Power Relative to the Total Harmonic 
Power 


A sine wave of peak amplitude A is considered of which 
alternate half-waves are amplified by the factors G; and Gp, 
respectively (G; > Gz). The total power in the output load 
resistance, R;, is given by 


3 2 ees _ 17/246, ‘ 1 
Rae He) Die Peo, ae Jo) 2 Ry 


Big 
aR, 


iw) 


The output waveform can be divided into its frequency com- 


ponents. Thus 
litvy =P,+ P; Sp Ley aie LP CUS: 
= Poet Ry iP, 
For one half of the output wave (peak amplitude GA), 
GA 


GA: GA 
V= + — sin wt — zy Bo cos 2wt + By cos 4wr, etc.) 


ine ae: 


GURNETT AND HILBOURNE: DISTORTION IN PUSH-PULL AUDIO-FREQUENCY AMPLIFIERS 


Thus, adding the two halves of the output waveform which a1} 
of different amplitudes, 


Vip (Gia Ga ee 
Acie 
Therefore Pi. = (G; — G) > 
Ry, 
AD b 
V; = (G, + Ga); sin wf 
’ SAC al 
Therefore P, = (G; + G) ce 
A 
V> = (G; — cee cos wt 
BAe = 
Therefore P= (6, —.G y= 


A 
V,, = (Gy = Ga)>(Bo cos 2wt + By cos 4wt + etc.) 


sAc mel 
Therefore P, = (G; — Go’°—W— 
8 R, 
where W is constant. wy 
Now Pi Poet mice Py 
28 
Substitution gives =e = 
on 
P. BB 
Theref a ee 2 
erefore Pe Sees 
5) 
4 f 
But B= — : 
2 377 af i 
Hence 2) 16 8 


Py 0G2= aa 


Thus approximately 89°% of the total harmonic power is in the! 
second harmonic. i 


121.372.54: 621.37.8 


SUMMARY 


) A highly accurate expression for the Q-factor of a direct-coupled 
))\ter is derived which is analogous to that for an associated quarter- 
“yave-coupled filter. Existing theories usually consider filters of 
‘ther the maximally-flat or the Chebyshev type, and it is shown 
yirectly, by transmission-line methods, that these are special cases 
))° a generalized symmetrical filter. Design formulae are given for 
‘ne bandwidth, pass-band tolerance, and the attenuation in the 
jection band both for quarter-wave-coupled and direct-coupled 
‘eneralized filters. 


LIST OF SYMBOLS 
- 1 ae } = Transfer matrix parameters. 
m,n 
Y = Admittance. 
Z = Impedance. 
6 (= 27l/A,) = Electrical length of a cavity. 
g@ = Electrical length of a quarter-wave 
‘| coupling. 
a R = Complex voltage insertion loss ratio. 
) IL an = Power insertion loss. 
% = Insertion phase shift. 
jb = Normalized susceptance. 
f = Frequency. 
fo = Resonant, or mid-band, frequency. 
Af=|f—fol- 
Ag = Guide wavelength. 
A = Free-space wavelength. 
O = Loaded Q-factor. 
Qr~) = Loaded Q-factor for the rth cavity (in a 
maximally flat filter). 
Qi) = Loaded Q-factor of each cavity (in a 
Chebyshev filter). 
Or = Overall loaded Q-factor. . 
on 0, and 0, = Loaded Q-factors for the respective 
cavities. 
X,Y, 2 = 20,Aflfo etc. 
n = Number of cavities. 
(x) = Rationalized Chebyshev polynomial of 
the second kind of degree n. 
k = Q,/Q, (3 or 4 cavities). 
= Q,/Q, (5 or 6 cavities). 
1= Q,]Q, (5 or 6 cavities). 
X = 2/?-+ 21 — k. 
VF = fi De ae Ihe 
X’ =ki? + 2/7 + 21 —k. 
Y=242k 421 —k* —2k +1. 
Yt, Z, = Walues of y and z, respectively, corre- 
sponding to 3 dB points. 


yr = 207 (3 or 4 cavities). 
0 
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Zp = 207! (5 or 6 cavities). 


ET AOE Hg aO) = Pass-band tolerance. 


£ (dB) 
Lr (power ratio) | _ Beek RG? 
Ly (dB) f ~ Attenuation in the rejection band. 
Onc = Q-factor of the direct-coupled filter. 


Q>2)4 = Q-factor of the associated quarter-wave 
coupled filter. 
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(1) INTRODUCTION 


A general synthesis procedure for the design of narrow-band 
direct-coupled filters has been developed by Hessel et al.! and 
by Riblet,* who have shown an approximate equivalence between 
quarter-wave and direct-coupled filters. The approximation 
used, applicable only to narrow-band filters, results in rather 
complicated expressions. However, a more exact treatment is 
possible which gives comparatively simple and more accurate 
design information, and provides a clearer physical insight into 
the relationship between the two types of filters. 


(2) PRELIMINARY THEORY 


The box in Fig. 1 represents any linear, passive network, and 
its external behaviour can be represented by the two linear 
relations 

V, = AV, — Bh etme ce lh) 


i Cio. DLL aie eee) 


Fig. 1.—Representation of a network, 


A and D are dimensionless, while B’ and C’ have the dimensions 
of impedance and admittance, respectively. Only three of the 
parameters are independent since the application of the 
reciprocity theorem gives 


AD — B’C’ = 1 Pabe Ae 4 ple Pei (33) 
The linear relations (1) and (2) are written in matrix form as 
follows: 5 
V, A B 
eae 
I, (E430) —I, 
eB: 
where 


Cony 


is referred to as the transfer matrix. 
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The networks considered in the paper are composed of basic 
four-terminal networks as follows: 
if © 
Ly] 


lo 


Line of electrical length @ of characteristic cos@ jsin | 


Shunt admittance Y . 


Series impedance Z 


admittance unity . jsin@ cos@ 


Fig. 2.—Derivation of insertion loss function. 


Waveguide filters, etc., consist of combinations of these basic 
networks in cascade, and the transfer matrix of the complete 
network is obtained by multiplication of the component matrices 
in the appropriate order. 

In Fig. 2 a generator is represented by a voltage source V, in 
series with a source impedance Z, = 1, and the load is an 
admittance Y,; = 1, i.e. the generator and load are normally 
matched. They are separated by a 4-terminal network whose 
insertion loss and insertion phase shift are required as a function 
of the transfer parameters. The transfer matrix for the cascade 
connection of source, network and load is 


ital AGB: Ih (0) 

E 4 ie ab f 
. Vi) PA+D + +C) B+ DIM 
1 ale leeete neereeaal |b 


Vy 


Tl fe 
herefore ; 


=A Dt (Beet Ca), 


If R is the ratio of the voltage across the load when connected 
directly to the generator to that when connected through the 
network, it is seen that 


R=\A+D)+4B'+C) 


R gives the effect of insertion of the network in both amplitude 
and phase. Only lossless networks are considered in the paper, 
so that B’ and C’ may be replaced by the quantities 7B and jC, 
where B and C are real and have the dimensions of resistance 
and conductance, respectively. The expression for R becomes 


R=}A4+D4+34B+Q0.... (8) 
The power insertion loss is 
L=|R? =1+44-DP+48-CP . © 


and the insertion phase shift is 


B+C 
PB i Naeaae oh 


In the particular case of symmetrical networks, i.e. those 
whose input and output terminals cannot be distinguished by 
external measurements, the parameters necessary to specify the 
four-terminal network are reduced to two by the additional 
relation 


ys = arg (R) = arc tan 


Ase De herd ia, ee eee Sh 
and eqn. (6) can be simplified to give 
L=1+3B—C)? th Crh i Re (9) 
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(3) QUARTER-WAVE COUPLING SECTIONS 


A microwave filter cavity consists of a section of waveguir) 
terminated in obstacles of negligible thickness, which may lj 
represented by pure susceptances. In order to obtain a filt) 
with a ‘flat-top’ characteristic giving high rejection outside tl) 
pass band it is necessary to couple two or more cavities |) 
cascade. In the case of quarter-wave-coupled filters the couplir)) 
sections consist of short lengths of waveguide. It is required 
find the exact length of the coupling section between any tw) 
cavities, which may have different loaded Q-factors, irrespectiny: 
of the shape of the overall filter characteristic, whether (5 
maximally flat, Chebyshev, or of generalized type (Section C 
This length is one which gives perfect transmission between th 
cavities at the mid-band frequency. | 


Fig. 3.—Section of a quarter-wave-coupled filter. 


Fig. 3 shows part of a quarter-wave-coupled filter, consistin 
of two unequal cavities, specified by the subscripts 1 and 7) 
All susceptances considered in the paper are normalized wit! 


first cavity consists of two normalized susceptances jb, separate}) 
by an electrical distance 0;. The transfer matrix for this cavity j}) 


E ‘ee jsinO,17 1 0 lL jm] a 
jb, 1 jsin 0; COs 0; | ia = & lL, | a 


where I; = cos 0, — b; sin 0, 
m, = sin 0, 
n, = 2b, cos 8; + (1 — 52) sin 8). 
The insertion loss for this single cavity is given by eqn. (6), 
1.¢, L=1+4+4m, —n,)? - 
= 1 + b%cos 0; — 4b, sin 9,2 . (it) 


Hence a single cavity behaves like a filter with mid-band fre 
quency given by the equation m, = n,, 


i.e. tan 8, = = ee 
1 


The transfer matrix for this cavity when enclosed by lines 
length ¢,/2 at either end is 


cos #! jsin® I, jm, 
jsin St cos 2 jn, |; 
cos vi sin Bt L jm, | 
jsin B! cos $1 c: jn, 4 S| 
where 


I, = 1, cos 0, — 3(m, + m) sin 
m, = 1, sin $y + 4m, + m,) cos $y + Hm, — ny) 
ny = 1, sin $y + Hm, + m,) cos $, — Hm, — ny) 


nence the overall transfer matrix for two filter sections in 
ascade, as shown in Fig. 3, is 


- ell ia hae im, + mb) 
Bae clin Bal sie btn i — nin, \O> 


: ad the insertion loss for the two sections [eqn. (6)] is 


L=1+4[mjn, — myn P +4[h(m, — 23) + Gomi — nF 15) 


(16) 


uis will be the mid-band frequency of the cascade combination, 
fith perfect transmission at this frequency, since eqn. (16) 
es m, = nj, m, = nj, which makes L equal to unity in egn. (15). 
he solutions of equations such as eqn. (16) are chosen so that 0 
es in the range 7/2 < 9 < 37/2. Since the susceptances used 
_ microwave filters are usually inductive, b is negative, and for 
marrow-band filters when b is numerically large, the electrical 
ungths of the cavities are chosen to be slightly less than 7, 
2. a half-wavelength. 

{In order to obtain a simple design procedure for filters having 
© or more cavities, the principle will be adopted that any 
iar of adjacent cavities should be critically coupled. This is 
e, as will be seen, when the overall characteristic is of the 
vaximally flat type (all roots of the insertion-loss function 
incide) or of the Chebyshev type (all cavities identical), and 
be retained as a design principle for more general types. 
must be emphasized that the various overall filter charac- 
iristics are conveniently obtained by varying the relationships 
tween the Q-factors of the individual cavities and not by a 
titical variation of the coupling lengths. 

‘The conditions (16) are not sufficient for the required con- 
\tion of critical coupling between the cavities. For this, (Z — 1) 
‘ust be quartic in first-order terms, i.e. in the deviation Af from 
se mid-band frequency. It is readily proved by small-order 
mriation that the expression (mn, — mjn}) is quadratic in 
yst-order terms for small deviations from the resonant con- 
tions, but the last term in eqn. (15) requires the additional 
‘wnditions J; = 1; = 0, which, when combined with condition 
16), give at the mid-band frequency 
bj 


tan $d; = — 5, i=A;2 


i — er i + la A a el le — il RT ee a A el a Sag aia wt 


(17) 


there 0 < ¢;< 7/2 is chosen for b; negative. In the usual 
use of narrow-band filters the critical coupling length corre- 
“vonding to 4(4, + $2) is nearly equal to a quarter-wavelength, 
ad at the resonant frequency, 


7 
$i = Ones > (18) 

~) EQUIVALENCE BETWEEN DIRECT AND QUARTER-WAVE 
COUPLINGS 


A quarter-wave-coupled filter may be transformed into a 
irect-coupled version by replacing the adjacent susceptances of 
0h cavity and‘ the quarter-wave coupling by a single large 
‘sceptance. Only the two susceptances at the extreme ends of 
e original filter remain identical. Any two networks which 
ve equal insertion losses and phase shifts at a single frequency 
thave very similarly at that frequency (in fact, identically, if 
‘© are symmetric networks). The single large susceptance 1s 
Sen to give the same insertion loss as the quarter-wave 
wupling section, so that adjacent cavities practically remain 
tit cally coupled (exactly so, if the cavities are equal). Phase- 
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shift differences are compensated by increasing the lengths of 
the cavities in the direct-coupled filter. This means that the 
two filters possess slightly different characteristics, and since the 
direct-coupled filter cavities are longer, this filter will have a 
greater overall loaded Q-factor than the associated quarter- 
wave-coupled filter. 


| 


Fig. 4.—Quarter-wave coupling section. 


Fig. 4 shows a quarter-wave coupling section with extra 
lengths of line $j/2 on either side, given by eqn. (17). The 
transfer matrix for the susceptance jb, at the centre of a line of 
length ¢, is 


cos # jsin St 10 
jsin 2 cos © jby 1 
cos 2 4 sin ‘ A, jB, ae 
jsin Bt cos 2 IC, Ay 
where A; = cos ¢; — $b; sin ¢, 


B, = sin ¢, + 45; (cos ¢; — 1) 
C, = sin dy + 4b; (cos gy + 1) 


The phase shift at resonance is given by eqn. (7), and is equal 
to arc tan ¢, ie. 7 in this case. This result may be verified by 
adding the phase shift due to jb, alone to that given by ¢y, 


ay 


(where the function arc tan will only apply to angles between 
0 and 7). 
The transfer matrix for the whole coupling section is 


| A, | | A, ya | A,A, — B,C, J(A;B, ae 
GC, Ay|LiCg Aol LiCAiC,+C142) A142 — Crp 
(20) 


and hence the insertion loss is given by an expression of the 
form of eqn. (15), which reduces at resonance to 


L=14 4[4b,V/O3 + 4 + hbov/(} + OP (21) 


This is the same as the insertion loss of a single large susceptance 
jb’ (b’ usually negative), where 


BY = 4by/(b3 + 4) + thoV/(3 + 


The phase shift of the section shown in Fig. 4 is equal to 27, 
so that the phase shift of the quarter-wave coupling section alone 


is 
12 = 20 — 4g, + $y) 


by by 
=m7mtt (are tan oi + arc tan =) -nereel23) 
ify 


; by b 
nes arc tan 3 + arc tan ce 


(22) 
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The phase shift of the single susceptance jb’ is 
b’ ; 
fi’ =arctan= = 7 — > 
2 
where ¢’ = arc tan (— b/2), and it is necessary to compensate 
for the phase difference (hi. — ys’). This is achieved by replacing 
the whole section shown in Fig. 4 by the single susceptance ib’ 
with coupling lines of length ¢’/2 on either side, as shown in 
Fig. 5. The two configurations then have the same effective 
phase shift at the resonant frequency, namely 27 and 77, respec- 
tively. 


(24) 


6.—Section of a quarter-wave coupled filter, showing line lengths 
at mid-band. 


Fig. 


Fig. 6 shows part of a quarter-wave-coupled filter (as in Fig. 3) 
and gives the line lengths at resonance. The resonant lengths of 
the cavities are given by eqns. (16), which may be rewritten in 
the form shown in the diagram, since 


arc tan 2/b = arc tan (— 5/2) + 7/2 


| 
1 ve od j \ tae \ 
' 


fe got 


Fig. 7.—Section of a direct-coupled filter, showing line lengths at 
mid-band. 


The part marked F, is replaced by that marked F; in Fig. 7 to 
form the associated direct-coupled filter. The lengths of the 
cavities here are 


Font EO) ee 
aa 2 a 


te 


arc tan a 
b 


2 
+ arc tan =) (25) 
rl b 


and 


aes 5 (arctan 3 Piles — + arc tan = (26) 
where arc tan 2/b’ (like arc tan 2/b, and arc tan 2/b,) is usually 
between 77/2 and 7, and nearly equal to 7. 

This process may clearly be repeated; at every stage the 
resulting electrical length of each cavity is the mean of the two 
values of arc tan 2/b for its bounding susceptances. 
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(5) THE Q-FACTOR OF A DIRECT-COUPLED FILTER 


The results obtained in Section 4, e.g. eqns. (25) and (2€) 
enable a relationship to be derived between the Q-factors of tl 
direct-coupled and the associated quarter-wave-coupled filter) 
In the case of narrow-band filters, the Q-factor of a sing]? 
cavity is easily shown to be ie to 


rs: Ago\? 9 
eg A ace 2A0 


where the subscript 0 refers to values at resonance, and tt 
semi-increments are taken to the 3 dB transmission points. Thi) 
the Q-factor is proportional to the resonant electrical length @ 
the cavity for a given bandwidth A@—a result which is to by) 
expected intuitively. 

For a given type of filter, consisting of an odd number 
cavities, the total Q-factor is proportional to that of the centri 
cavity, which for the direct-coupled filter is proportional t) 
65 = arc tan 2/b’, where jb’ is the value of its bounding su) 
ceptances. Thus the Q-factor of the direct-coupled filter 
greater than that of the associated quarter-wave-coupled filte) 
by the factor 4 


2 
arc tan — 
Onc ws b 
0, aa (2 
84 arc tan 5 


where jb is the value of the susceptances of the central cavit) 
in the associated quarter-wave-coupled filter. 

Similarly, for an even number of cavities, the total Q-facte 
of the filter depends on the resonant value of @ for the centre 
pair of cavities (which are made equal), 


5 5(arc tan ie: -+ arc tan z) 


One bi 


Q) 14 


arc tan 2 
b 


where b; and 5, are the susceptances bounding one of the centre 
cavities of the direct-coupled filter. 4 

In either case for narrow-band filters, for example whe} 
Q ~ 200, ie. b = — 10, b’ = | 


actually 168-7° in the example quoted, so that the abovi 
factors are equal to 178- "8/168: 7 = 1-065, ie. the bandwidtl| 
of the direct-coupled filter is 6-5% less than that of the asso} 
ciated quarter-wave-coupled filter. This factor is approxil 
mately halved for two cavity filters since b, = 6 in eqn. (29) fo 
this case. | 

A complete proof of the formula for the Q-factor of a direct! 
coupled filter is given for the special case of two cavities ii 
Appendix 10.1. The decrease in the bandwidth upon convertin) 
a quarter-wave-coupled filter into the direct-coupled form wa’ 
first noted by Riblet,? and experimental confirmation for two! 
and three-cavity filters is presented in Section 7. 1 


(6) GENERALIZED MULTIPLE-CAVITY MICROWAVE 
FILTERS 


(6.1) Introduction 


The theory of microwave filters may be approached in on 
of two ways—the first directly by transmission-line theory, am 
the second by synthesis from conventional low-frequency circuit 
whose properties are known. The latter method has beei 


jeveloped extensively, and methods are available for designing 
jlters with specified characteristics.5 However, Riblet? has 
jointed out the limitations of this approach for the design of 
‘icrowave filters. It is desirable to use a direct transmission- 
jae theory if possible in order to avoid the dangers inherent 
drawing analogies between conventional low-frequency 
‘cuits and microwave elements, and to avoid mathematical 
‘pmplications. In addition, the transmission-line approach is 
)pore satisfactory from the point of view of most microwave 
agineers. In practice, the direct method cannot be applied 
sasily to more than two cavities (e.g. as in Appendix 10.1), anda 
‘pmpromise has been adopted. It can be shown that a single 
‘ity behaves similarly to a single lumped element of specified 
“yequency characteristics, and transmission-line theory may be 
pplied directly to networks consisting of cascaded lumped 
‘ements representing quarter-wave-coupled microwave filters. 

) The multiple-cavity microwave filters which have been con- 
“jdered previously in most papers are of two types. In the 
‘st, a number of identical cavities are coupled to give a filter 
jith high rejection outside the pass band, but with dips or 
)pples inside the band whose magnitude is an increasing function 
+ the number of filters. This is referred to as the Chebyshev 
: iter. The insertion loss of this type of filter is given by 
/k, = II -- ETO ES | hes x= 201042 <i (30) 
Yhere U,,.) is the rationalized Chebyshev polynomial of the 
sycond kind* and of degree (n — 1), n is the number of 
ivities,? and Qty is the loaded Q-factor of each cavity. The 
‘verall loaded Q-factor of the filter is greater than Q,,1) by a 
‘ctor which is readily calculated for any value of n. The 
jagnitude of the dips within the pass band is equal to 0-:16dB 
it n = 3, and to nearly 1 dB for n = 4, so that the Chebyshev 
‘iter is impracticable for more than three cavities in most appli- 
‘tions. The insertion loss far from mid-band (referred to as 

\e rejected band) is given by 


i Zp = 10 logy) Le = [6(m — 1) + 20n logy x] decibels (31) 
|The second type of filter is the maximally flat type, designed 
| eliminate the ripples within the pass band by ensuring coin- 
‘dence of all roots of the insertion loss as a function of frequency. 


i 


(2r — Wis ‘ 


Qn) = Qrsin A be Pec 


(32) 
)oere Q7(,) is the loaded Q-factor of the rth cavity, and Q7r is 
e overall loaded Q-factor of the filter. The insertion loss of 
“}e maximally flat filter is 


Af 


L=1+x%, x’ =207— . (33) 
fo 


‘Ad the insertion loss in the rejection band is less than that of the 
»rresponding Chebyshev filter with the same bandwidth. 

The two types of filters may be considered as special cases 
a generalized symmetrical filter where the Q-factors of the 
dividual cavities are related arbitrarily, e.g. for six cavities the 
factors take the values Q,, Q,, Q,, Q:, Qy, Qx, respectively. 
7 specifying an allowable pass-band tolerance, a filter with a 
\arner cut-off than the maximally flat type can be obtained by 


sin nB - 
* Un) = np” for x = cos B 
inh na 
chiaelah for x = cosh « 
sinh « 


For x > 1, Unix) ~ (2x)"-1. 


MULTI-SECTION GENERALIZED MICROWAVE FILTER 


427 


using the following theory, which is more simple and direct 
than previous theories which use the low-frequency analogue 
method. 

(6.2) Three-Cavity Generalized Filters 


The transfer matrix for a single filter stage consisting of two 
susceptances jb separated by an electrical distance @ is given by 
eqn. (10), and by application of eqn. (5) the complex voltage 
insertion-loss ratio is found to be 


R = (cos 6 — bsin 6) + j[b cos 8 + (1 — 4) sin 6] (34) 
Hence the insertion loss [eqn. (11)] is given by 
L=14x? (35) 
where x = b(cos 8 — 4b sin 4) (36) 
and the insertion phase shift [eqn. (7)] is given by 
peat bcos @ + (1 — 4b?) sin 6 (37) 


cos § — bsin @ 


At resonance, where x = 0, 8 = 0) = arc tan 2/b, this reduces to 


tan fb = -5- tan (77 — 4) 

A single normalized admittance 2jx, where x is given by 
eqn. (36), gives the same expression for the insertion loss at all 
frequencies; and since R = 1 + jx, so that the insertion phase 
shift is zero when x = 0, it has the same phase shift also if 
placed in the centre of a line of electrical length given by eqn. (38) 
at the resonant frequency only. 

The overall transfer matrix of a generalized quarter-wave- 
coupled filter is obtained by multiplication of transfer matrices, 
each representing the characteristics of a component single 
cavity with the correct critical coupling ‘lengths’ 4(6) — 7/2) 
on either side [see eqn. (18)]. Each cavity may be replaced by 
the single admittance 2jx flanked by coupling lengths of 4(7 — 9) 
[see eqn. (38)], so that the filter is now represented by a cascade 
of admittances 2jx flanked by coupling lengths equal to 


(38) 


1 7. 1 7 
3 (9 — 5) + 50m — 60) =F 

each section of the cascade being represented by the transfer 
matrix 


(39) 


Ov 


ibe jie) 
bles F +x) | 


[see eqn. (44) of Reference 3]. 

The error introduced by the use of this transfer matrix is 
only that due to the variation of the coupling lengths with 
frequency, which can be shown to be very small, even in the 
case of comparatively wide-band filters. 

By expanding x as a function of @ in a Taylor series it can be 
shown that, for small variations of @ about the resonant value 
when terms of the order (A@)3 may be neglected, x is proportional 
to A@, and hence when terms of the order (Af)? may be neglected 
(which is true for narrow-band filters), 


Af 
fo 
where Q, is the loaded Q-factor of the cavity [since from 
eqn. (35) x = 1 at the 3dB points]. The representation of the 


three-cavity filter is shown in Fig. 8. The loaded Q-factors of 
the cavities are Q,, Q,, Q,, where 


A A 
x= 20% _ Ve 2Q, “2 


x = 20, (40) 


(41) 
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Fig. 8.—Three-cavity generalized filter. 


The overall transfer matrix is 


[x] [7] Ek] = 


eae HOTA hee Aaa 


j(4x?y + 4xy + y —2x —1) —4x*y + 2x +y 

(42) 

Hence the insertion loss of the filter (eqn. 9) is given by 
L=1 + (4x2y — 2x + y)? (43) 

or putting 
a =k (44) 
L=1 + (4k*y? — 2ky + y)? 

=1+ 16k4y?( y— 4 (45) 


This expression is valid only for narrow-band filters, when 
each cavity may be replaced by a susceptance 2jx or 2jy. The 


bandwidth is given by the solutions of the equations 
4k°y3 — 2ky +y= +1 (46) 


Since the filter response is symmetrical for narrow-band 
filters with respect to the frequency variable y, it is valid to 
take only the positive sign and to double the value of Afobtained, 
giving the bandwidth. The solution of eqn. (46) is given in 


10 


0:70 
O56 107, OBE S00 10g 


Fig. 9.—Solution of 4k2y3 — 2ky, + y1= 1. 


Fig. 9 for k>4. The value of y = y; corresponding to a 
given value of k is noted, and the overall Q-factor of the filter 


is given by 
Qr a Q,/y 
since 207(Af;/fo) = 1, where 20, (Afr/fo) U5 


(47) 
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Turning points in the characteristic are given by the solutions); 
of the equation 


ley —2ky + y)? =0 


where y? = (2k — 1)/12k*, and substitution of this value ir: 
eqn. (45) results in a pass-band tolerance (i.e. local maximum: 
of loss in the pass band) of value 


(2k — 1)3 
sayy? fork > 4 


For large values of y, L may be approximated by retaining only) 
the highest power of y, 


ie. Lp = 16k4+y6, Zp = (60 logig y +40 logyg 2k) decibels 


Lp=1+ 


A A 
where YS 20,77 = 27 Or? = JARAE 
Here y, is given by the solution of eqn. (46) and 
A sh 
NA im 20,54 omy co ber 5 GL) 
To 2] 


Egn. (50) may be written in the form 
Lp = [60 log yp + (60 log »; + 40 log 2k)] decibels 


which is useful in comparing the rejection-band characteristics\s 
of filters with different values of k, for the expression (60 log y. d 


k—and 60 log yr is a function of the frequency relative to the i 
bandwidth only. # 

The Chebyshev and maximally flat filters may be seen as|! 
special cases of the general filter. The Chebyshev filter is i: 


case k = 1 when 

L=1+ [y4@? — DP =1+4 [pU30)FP 

y, = 0°76 

L&. = 0:16 decibel 

The maximally flat filter corresponds to k = 4 when 
L=1+575,y=1,4=0 


and the attenuation in the rejection band is less than that of the) 
corresponding Chebyshev filter by a factor of 4-9 dB. IY 

The first step in constructing a filter is to decide on the maxi- 
mum allowable pass-band tolerance, “;, thus fixing the maxi-} 
mum value of k. For example, in the case of the three-cavity y 
filter it might be decided that a tolerance of 0:04dB was per: |) 
missible, giving k = 0-79, so that the increase of attenuation in 
the rejection band would be 3-5dB. As k increases beyond 0°5, c 
“ry increases slowly from its zero value while Lg increases) 
rapidly. Hence a considerable gain in rejection is possible at ’ 
the expense of a very small increase in the pass-band tolerance} 

The above theory has been extended to a larger number of 
cavities and is presented in Appendix 10.2. The design equations 
become increasingly complex, and, in fact, for five and six 
cavities they are functions of two independent variables. Filters 
of more than six cavities are rarely required. 


and 
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(7) EXPERIMENTAL RESULTS 

A number of two- and three-cavity direct-coupled filters have ’ 
been constructed in order to test the two theories given in the’ 
paper, namely the expressions for the Q-factor of a direct- | 
coupled filter and the insertion loss of a generalized filter. The ; 
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Y}construction of the direct-coupled filters has been facilitated by 


in 
¢ 
; 
\; 
ne 
q 


if 


; 
; 


R 
uJ 


a 
’ 


ithe development of multiple-post structures.67 Using five or 
more symmetrically placed posts across the guide, it is possible 
(to obtain very high susceptances with sufficient accuracy. 

For the measured values of the constructed susceptances of 
the direct-coupled filter in the sequence by, b, ... (from the 
youtside of the filter towards the middle), the susceptances by, 
)by,... Of the associated quarter-wave coupled filter may be 


/iderived by successive applications of eqn. (22). For this purpose 


tit is more convenient to write eqn. (22) in the form 
P 1 1 
bi ~ bybo(1 +B + 5) O% b2>1 


e overall loaded Q-factor of the associated quarter-wave- 
coupled filter is calculated as described in the previous Section, 


)yand corrections are applied for the direct coupling [eqn. (28) 


yor (29)] and the finite mid-band insertion loss. The latter factor 


"sis given approximately by? 


| 
| 
- 
-. 
a 


; 
1 
i 
L 
| 


i} 


Q (corrected for loss) 7: 1 
aaa 
Q (calculated) antler ue 


here a is the measured mid-band insertion loss in decibels. 
It is difficult to check the theory of direct coupling with only 
WO Cavities, since the correction factor is only 3% for Q-factors 


cf the order of 200, compared with about 6:5% for three or 


ore cavities. The errors occur in the manufacture and measure- 
ment of the filter susceptances rather than in the measurement 
yof bandwidth. However, a two-cavity filter has been designed 


“accurately in accordance with the theory and gives rather better 
agreement with eqn. (64) than with eqn. (65) in Appendix 10.1. 


are shown in Table 1. 


e results for the filter readjusted to operate at two frequencies 


Table 1 


i 


Corrected | Corrected | Measured 
OQa/4 


: Mid-band 
Theoretical anaertion 


loss Ono Qno 


170 
198 


166 
ES 


171 
201 


} 


Amanat emt detitm 


oe See 


+ 


pe ts Le ee Pa a 
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(8) CONCLUSIONS 


A direct-coupled filter is generally preferable to the equivalent 
quarter-wave-coupled form because it is shorter and possesses 
lower mid-band insertion loss. A design for any specification 
is quickly established using a theory which is simpler and more 
exact than existing ones. In addition, an improvement over the 
usual maximally flat type of characteristic is possible by making 
use of a generalized theory of multiple-cavity filters. Good 
agreement between theory and experiment may be obtained. 
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(10) APPENDICES 


(10.1) Q-Factor of a Two-Cavity Direct-Coupled Filter 


The filter consists of normalized susceptances jb, jb’, and jb 
separated by electrical distances 8, and the transfer matrix for 
this configuration is 


1-0], cos? snOqy 1asOn ecosih ey sin Oaiet <0 
E elton Bealls Allene aa? i 


2 i a Ee i i Hl 


: ‘ ; where A = cos? § — sin? 6 — b’ cos @ sin 8 
Better confirmation has been obtained with three-cavity filters, > en en ay ee 
“several of which have been designed and measured, giving the = 4 COS a rat sin 
five results shown in Table 2. C =2cos @sin 8 + b’ cos? 0. 
Table 2 


b2 
eqn (22) 


i=8-8 = 95 —10°6 
—9-4 —104:5 —10-9 
—9+1 —106°5 S11-5 
9-65 | —115 —10:9 
—9-4 —95 a0 32 


‘m every case the measured value is in much better agreement 
with Onc than with Q),)4. This lends confirmation both to 


‘the theory of direct coupling and to that of generalized filters. 


Tre finite mid-band insertion loss tends to mask the theoretical 


‘ipass-band tolerance Y,, but very good agreement between 
theory and experiment, usually to better than 1dB, has been 


lo tained for the attenuation in the rejection band, Zp. 


0-891 164 0-65 152 162 
0-876. 194 0-95 169 Wes) 
0-93 187 0-82 170 181 
0-845 200-5 1-1 180-5 192 
0-753 150-5 0:7 139 149 


Corrected Measured 


Qna 


Corrected 


Mid-band loss 
Dols 


Thus the final transfer matrix is 


where 


C’ = 2bA —b°B+C 
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The insertion loss of the filter, given by eqn. (9), is 
L=1+HhC’ — By 
C’ — B’ =2bA — b°?B + (C — B) 
= 2b(cos? 8 — sin? 8 — b’ cos 6 sin @) 
— b?(2 cos 6 sin 8 — b’ sin? 6) + Bb’. 


where 


(53) 


In order to give critical coupling the equation C’ — B’ = 0, 
which is quadratic in tan@, must have equal roots, i.e. the 
following equations must be satisfied: 


C’ — B’ =0 (54) 


d 7 aN 
wo — B) =0 (55) 


It is more convenient to express (C’ — B’) in terms of the double 
angle; 
= 54 — bb’) cos 20 

— b(b + b’) sin 20 + 4b'(b7 + 2) (56) 


so that eqn. (55) becomes 


ie. C’—B 


(4 — bb’) sin 20 + 2(6 + b’)cos20=0 . (57) 
2. “s 2 
i tan 20 = ae 
i.e. e 32 
b L/ 
1 2) yy 
or Oss 5(are tan ; + arc tan =) (58) 


Substitution of (b + 6’) from eqn. (57) into eqn. (58) gives 


C’—-B=— 5 (6b! — 4)(cos 20 + sin 26 tan 20) 5 @ +2) 


= — 5 (bb — 4) sec 20 — i (b? + 2) (59) 


Hence, from eqns. (57) and (59), and using sec? 26 = 1 + tan? 26, 

eqn. (54) becomes 

Dba oye 

m) 

b’2(b? + 2)? = BAG? + 4)(b? + 4) 

which finally reduces to the form of eqn. (22); 

b’ = by/(b* + 4) 

The 3 dB points occur when 


L=1 EC = 


bb 4) Abb) 


te: 


ie. (60) 
bee) 
ie. when |C’ — B ie = 2. The Q-factor of the filter is given by 
eqn. (27), where A@ is found by expanding (C’ — B’) ina Taylor 
series, i.e. writing 
(C’ — B) =f) 


FO) = f(8) + £’O)AO + Se 


+ 0(A6?) 


where 4 is the resonant value of 6 given by eqn. (58). Since 
f(@) = fo) = 0, AP is given by the expression 


a 


|f’Go)| (61) 
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Thus, from eqns. (27) and (61), 


Ago a 
= 1) Cov L000. 


Differentiation of eqn. (56) gives 


=O = (4 — bb’) sin 20 + 2(b + b’) cos 20 


and (4 — bb’) cos 20 — 2(b + b’) sin 20. 


L nee 
— 5f'O = 


Putting @ = Q, using f’(89) = 0, and eliminating dp, it is found: t 


that 
|f’(Oo)| = 2|d|/ [(b’ — 4)? + 4 + 69] 


= 2/bl/ [8 + 462 + Yh 


i.e. |f’o)| = 2/b'|/ [67 + 4)] 


For narrow-band filters |b’| is large, and using eqn. (60) this © 


reduces to 


f’(Oo| =~ 2b? = 2064 + 4b?) 


where this approximation has a proportional error of only bi 


2/b+ x 100%, which is very small. 


Substitution of 4 (eqn. 58) and | f’’(9)| in eqn. (62) gives the i 


final expression for Q, i.e. 


ie ERE 1 2 
Onc = zVv?2 (i) (b+ + 40); (are tan 5 


+ arc tan d 
b a) 


Eqn. (64) is accurate to within a proportional error of 2/3b4 ‘ 
This can § 


x 100%, which is negligible for narrow-band filters. 
be seen by expanding f(6) to the fifth term, as f’”’(@9) vanishes. 


The Q-factor for the associated quarter-wave-coupled filter 


is readily shown to be 
1 Ago\2 
Or014 =5V2 2) 4/ (b+ + 4b?) arc one 
4 do b 
and hence Qpc is greater than Q),/4 by the factor 


1 ? 2 
5( are an — 


2 
a + arc tan =) 


are tan z 
b 


which is analogous to eqn. (29). 


(10.2) Generalized Theory for Four, Five and Six 
(10.2.1) Four Cavities. 


Cavities 


The transfer matrix is 


[x] fb] fy) bl 


where A, = 2y? — 1, By = 2y — 1), C) = — 29 + 1) 
A, = 2A, + By — C))x* + (8, + C)x —~4y 
By a (2A, =e B, = C,)x? = 2(A, [ry C,)x 4 C; 


C, = — (2A; + B, — Cy)x? — 2(4, + Bx — By. 


(63) pi 


(64) | 


(65) 


(66) | 


. Therefore By — Cy = 4(4y? — 1)x2 — 8yx + 4y? 


- and the insertion loss is 

be 1 [Gy 1) ye PP 

\ or for x = ky, i.e. eqn. (44), 

L=1 + 4y*[(y? — Dk? — Qk — 1) (67) 


-The bandwidth of the filter is given by the solution of the 
equation 


2y7[(4y? — Dk? — 2k — 1D] = 1 (68) 


which is given in graphical form in Fig. 10. The overall loaded 
‘Q-factor is 


Or = Oy/y, (69) 
Fig. 10.—Solution of 2ytl4y? — Dk2 — Qk —1)J = 1. 
The pass-band tolerance is 
1 2 
= ee — 1)* 70 
Lp =1+ al? + 2% -1) (70) 
‘yand the attenuation in the rejection band is 
Lp = (80 logy) ¥ + 10 logyy 2°k*) decibels . (71) 
Af 
| por putting y = yry1, where yr = 20775 
Lp = [80 log yr + 40 log 2,/(2) ky#] decibels (72) 


The case of the maximally-flat filter is obtained by putting 
%,=0, ie. 2 +2k —1=0, giving k = 4/(2) — 1, which 
swen substituted in eqn. (68) gives 
1 


Y= 
Ba 2A) I) 1) 
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Hence from eqn. (72) the attenuation in the rejection band is 
80 log yr decibels in agreement with the formula L = 1 + y8 
for the four-cavity maximally-flat filter. The difference in Lp 
for the Chebyshev and maximally flat filter is 11-44 dB. 


(10.2.2) Five Cavities. 


The theory given for three and four cavities may be applied 
to a larger number, but the design equations involve functions 
of several variables. The transfer matrix for five cavities is 
obtained by a simple extension of that for three cavities, and the 
insertion loss for a quarter-wave-coupled filter where the 
Q-factors take the values Q,, OFS Of. OF. OTs 


L=1 +4 [8x?(Q2y2z — y) — 2x(4yz — 1) + 4y?z — 2y + z)|? 


(73) 

Putting k= ams ee Bee (74) 
LP ee et 

L = 1'+ 27[16lk2z* — 4k Xz? +- y? (75) 

where i= 2 I — | (76) 

Y=2/—2k +1 (77) 


The overall loaded Q-factor is given by the solution of the 


equation 
16(k)*z? — 4kXz3 + Yz,=1. (78) 


For five cavities there are four ripples in the pass band, i.e. two 
unequal pairs, with insertion loss given by 


Ly = 1 + 4$2°(2kXz? — Y)? 
ee 2G) 


where A012E (79) 
and the attenuation in the rejection band is 

L = (100 log z + 40 log 4/k) . (80) 

= [100 log zp + (100 log z; + 40 log 4/k)] decibels . (81) 


The maximally flat case is obtained by solving the equations 
X = Y = 0, obtaining 
Pa es! 
4 


= Sineliow 
k= VOF A sin sar 


and L=1 +42). 
(10.2.3) Six Cavities. 

The loaded Q-factors are O,, Q,, Q,, Q,, Q,, Q,, respectively. 
The transfer matrix is obtained by an extension of that for four 
cavities, which results in the following expression for the insertion 
loss: 


L=1 + 424[16(kD?2z4* — 4kX’Z24+ Y'P . (82) 
where k and / are defined in eqn. (74), and 
X’ =k +22 + 21-—k (83) 
Y=? 4+2k+4+21—k*—2k+1 (84) 
The bandwidth is obtained by a solution of the equation 
222[16(kl)*z4 — 4kX’2? + Y’]=1 (85) 
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The magnitudes of the two pairs of ripples in the pass band are The maximally flat filter is obtained by solving the equations | 


given by the expression Xe — ye— )eobtaming: 
Ly = 1 + 4824(QkX’2? — Y)? 1 =2 —4/3 = sin 15°%sin 75° 
v2 72 oe bs 
where Pepe acter 2 ae ee k = /() — 1 = sin 45°Jsin 75° 
and the attenuation in the rejection band is and Dela (K1)*z/? Fiber z14 
£ =[120logz+ 40log4,/(kl]). . . . . (7) i Pet ne pe ou 
= [120 log zp + 40 log 4y/(2)kiz3] decibels. . (88) “7° Zo ae SS tN ae ame 
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SUMMARY The properties of the Cartesian form of circle diagram 
|| The effects of an irregularity of characteristic impedance ina trans- have been described by Willis Jackson,! Huxley” and Slater.? 
pmission line are displayed graphically on a transmission-line circle Reference should be made to such literature for a detailed 
eid ea This presentation shows qualitatively the major factors account. 
which determine the changes in voltage standing-wave ratio and phase Bri ; ; ; ; i i 
2 ° J ! na riefly, this form of circle diagram consists of a Cartesian grid 
pproduced by a single irregularity or by a large number of irregularities for R and X on which two families of circles are drawn. These 


|distributed along the line. Thi lysis i veah : 
g s analysis is not limited to matched Girclestletine tonstan alcee tein aide ELLER a Rtas 


: transmission lines as are the statistical methods. The resonance of a 
» }disc-spaced transmission line at super-high-frequency is considered. 


7 Fhe method developed by Cotte for the determination of impedance - ; 2) 
| variation along a transmission line by harmonic analysis of the distribu- g Zo Zo Zo | © 
sition of irregularities is discussed in terms of the graphical approach, 
t aad a possible simplification to the experimental method is suggested. (a) 
A Beas D 
(1) INTRODUCTION Zo ; 
| There have been many studies made of the effects of irregu- i zi ic 
| arities of characteristic impedance in long transmission lines. K 
‘\Most of these have used statistical methods which lead to con- (b) 


j\clusions not easy to verify experimentally. The present approach 
+ sis admittedly only qualitative, but it is presented here because it 
> |throws some light on the mechanism of reflection in transmission 
“ilines and shows the three fundamental factors governing the total 
reflected wave at the input. 

_ For most studies of irregularities it is assumed that the trans- 
‘ymission line is terminated in its mean characteristic impedance, 
' i.e. that it would carry no standing wave were it not for the 
} linternal reflections. The present approach is more general. In 
‘}this we study the change in standing-wave ratio produced by the 
irregularities in a line mismatched at its termination. Consider 
Ithe length of line AB in Fig. 1(@): this is not matched at A, and 
‘consequently it supports a voltage standing-wave along its length. 
\If the length BC were of the same characteristic impedance as 
AB and CD (i.e. Z) = Zp), then the AB standing-wave pattern 
“would extend through BC and CD. However, the effect of the 
change in characteristic impedance over BC will be to disturb the 
“\standing-wave pattern in CD. The reflection coefficient at C 
wmay be increased or decreased in magnitude and may be changed 
iin phase. These changes in the reflection coefficient are manifest 
in corresponding changes in the standing-wave pattern in CD. 
An increase in the magnitude of the reflection coefficient increases Ag ee EERE ¢ 

: 5 (a) Transmission line with irregularity. 
“jithe y.s.w.r., and a change in phase moves the pattern along the (6) Variation of Zy along line. 
“itransmission line. The movement of the pattern towards the COI BING SEES Feast SOS SABE 


\load is a sign that the electrical length of the system is increased, vies ‘ y sie 
and there is ‘delay’; movement toward the generator shows that defined by R + jX = tanh (u + jv). The u-circles rest one within 
‘ithe electrical length is lessened and there is ‘advance’. The another about the unit point P. The v-circles all pass through P, 
Rigeendin e pattern thus suffices to define all effects of the cutting the u-circles orthogonally. Only the half of the grid for 

Sha g-wave p R positive is of practical importance. In Fig. 1(c) this half is 


“nirregularity of characteristic impedance. dindadiabour he Com eP aatod q ihe Riais Maa 
Pest Ste. ‘ : : 1 in the ivided abou t € point i into our quadrants by the R-axis an 
The transmission-line circle diagram is a powerful tool in t the unit circle (this is the circle which corresponds to v = 7/4 or 


' weoresentation and solution of problems connected with standing 3/4) Gel orany- pointeR =e 7X ‘correspond Values’ of w andeD 
yweves on transmission lines, and in the following Sections the sich that REO tanh (2 4- eye Bat lftunh Ge jo) = tank 

Wf ects of irregularities are discussed in terms of the circle diagram. : J be his Pag bs 

?e + (jv + 7/2), and therefore the point 1/(R + /X) is represented 
Sorrespondence on Monographs is invited for consideration with a view to by the intersection of the circles u and v + 7/2. This means 


oe and is at the Royal Aircraft Establishment. that the reciprocal of any point lies in the diagonally opposite 
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Fig. 1.—Single impedance irregularity. 
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quadrant, and the reciprocal of the grid in any quadrant is that 
in the quadrant diagonally opposite. This reciprocal symmetry 
may be more evident upon reference to the polar form of the 
diagram,’ in which the grids are transformed so that the R-axis 
and the loci of v = 7/4 and v = 37/4 are straight lines at right 
angles and pass through the mid-point. 

The special property of the circle diagram which is used here is 
that if the impedance at points in a transmission line are plotted 
taking its characteristic impedance as a unit, then these impe- 
dances lie upon a circle of constant u, and the v-circles mark off 
a scale of electrical length along the transmission line, one circuit 
of the circle corresponding to an increase of v by z radians (i.e. a 
distance of A/2). In moving along the line from load to signal 
source the u-circle is traversed in a clockwise direction. 

In Sections 2 and 3 irregularities are considered which are of 
‘rectangular’ form, i.e. they consist of a short length of line of 
which the characteristic impedance is the same throughout but 
differs from that of the rest of the line. Figs. l(a) and 1(d) 
show such a ‘rectangular’ irregularity. The irregularities inad- 
vertently introduced during the manufacture of a radio-frequency 
cable are not of this form. In general, such an irregularity 
decreases smoothly from its peak and merges imperceptibly into 
the undisturbed line, or into an adjacent irregularity. The 
statistical analyses made of the effects of irregularities are based 
upon two parameters of the irregularities, their amplitude and 
‘correlation range’. The latter is a measure of the length of 
the irregularity, but it has been defined differently by the various 
authors,&8, depending upon the law assumed for the decay of 
the irregularity on either side of its maximum value. 

The assumption of a rectangular form is convenient for a 
graphical analysis, and any more complex form can be imagined 
as broken down into a series of rectangular steps. There is in 
this case no doubt as to the meaning of ‘correlation range’—it is 
the length of the irregularity. 


(2) EFFECT OF A SINGLE IRREGULARITY 


Consider a length of line which has a uniform characteristic 
impedance except over a short length where there is an irregularity 
of impedance. For simplicity it is assumed that the irregularity 
consists of an abrupt change in characteristic impedance of 
‘rectangular’ form. Such an irregularity is shown in Figs. 1(a) 
and 1(b) where the section BC of electrical length 0 and charac- 
teristic impedance Zj is in a line AD of otherwise uniform 
characteristic impedance, Zj. The effects of this irregularity are 
to change the v.s.w.r. in CD and to change the phase of the wave 
in CD compared with what it would be if BC were uniform in Zp 
with the rest of the line. These two effects are considered 
separately. 

The effect on v.s.w.r. of this irregularity is shown in terms of 
the impedance circle diagram of Fig. 1(c). Suppose that the line 
is terminated in an impedance such that the impedances of 
points between A and B are represented by points in the arc A’B’ 
where the plotted impedances are normalized with respect to 
Zo, the characteristic impedance of AB. In order to represent 
graphically the impedance changes in the length of line BC by 
the arc of a w-circle it is necessary to plot impedances normalized 
with respect to Zj), the characteristic impedance of BC. The 
impedance represented by B’ must now be represented by B”, 
where OB‘B” is a straight line and OB’/OB” = Zj/Z). The 
impedance changes in BC are represented by the arc B’'C’”, the 
length of which represents 0, the electrical length of BC. In 
order to interpret the impedance C” in terms of the original 
characteristic impedance Zj the scaling process is reversed: 
OC’/OC” = Z)/Z). The changes in impedance beyond C are 
shown by the arc C’D’. 
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It will be noted that an overall effect is a change in the v.s.w.r. 
of the line. In this case the v.s.w.r. in CD has been reduced by. 
the irregularity. This is shown graphically by the radius of C’D’ | 
being smaller than that of A’B’. . 

If a second similar irregularity is placed in the line, as Tepre- 
sented by b’b’’c’’c’ in Fig. 1(c), and if the two irregularities are || 
equally spaced either side of the R-axis, it is evident from the 7 
symmetry of the diagram that the second irregularity will increase | 
the v.s.w.r. by the same factor as the first decreased this ratio, | 
and that such a pair of irregularities would have no net effect 
upon the y.s.w.r. in the line. If the two irregularities are brought b 
closer together until they meet to form one irregularity with its i 
centre on the R-axis, their net effect on the v.s.w.r. will still ) 
be zero, and it is thus evident that an irregularity on the R-axis 
will not affect the v.s.w.r. Reference to Fig. 2 shows that the # 
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Fig. 2.—Phase diagram for an irregularity. 


same symmetry holds at the low-impedance crossing of the circle 
and R-axis. From the above it can be seen that the change in 
v.s.w.r. produced by an irregularity is of different signs in the — 
inductive and capacitative halves of the impedance plane, and is | 
zero on the R-axis. Because of the reciprocal symmetry of the | 
parts of the impedance plane inside and outside the unit circle | 
(circle of v = 7/4 or 37/4), the v.s.w.r. produced by an irregu- 
larity on the unit circle must be either a maximum or a minimum — 
—as there is no reason to expect maxima anywhere else it is fair 
to assume that the maximum occurs on the unit circle. 
The effects of the irregularity on the phase of the signal are 

considered with the help of Fig. 2, where the points A’B’B’C’’C’ 
and D’ have the same significance as in Fig. 1(c), and C’’D”’ is | 
the arc which would have represented the impedance changes if 
BC were not irregular in impedance. On this assumption B’C’” 
would represent a phase length 0 measured round the u-circle. 
As the v-circles, by which the phase length of the arcs are 
measured, pass through the point P, they must be closer together 
for small u-circles than for large ones. For this reason the are 
B’C’” will be shorter than B’C’”. The arc B’C’ will be further 
shortened from the length B’C” in the process of renormalizing 
by a factor of Z)/Z . In Fig. 2 the circle v’ is marked. This 
passes through C’”’ and represents the phase at C if BC is 

regular. It is noticed that C’ is below this arc, and that it is 


necessary to move along some distance from C’ towards D’ 
|p before the v’-circle is crossed. This distance represents a phase 
| delay accompanying transmission through BC, due to the reduc- 
tion of Zp in that length. A study of the impedance locus 
pee’b"’b’ in the adjacent quadrant of Fig. 2 shows that in this 
quadrant there is also a delay introduced in traversing the 
_idiscontinuity. 

}| If the irregularity is small in electrical length and equally 
"idisposed about the v = 7/4 circle, it is easy to see that there 
would be no phase change because the lines B’B” and C’C” 
would be normal to that circle. If this irregularity were large 
iit could be shown by reasoning similar to that in the previous 
)pparagraph that there would be a phase delay in traversing 
}\\the part on the near side of the v = 7/4 circle and a phase 
r hadvance in traversing the far part of the irregularity. From 
)\this we may generalize that irregularities between the v = 0 
and 7/4 and v = 37/4 and 0 circles give phase delay, while 
those between the v = 77/4 and 37/4 circles give phase advance. 
It is also evident from the reciprocal equivalence between the 
‘}parts of the impedance plane inside and outside the unit circle 
)v = 7/4 (or 37/4) that a given discontinuity will produce equal 
);and opposite phase changes at points v and v + 7/2. 

| It will be seen that a given irregularity will cause the greatest 
jidisturbance in phase when it is situated in a transmission line 
about a point of resistive impedance, and least at points 7/4 
| (ec. A/8) away from the points of pure resistance. For the 
‘>change in v.s.w.r. the effects are least at the points of pure 
} resistance and greatest 7/4 (i.e. A/8) away. In each case the 

»effects change sign in passing through their zero value. 

) The effect of the irregularity BC is to send a reflected wave 
from C towards D, and a second wave, of almost equal amplitude 
‘iand changed almost 7/2 in phase, from B towards D. The net 
effect will be a change in the v.s.w.r. in BC where there is only 
one reflection, and a partial cancellation of the two reflections in 
) the region CD. The shorter BC, the nearer the two reflections 
y,are towards equality in modulus and phase, and the closer the 
‘cancellation in CD. The longer BC, the less cancellation, until 
nas BC becomes 4/4 long (8 = 7/2) the irregularity has its maxi- 
‘mum effect, because the phase delay between the waves from B 
4and C, due to the double transit of BC by the B wave, brings the 
two into phase. Thus a very great ratio of Zj)/Z) may cause but 
‘i, anegligible reflection if @ is small. This can be seen from Fig. 1(c) 
yyand 2, where it is clear that when B’’C”’ is small so must be B’C’ 
(and y.s.w.r. and phase effects) even if OB’/OB” is great. 
| It can be seen that when the ratio Z)/Z) is nearly unity, the 
irregularity has a small effect, but that for Z5/Z) far from unity 
the disparity in the radii of the arcs A’B’ and B’C” is great and 
+) the irregularity has a greater effect. Thus we can conclude that 
| the effect of the irregularity is dependent upon three factors: 

(a) The amplitude of the irregularity, Z/Zq. 

(b) The electrical length of the irregularity, 0. c 

(c) The position of the irregularity relative to the standing-wave 

pattern looking towards the load. 

The effect of the position of the irregularity may be summarized 
ias follows: 

From v = 0 to 7/2 an increase in Zo increases the v.s.w.r., and 
from v = 7/2 to 7 an increase in Zo decreases the v.s.w.r. Also, 
from v = 7/4 to 37/4 an increase in Zo gives phase delay, and from 
v=0 to 7/4 (and v = 37/4 to 7) an increase in Zp gives phase 
advance. 


(3) EFFECT OF MANY IRREGULARITIES 


If there are many small irregularities distributed along the 
transmission line, each will contribute a disturbance to the 
+; s.anding-wave pattern. The overall disturbance will depend 

‘oon the distribution of the irregularities along the line. 
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Two distributions are of practical interest, the ‘uniform’ and 
the ‘equidistant’ distribution (which is that of the spacers arranged 
along a disc-spaced coaxial line). 

The ‘uniform’ distribution must be defined further. The 
distribution is uniform for the present purposes when the 
irregularities are many and are evenly distributed with respect 
to electrical length around the impedance circle (i.e. with respect 
to the standing-wave pattern). With such a distribution the 
change in v.s.w.r. due to the irregularities in the positive-reactance 
half of the circle is balanced by the equal and opposite change in 
v.s.w.r. due to those in the negative-reactance half. Likewise 
the phase change due to irregularities within the unit circle 
will be balanced by the opposite change in phase due to those 
outside. (Any non-uniform distribution which has symmetry 
about both the R-axis and the unit circle will give this same 
balance between the effects of the irregularities in the opposite 
halves of the circle.) 

In illustration of this, consider a section A/2 long in a length of 
line and add in this section irregularities such as those considered 
in Section 2. When the irregularities are evenly distributed and 
tightly packed, the A/2 section of line will be all of charac- 
teristic impedance Zj. Because of the uniformity of this dis- 
tribution of irregularities these should not give any disturbance 
in the system outside the A/2 length; this, of course, is so, as it is 
well known that a half-wavelength of line of any impedance does 
not disturb the standing-wave pattern in the rest of any line in 
which it be inserted. 

In order to be ‘uniformly’ distributed in this special sense the 
irregularities need not be uniformly distributed along the physical 
length of the line. Consider a length of line which has such a 
‘uniform’ distribution of irregularities. It would be possible to 
cut this line anywhere and insert a half-wavelength of regular 
line in the break without disturbing the ‘uniformity’ with respect 
to the standing-wave pattern—however, the irregularity-free half- 
wavelength would rob the line of its physical uniformity. Like- 
wise, if the line is several half-wavelengths long and the irregu- 
larities are small, they can be rearranged in sequence along the 
standing wave without loss of ‘uniformity’. It does not matter 
on which of the successive circuits of the circle diagram the irregu- 
larity occurs; it only matters that it falls into its place on one of 
them, so that the distribution on the superimposed circuits is 
‘uniform’. 

If the distribution is not ‘uniform’ in this special sense the 
resultant disturbance at the input is a function of the deviation 
from uniformity.* In practice, any type of cable will have 
various small irregularities in characteristic impedance along its 
length. In many cases the distribution of these irregularities 
along the cable will be random and so will approximate to a 
‘uniform’ distribution. For any given cable, the lower the fre- 
quency the more irregularities occur within a wavelength of 
cable and the closer the approximation to ‘uniformity’ of any 
random distribution. For this reason, and because irregularities 
have only a small effect when their electrical lengths are small, the 
resultant disturbance at the input is very small at low radio 
frequencies, even for cables in which the disturbances are great 
at higher frequencies. 

A case of special interest which illustrates the concept of 
‘uniformity’ is that of the air-spaced coaxial cable having the 
inner conductor centred by a series of equispaced disc supports. 
Each disc support gives rise to an equal irregularity in impedance. 
As these irregularities are all equal and equispaced they are 
obviously distributed uniformly in the usual sense of the word. 
Consider now whether or not the distribution is uniform as 
defined above. 


* To be more general, it is the deviation from a distribution having the special 
symmetry discussed in the last paragraph of Section 5 which determines the resultant 
disturbance. The ‘uniform’ distribution is the most simple one having this symmetry. 
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At low radio frequencies there will be many supports per half- 
wavelength and the irregularities will be distributed uniformly 
around the circle. As the frequency increases, the number in 
each half-wavelength decreases and the lack of ‘uniformity 
becomes apparent. When the supports are nearly half a wave- 
length apart the condition can arise where the discs in successive 
half-wavelengths are superimposed on the circle. At this fre- 
quency there will be a resonance, and the length of cable behaves 
as a stop-band filter. This variation with frequency in the 
properties of disc-supported coaxial lines is considered in detail 
in Section 4. 


(4) A TRANSMISSION LINE WITH EQUISPACED 
IRREGULARITIES 
The equispaced irregularities can take the form of a series of 
supporting discs, as shown in Fig. 3(a). Such a length of line 
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Fig. 3.—Unit quadripole for a disc-spaced line. 


can be considered as a series of 4-terminal networks ABAB in 
cascade. Each is symmetrical and can be considered as com- 
posed of two half-sections ABCD as shown in Fig. 3(b). The 
part ABEF is air-spaced and has characteristic impedance Zo 
and phase length @; in the part EFCD, which includes half the 
disc support, the characteristic impedance is Zj and the phase 
length ¢. 

The effective characteristic impedance of the section ABAB 
will be the image impedance at AB. By consideration of the 
open- and short-circuit impedances it can be shown that this is 
given by 


> =Z,/ Zo tan d ee een (1) 
le (Faria gtand Ze + De cor pian 


and the phase length of the section will be 


Z,) — Zo tang tan é Zp cot d — Z tan 8 
a ak oe ert (SD 


where it is assumed that the attenuation in the network is 
negligible. 

For the A.M.R.E. Mark II coaxial line, which was used in 
some war-time Service equipment, the conductors were a copper 
tube of internal diameter 0:952cm and a copper wire of diameter 
0:284cm. These were spaced by ceramic discs, 0-50cm thick 
and 5:00cm apart, having an effective dielectric constant of 2-83. 
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(a) Characteristic impedance, Zo. 
(b) Phase length per section, #/. 


In Fig. 4 are shown the calculated Z and electrical length 61 | 
for a section of this line. As losses have been ignored Zp becomes |) 
zero at the first cut-off frequency, and with increasing frequency | 
in the stop band becomes imaginary and increasingly large. In 
order to establish the order of error due to the neglect of attenua- |) 
tion, calculations were made with eqn. (1) appropriately modi- 
fied to 


phe FT Zo tanh D + Zp tanh © Zy coth® + Z) tanh © 
ee (3 + Zp tanh © tanh ® Z, + Zp tanh © tanh © 


(3) ) 
where © and ® are the complex propagation exponents in the |) 
air and ceramic sections. Assuming the resistivity of copper to | 
be 17:2 x 10~6ohm-cm and the power factor of the beads to * 
be 0-001, then at a frequency as near to the cut-off as 2200 Me/s & 
(flf, = 9-94) the effect of the attenuation would not be apparent 
in Fig. 4, and, at the cut-off frequencies, Z) = 8-72/2° 28’, & 
and Zp) = 892/4° 7’, instead of zero and infinity. It will be 7 
evident that such corrections do not introduce any appreciable « 
change in the curve of Z) against frequency. if 

The curve of electrical length is linear at low frequencies, but | 
before the first cut-off frequency the electrical length increases } 
more rapidly, remaining constant through the stop band, and / 
then increasing rapidly at first until undisturbed values are | 
reached. 

From this example it is clear that large variations in effective } 
transmission characteristics with frequency are possible even for } 
a physically uniform distribution of irregularities in cases when } 
they are not uniformly but systematically superimposed upon the | 
impedance circle. | 

The above theory applies to any equispaced irregularities, and | 
an interesting case met in practice is illustrated in Fig. 5. This | 
Figure shows the measured variations in effective characteristic | 
impedance of a coaxial cable which had solid polythene dielectric 
and extruded-lead outer conductor. Owing to a very unusual ° 
defect in the manufacturing process a series of small air bubbles 
were trapped between the dielectric and the lead with a regular 
spacing along the cable. From the measured spacing of the ' 
bubbles it was deduced that they would be 4/2 apart at a wave- 
length of 10-2cm. The measured resonance was at a wavelength 
of 10-1 cm, which is in good agreement with the deductions made 
from the spacing of the bubbles. 


(5) THE HARMONIC ANALYSIS OF IRREGULARITY 
DISTRIBUTION 


A method of measuring the distribution of irregularities along 
a transmission line has been described by Cotte.®:? This method — 
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vig. 5.— Measured variation in effective characteristic impedance for 
cable with equispaced air bubbles. 


x Points measured by ‘two-point’ method. 
© Points determined from a full impedance circle, 


sis discussed here in terms of the present graphical representation 
| )of the effects of irregularities partly to display the power of this 
method, and also because the discussion suggests variations in 
ithe test procedure which are not so evident from Cotte’s analysis. 
| {In this method the variation in Zp along the line is considered as 
© the sum of a Fourier series of the form a, sin ms + b,, cos nis, 
where ¢ is defined as 27rx//, / being the length of the cable and x 
Ithe distance from the input end. 
In Fig. 6(a) is shown the variation in Zp) along a line of length /. 
/{The mean characteristic impedance of the line is Z,,,, and the 
deviation of local Z) from this mean at a point x is S(x). The 
particular variation shown in Fig. 6(a) is the sum of three har- 
monic terms. These are represented by the curves of Figs. 6(d), 
6(c) and 6(d). In a practical case there will be many more 
(terms, those of higher order generally being of reduced amplitude. 
\ff, as is usual, the irregularities are rounded in profile, the limit 
ito the order of terms occurs when the wavelength of the variation 
iin S(x) becomes comparable with the extent of the individual 
jirregularities (i.e. the ‘correlation range’). 
The analytic device of splitting the variation into harmonic 
‘components is of no use unless these components can be measured 
; ‘independently. The Cotte method of doing this is to terminate 
the line in its mean impedance Z,,, and then the coefficients a,, 
1and b, of the nth term are determined by measuring the input 
impedance at the frequency for which the line would be nA/2 
‘long were it not for the irregularities. This input impedance 
) will differ from Z,,, by A,,R + jA,,X, and from this difference the 
coefficients can be calculated by the simple formulae 


Oe A,R/(nz) Oa AX,|(az) 


‘(These simple formulae only apply to lossless transmission lines. 
1 Phe effects of attenuation are considered by Cotte.®7) 

Using the circle diagram, we now consider why it is that these 
e*mponents of the impedance difference are measures of the sine 
32d cosine components of the mth harmonic and independent of 


11 the other harmonics. 
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Fig. 6.—Variation of characteristic impedance along a line. 


We take here a more general case than that considered by 
Cotte and assume that the sample of line is terminated in a pure 
resistance not necessarily equal to Z,,. In the following, the 
termination is taken to be less than Z,,, but a corresponding 
argument would apply if the termination were greater. Referring 
to the irregularity shown in Fig. 6(a), consider the measurement 
made at the fundamental frequency (at which the line would be 
A/2 long if it were free of irregularities). The impedance changes 
along the line in going from the termination to the input can be 
displayed on one circuit of the circle diagram. The sine curve 
shown in Fig. 6(5) will give an increase in v.s.w.r. over the part 
v =0 to z/2 and also an increase for the part v = 7/2 to =. 
The effects of the two halves will thus add to give an increase in 
v.s.w.r. Which will be apparent at the input as AR (a change in 
input resistance). 

The cosine curve shown in Fig. 6(5) will have no net effect on 
the v.s.w.r. because the increase due to the part between 0 and 
m/4 will be balanced by the part between 7/4 and 7/2, and 
similarly the parts 77/2 to 37/4 and 37/4 to 7 also cancel. Con- 
sidering now the harmonic component shown in Figs. 6(c) and 
6(d), it is clear that these have symmetry of distribution about 
0 and z (the R-axis) and about 7/4 and 37/4 (the unit circle); 
therefore they will make no contribution to the change of input 
impedance. Thus, it is clear that the change in v.s.w.r. (i.e. AR) 
is due solely to the sine component shown in Fig. 6(), and is 
not influenced by any of the higher harmonics. Similarly, it can 
be deduced that the only component which can contribute to the 
phase change is the cosine component shown in Fig. 6(5). 

When a measurement is made at the second-harmonic fre- 
quency the irregularities shown in Fig. 6(@) will occupy two whole 
circuits of the impedance circle, and it can be shown that the 
only components of S(x) which do not have symmetry about 

=0 to m and v= 7/4 and 37/4 are those of the second 
harmonic. Thus it is demonstrated graphically that Cotte’s 
method selects at each frequency harmonic the corresponding 
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harmonic of S(x), and that the sine and cosine components 
contribute to AR and AX, respectively. 

The reasoning advanced above applies equally whether or not 
Rr, the termination of the test sample, is equal to Z,,. It has 
been customary when using Cotte’s method to take some pains 
to match the cable, and fairly elaborate equalizer networks have 
been used in order to present a load which varies in frequency 
in the same way as Z,,. This accurate matching is not necessary, 
and the graphical approach shows that a more general theory 
could be developed to cover the case of any arbitrary termination, 
purely resistive or otherwise. A graphical solution for purely 
resistive terminations indicates that as the mismatch (R7/Z,,) 
varies, the ratio AR/R remains constant. If R7z is to be chosen 
in order to make the best use of the available measuring equip- 
ment, it should be in the region where the percentage sensitivity 
in resistive measurements is greatest. 

Thus it is concluded that there is no special virtue in making 
Rr = Z,,, and that Rp can be chosen to suit the measuring equip- 
ment available; also that there is no need to use anything other 
than a simple resistive termination even in the low-frequency 
range where Z,,, varies considerably with frequency. 

The viewpoint developed above provides a new approach to 
some of the points considered previously. For instance it will 
now be seen that the effect of an irregularity on the v.s.w.r. is 
greatest when the irregularity is on the unit circle (v = 7/4 or 
37/4) because the sin component is then greatest, and the 
effect is zero on the R-axis (v = 0 or 7) because there the sin & 
component is zero. Again, a short irregularity has a small effect 
because its components in sin % and cos w% are small, and 
because the effects of the other terms in sin ms and cos ns are 
zero. It has been shown that, if a series of irregularities has 
symmetry about the R-axis and unit circle (v = 0 and 7 and 
v = 7/4 and 37/4), it has no resultant effect. This is because 
there are then no terms in sin % and cos #. If the irregularities 
are rotated on the circle so that they now have axes of sym- 
metry v =v’ and v =v’ + w/4 the resultant effect will still be 
zero. This is because the rotation changes the phase of the 
components but cannot introduce the first harmonic if it is not 
present originally. Thus, a distribution can depart from uni- 
formity without resultant effect if it has symmetry around the 
impedance circle about two v-circles differing in value by 7/4. 


(6) CONCLUSION 


The statistical theory’-!9 of irregular transmission lines leads 
to the conclusion that the reflected wave at the input is dependent 
(a) upon the amplitude of the irregularities, (6) upon their ‘corre- 
lation range’, which is a measure of the length of the irregularities, 
and (c) upon the extent to which the distribution of the irregu- 
larities differs from a uniform distribution along the length of the 
transmission line. 

The graphical approach given here leads to these same general 
conclusions but brings out the fact that ‘uniformity’ must be 
interpreted in a special way, namely that the distribution must be 
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‘uniform’ (or have symmetry about two v-circles which diffe}! 
in phase by 7/4) with respect to the standing wave on the trans); 
mission line. This concept of uniformity is not easy to introdue|) 
into a theory based on the assumption that the line carries mijy 
systematic standing wave (i.e. no standing wave other than ae 
due to the irregularities). 

On the basis of the graphical representation it is possible tc) 
explain qualitatively the increase in the reflected wave with), 
increase in frequency in terms which are applicable, for instance}; 
to a disc-spaced line both at low frequencies, where its discs car 3 
be considered to be uniformly spaced, and at higher frequencie) 


where the disc structure resonates. 


distribution of irregularities along a line can be given. ip! 
this it is concluded that there is no necessity for the accurate)) 
matching of the test sample by the use of equalizer networks)> 
and that the termination can be chosen to suit the characteristics >” 
of the measuring equipment. ft 
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SUMMARY 


An approximate method is given for evaluating the maximum field 
: jrength between charged circular cylinders whose axes are either 
rallel or perpendicular. The approximate formula is compared 
fith exact results and shows an error of less than 4°% for a separation 
© one diameter. If the error in the approximate formula for crossed 
_}linders is of the same order, then the difference between the results 
"jr the crossed and parallel cases is significantly greater than this error. 


LIST OF SYMBOLS 


a = Nearest inter-electrode distance, cm. 
Enax = Maximum electric field strength in the gap, 
volts/cm. 
R = Radius of the cylindrical electrode, cm. 
Vo = Potential difference between electrodes, volts. 
V(x, y, z) = Potential of the field at any point whose co- 
ordinates are x, y, z, volts. 
7 = Utilization factor. 


(1) INTRODUCTION 


1In high-voltage work, particularly in connection with the 
evelopment of spark-gaps, the problem naturally arises of 
nding the maximum field strength, E,,,,, associated with a 
ven electrode configuration, the potential difference being Vo. 
lhis is expressed empirically by 


(1) 


lhere a is the shortest inter-electrode distance, and 7, which 
pends only on the geometry, is called the utilization factor. 

Exact calculations have been made for 7 with sphere-gaps! 
ad parallel circular cylinders,* and it has been found experi- 
xentally that crossed circular cylinders give the same results as 
arallel cylinders. It is the purpose of the paper to derive 
Ower-series expansions for the utilization factor of parallel 
Ygual? circular cylinders and circular cylinders at right angles. 
is found that the first three terms of the series give a result 
“those accuracy is sufficient for all practical purposes for 
‘“eparations up to the cylinder diameter. It is also found that 


7 


ee re 


(2) EXACT SOLUTION FOR PARALLEL CYLINDERS 

‘( Consider two parallel lines, distant 2b apart, carrying equal 
me charge densities of opposite sign. Then, as is well known, 
€ potential function is given by 


V=AfClog [(6—HIE+ Hf . . @ 
‘here C is the complex variable, and C is a constant determined 


vy the line charge density. The equipotentials given by eqn. (2) 
“re families of parallel circular cylinders, and the field distri- 
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bution for two such charged cylinders is found by replacing the 
appropriate two equipotentials by conducting surfaces. It is 
easily shown that for two cylinders each of radius R, the maxi- 
mum field strength is given by 


_ Vo sinh [V%o/20)] 


Emax aq VofQ0) 


max 


(3) 


where C is found from 
aR =Asinn=|ValAC)l. “a ap armel) 


This result holds for all values of a/R and is simpler than the 
usual expression of the same quantity.” 


(3) APPROXIMATE SOLUTION FOR PARALLEL CYLINDERS 

The method to be used consists in expanding E,,,,, in a power 
series in a/R. Accordingly we take a Cartesian system of axes 
and consider two circular cylinders whose axes are parallel to 
the z-axis and intersect the y-axis at a distance R + a/2 above 
and below the origin. The equations of the cylinders are 


[ve (+a)[ sae. er a ee) 


and these can be expanded by the binomial theorem so that 
adjacent surfaces are represented by 


ee Pe 
y=tG+or+e...)...- © 
these three terms being required to carry the approximation to 
the second power in a/R. 

If we now represent the potential by a polynomial V(x, y, z) 
it is found that a fifth-order expression will give a consistent 
approximation. The general fifth-order polynomial can be 
greatly simplified by observing that 


(a) V is independent of z 
(6) Vis an even function of x 
(c) V is an odd function of y 


after which the only remaining terms are 
V = AyS + y3(Bx? + C)+ y(Dx4 + Fx? +6) . (7) 


Application of Laplace’s equation to ensure that (7) really is a 
solution of the field equations eliminates three of the constants 
so that 


V = Ay’ — y3(10Ax2 — C) + yp(S5Ax4 + 3Cx*7+G) (8) 
It is further required that 
when on the conducting surfaces given by the expansion (6). 
Because of symmetry the relations obtained for the two surfaces 
are the same, so we need consider only one of them. Sub- 


stituting (6) in (8) and equating coefficients of powers of x up to 
and including the fourth, we find three equations for the three 
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unknowns A, C and G for which solution to the required power 
yields 


oe ) 
a Sa?R? 
Vo 1 a 
e a 3aR 3R ©) 
cal ( i a 11a? ) 
a 12R ' 720R2/ | 


From (7), however, the maximum field strength is given by 


4 
eax a oy )sx0 al2 


I 


5 
Soe eae 4 = 2 
(5442 +5Ca +G) 


Vo a a 
=—— — —--—...... 10 

a ( in 6R  180R2 ) (19) 
by virtue of (9). This is an interesting power series since its 
coefficients give very rapid convergence even for values of a/R 
which are not small. Since (3) and (4) give the exact solution 
to this problem we can check the accuracy of (10) for any value 
of a/R. 


Table 1 
ACCURACY OF SERIES EXPANSION (10) 
alR 1 2 3 4 
7% 7% % % 


Error in expansion (10) 020527.0 325.0283 127, 
Some results are shown in Table 1, the series in all cases giving 
too low a value for E,,,,x- Higher values of a/R are of less interest 


since corona occurs for a/R > 3-85. 


(4) APPROXIMATE SOLUTION FOR CROSSED CYLINDERS 

Consider in this case two circular cylinders, one parallel to 
the x-axis and the other parallel to the y-axis, with the axes of 
the cylinders intersecting the z-axis at a distance R + a/2 above 
and below the origin. Then, as above, the expansions for the 
adjacent surfaces are 


a. x2 x4 


= meme Sy. at om) 


The conditions to be laid on the polynomial potential function 
V(x, y, z) are then 


(a) V is an even function of both x and y. 
(b) VG; > Z) aie VO, x; =a a)s 


The second condition arises from the fact that rotation of each 
cylinder through a right angle and inversion of the z-axis 
reproduce the original situation with the sign of the potential 
reversed. These conditions, together with the application of 
Laplace’s equation, lead to a potential 


V = Az5 — (5Ax? + 5Ay* — C)z3 


(11) 


t= | Dx + Dy4 — (6 D— 15A)x?y2 — 02 + y?) +F le 


— 6M(x? — y?)2? + Mx4 — My4 + Nx? — Ny? (12) 


\ 
| my 
From this the maximum field strength is given by | 
OV 
Emox = ~ (35 )soys0 


(13) 


ll 


4 (7 dat + 5a + F) . 


Substitution of (11) in (12) to determine the boundary con- 
ditions gives, on equating the coefficients of powers and products|, 
of x and y up to the fourth, six equations for the six unknowns $4 
A, C, D, F, Mand N. Upon solution we find, to the requ . 
order, 


=a 


Vijgpes 


~ a 10a2R2 
pS ery 


a 71 
a 3aR ray - + » Ge io 


a 


coma a 2 
F=2(1 ~ rt Tae) 


Substitution of (14) in (13) gives 


Vo a a 
a (1 T6R aes) 
Thus the maximum field strengths for crossed and parallel» 
cylinders differ only in the second-order term, so that experi-i% 
mental results may be indistinguishable for small relative )) 
separation. In fact, the difference between the results for crossed)” 
and parallel cylinders as given by the approximations (10) and; 
(15) is shown in Table 2, It must, however, be stressed that 


Dina ae 


Table 2 
DIFFERENCE BETWEEN SERIES EXPANSIONS (10) AND (15) 
alR 1 2 3 4 
Difference between crossed o/s 13 @ a 


and parallel approxi- 
mations 


there is no way of checking the absolute accuracy of (15) and it | : 
can only be guessed that the error is of the same order of magnitude » ‘ 
as that of (10). | 

Finally it should be mentioned that from the form of the 
rou it could be expected that 


RET 
Emax = f+ BOR . 


for cylinders whose axes are inclined at an angle 0. 


— (1 + sin? #)—_. 
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PREFACE 


he paper presents an account of the theoretical investigations of 
dio scatter propagation in the region well beyond the horizon, and 
-{ the related phenomena of stellar scintillation, which were carried 
it by Dr. Megaw prior to his sudden death. He had been con- 
“dering the publication of such a work, partly to amplify his own 


fundamental interpretation of the physical problems involved. The 
yesent paper has been compiled from his extensive notes and analytical 
Jaterial in an attempt to fulfil this purpose. Any limitations which 
Tpy be apparent in the presentation are the responsibility of his two 
lileagues who prepared the present text. 
F. A. K, 
M.A. J. 

| SUMMARY 

“i i%e paper presents a detailed theoretical treatment of the beyond- 
srizon radio scatter propagation problem. The form for the spectral 
“rnsity of refractive-index fluctuation, assumed to be the same as 
at of velocity fluctuation, is derived from the universal equilibrium 
weory of turbulence. It is used to predict the spectral densities and 
yagnitudes of brightness fluctuation and angular deflection fluctuation 
‘ic light from a stellar source, and of field-strength fluctuation for 
xe-of-sight radio propagation. These predictions are compared with 
‘yperimental data, and support is thereby obtained for the theoretical 
acm of the refractive-index fluctuation spectrum. The height variation 
‘ the intensity of the refractive-index fluctuations is derived from the 
‘\perimental data. There follows a detailed treatment of the beyond- 
‘wrizon case of radio scatter propagation, including a full analysis of 
'e influence of the geometry of the scattering volume on the received 
(ld-strength. It is shown that the form of the scattering cross- 
tion implied in the results is compatible with those obtained in 
‘(ferent treatments, based on idealized assumptions. 


LIST OF PRINCIPAL SYMBOLS 


a = Eddy size, defined as 77/(wave number k). 

a= 7 [k 1- 

a; = Maximum eddy size used for small-angle scattering 
formula for metre wavelengths. (Section 4.5.3.) 

a, = Maximum eddy size assumed to contribute to field 
strength for beyond-horizon propagation. 

Qn = Adopted transitional eddy size between diffraction 
and ray-theory treatments for line-of-sight radio 


propagation. : 
Qmin = Minimum eddy size for starlight-bandwidth dis- 
cussion. 


a, = 5:9 (v3/e)I/4, 
A = Telescope aperture. 
A(k) = Complex Fourier transform of An. 

b = Ratio ¢;/0; of mean azimuth and elevation beam 
angles. 

B = Numerical constant occurring in the expression (75) 
for the scattering cross-section in the beyond- 
horizon case. 


= 
1D: Megaw, who was in the Royal Naval Scientific Service, died on the 25th January, 
15° The manuscript was prepared and the proofs were read by Messrs. F. A. Kitchen 
id 4. A. Johnson. 
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c = Constant occurring in Reference 15. 

C = Quantity occurring in the integrand of the volume 
integral for beyond-horizon radio scattering 

= 0 tan (%s — a/2 — 6) 

dy = Sum of the radio horizon distances d, and d, of 

transmitter and receiver 
= 4/(2Rhy) + V/(2Rh) 

D = Function of «, 6}, ¢; occurring in the result of the 

5 volume integration for beyond-horizon case. 

E =R.MLS. electric-field fluctuation, integrated over 
volume (diffraction) or path (ray theory) and 
spectrum. 

E = Free-space field strength at a point at a distance 
from the source equal to that of the point of 
observation. 

E; = Free-space field strength due to the source incident 

y on the Fourier element under consideration. 

E,, = R.M.S. electric-field fluctuation, integrated over 
volume or path, for wave number k. 

E, = Scattered field produced by passage through a 
Fourier element (= E,9 for B= 7/2, y = 0). 

EAk) = Spectral density of mean-square permittivity 
fluctuation in Reference 6. 

f = Frequency corresponding to an eddy, taken as 
being equal to the reciprocal of its period. 

F(&)= Fourier transform in vector k in wave-number 
space of mean-square permittivity fluctuation in 
Reference 6. 

F,(k) = Spectral density in vector k of mean-square 
fluctuation. 

F,,(k) = Three-dimensional relative spectral density in 
terms of wave-number magnitude of mean-square 
refractive-index fluctuation. 

F,,,(kx) = One-dimensional spectrum derived from F,,(k). 
£11.81 = Scalar correlation functions for longitudinal and 
transverse fluctuating velocity components. 

G = Assumed ratio of mean refractive-index gradient 
at height / to that at sea level. 

hy, hy = Aerial heights (subscripts 1 and 2 refer to trans- 
mitter and receiver respectively). 

H = Maximum height at which refractive index fluctua- 
tion intensity is appreciable. 

J, = Displacement current density in the y-direction at 
a point in a Fourier element. 

J = Total dielectric current over the central cross- 
section perpendicular to the electric vector of a 
Fourier element. 

k = Wave number of an eddy [7/(eddy wavelength)]. 

k, = Wave number at which simple form of spectral 
density must be cut off to give same total energy 
as the actual spectrum. 

ki, kp, Kine I seis ky, ky, co t/a}, 7/a, T/A, T/Amins 7/ a1, 
[a,,, respectively. 

k, = (3c?/8)1/4(e/v3)'/4 = wave number around which 
effect of viscosity becomes important. 

k,, = Wave number in the 1-dimensional spectrum. 
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= |ky — k,| = wave number for which the Fourier 
transform is required for simple formula for 
scattering cross-section in Reference 6. 
] = Integral scale = infinite integral of the correlation 
function of a scalar field quantity. 
l,;,/, = Respective integral scales for the correlation 
functions g,,, g, for a vector field. 
I, = Cut-off scale introduced in exponential correlation 
function in Reference 12. 
L = Path length from transmitter to receiver. 
L, = Distance (2a7/A) of transition for the eddy size a 
from ray-theory to diffraction treatment. 
= Ratio (AA/A9) in the discussion of the effect of light 
bandwidth. 
n = Refractive index of the atmosphere. 
ni’, i; = Height gradient of mean refractive index for radio 
and light waves respectively. 
N = Fluctuating component of An (r.m.s. value N ). 
N = Mean component of An. 


N’, Nz = R.MLS. values over the spectrum of (N;,/a) for 
radio and light waves respectively. 
N, = [F,(k)dk]"/2. 

(N,); = Value of N;, at sea level [suffix omitted in Section 
4.3 after eqn. (43)]. 

O: symbol meaning ‘of the same order as’, e.g. Dy = 
p= 26]: 
P = Local atmospheric pressure in millibars. 
Q = Geometrical factor in eqn. (58). 
r = Scalar distance. 

r,, '2 = Distances of the Fourier element under considera- 
tion from the source and the point of observation 
respectively. 

dr = Increment of length along ray path. 
R = Effective radius for radio propagation of the earth. 
s = Local partial pressure of water vapour, in millibars. 
S = Geometrical factor in eqn. (65). 
T = Absolute temperature. 
t = Period associated with an eddy. 
t;,t, = Eddy periods corresponding to the eddy sizes 
a, 4,, in the scintillation discussion. 
u = R.MS. fluctuating velocity component. 
U = Assumed mean horizontal wind velocity in the 
troposphere. 
v = Volume, in particular, scattering volume. 
a = Angle between the tangent planes to the earth 
(assumed spherical) from transmitter and receiver 
= LR-'(1 — dL). 
{ = Angle between incident electric field and direction 
of scattering. 
y = Angle between direction of incidence and direction 
of scattering. 
Yq = Half-energy beam width (~A/2a) of scattered main 
lobe from a Fourier element for L> L,, a> A. 

Ymax = Maximum value of y over the scattering volume 
for the metre-wave case. 

[T’ = Total angular deviation of light ray. 


O(D2). 


[’,, ', = Components of [. 
= Linear deviation of light ray. 
A,, A, = Components of A. 


An =n —1. 
AA = Bandwidth of starlight. 

é = Local mean rate per unit mass of kinetic-energy 
dissipation in the turbulence. Also used for the 
base of natural logarithms. 

de = Permittivity deviation (Reference 6). 
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€9 = Permittivity of free space. 

¢ = Zenith distance. 

7 = Dissipation length [= (v3/e)"/4]. 

eg = Elevation ee from the transmitter. 


and sevens aerials. 
OG —s (0,0,)1/2, 
X = Radiation wavelength. 
Xo = Critical bandwidth of starlight, taken as aj/Liy) , 
above which an appreciable effect is produced. 7 
[45 fz, 4 = Multiplying factors for the simple spectral density} 


respectively produced by the extension to wave 


aperture of the telescope. t 
v = Kinematic viscosity. — i 
CS hl Fr. 
p = Correlation function of a scalar field quantita ie” 
also air density. 

o = Scattering cross-section. 
7 = Instrumental time-constant. 
¢ = Azimuth angle from transmitter, measured from) 
direction transmitter-receiver. 
¢,, 6 = Azimuth semi-beam widths of the transmitting and™ 

fp, = The lesser of $1, >. 


receiving aerials. 
X = Angle between transmitter-receiver and direction|® 
of scattering for line-of-sight diffraction case. ig 
ys = Angle in vertical plane containing transmitter and|> 
receiver, measured from the vertical at the M: 
common intersection of this plane and the’ 3 
horizon planes through transmitter and receiver. #7 
w = Radiation frequency. 


(1) INTRODUCTION 
The rapid progress in knowledge of beyond-horizon radio) 
scatter propagation during the past few years has provided a » 
good example of the truth of the well-known remark that ‘there/p 
is nothing so practical as a good theory’. Indeed, even anj 
imperfect theory often proves much more practical than none 
at all; such a theory enabled predictions of the possibilities and © 
of the broad characteristics of tropospheric scatter propagation % 
of radio waves to be made by the author in early 1949 (in a} 
restricted publication), and these were subsequently confirmed 4 
experimentally.!| The basis of the theory was that the lower | 
atmosphere is permanently turbulent, and that the resulting #j 
fluctuations in refractive index provide the explanation of | 
persistent radio propagation to distances well beyond the radio | 
horizon. In the absence of adequate meteorological knowledge, # 
the characteristics of the refractive-index fluctuations were * 
predicted from the universal equilibrium theory of turbulence, * 
supported by analysis of the limited stellar scintillation data | 
available. These results are presented in detail in the present | 
paper, and applied in a complete treatment of the radio scatter 
problem. , 
An independent theory of the long-distance radio scatter | 
propagation phenomenon was presented by Booker and Gordon? | 
in 1950, adapting for the purpose a theory of scattering for scalar | 
fields given by Pekeris.2 Booker and Gordon used a different | 
representation of the refractive-index fluctuations in the atmo- | 
sphere, with a spectrum corresponding to an exponential corre- © 
lation function, and a more rigorous basic approach than in — 
the present treatment; however, the error thus caused in the | 
latter can be estimated and allowed for, and advantage then 
taken of the attempt in the present treatment to take account of 
all effects likely to be important in practice. 


More recent treatments of the theory of radio scattering by 
jarbulence have been given by Villars and Weisskopf.4:5 The 
yame spectrum of atmospheric turbulence is used as in the 
resent paper, but different methods of deduction of the statistics 
‘of the refractive-index fluctuations are employed. On the 
Jnypothesis used by Villars and Weisskopf in their first paper,4 
.e. that the refractive-index fluctuations were caused by the 
pressure fluctuations brought about by the turbulence, it is 
necessary to postulate values of the r.m.s. turbulent velocity 
which are considerably too large. In fact, as has been shown 
wy Batchelor,® and Gallet,’ the refractive-index fluctuations are 
ikely to be principally caused by turbulent convection in the 
sresence of a spatial gradient of mean refractive index. However, 
Villars and Weisskopf’s revised hypothesis° on these lines appears 
0 be invalid, on account of confusion regarding the definition 
‘}ef an ‘eddy’; this is discussed presently. When their final result 
"\s corrected, the wavelength dependence disappears. This 
seduces the agreement with experiment reported by Norton et al.8 


2) GENERAL DISCUSSION OF EDDIES, SPECTRA, SCALES 
AND CORRELATIONS 

Before proceeding to the discussion of the particular statistical 
‘properties of the turbulence and the resulting refractive-index 
“}iuctuations, and hence the scattering of light and radio waves 
to be expected, some brief general remarks on the statistical 
jepresentation of fluctuating field quantities are required. Fora 
miler discussion reference may be made to Batchelor’s work.? 
)} in problems involving fluctuating field quantities, much is to 
fe gained by using the spectral density explicitly in the analysis 
cf. Batchelor’). The spectral density in scalar wave-number k 
{of mean-square refractive-index fluctuation will be written as 


GEE: (Ge eae ey esas, (1) 


“where An is the total r.m.s. fluctuation of An (= n — 1), which 
s assumed to be a stationary random function of space and time, 
ind the ‘relative power spectrum’ F,,, in terms of wave-number 
/)magnitude, represents an average taken over a sufficiently long 
lime. 
1] If A(k) is the complex Fourier component of An, defined 
Mjover a large volume v, for the vector wave-number k, the 
“hpectral density in wave-number space of the mean-square 
luctuation is given® by 


F (ky) — ADAH) 
873 


he asterisk denoting the complex conjugate. (It is this spectral 
density which, by the Wiener-Khintchine theorem, is the Fourier 
‘transform of the auto-covariance of An in physical space.) 

‘| The assumption that Az is isotropic, so that ¥,(k) is inde- 
Yoendent of the direction of k, is now introduced. It is then 
oossible to integrate over all directions of k and obtain the 
‘relative spectral density in terms of wave-number magnitude, i.e. 


Ank?2F Ak 
Fy. 


An? 


di may be noted that it is related to the functions E.(k) and F(x) 
ised by Batchelor,® thus: 


E(k) = 47PF(K) = 40PF,()  . . 


isin. ce 5e2 = 4An2; normalization constants of order unity may 
be multiplied into F,,(). 
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F,, necessarily satisfies the relation 
lee) 
[ F.Godk =1 ele eh th 
0 


If the value of An is measured along a straight line in space and 
the result is Fourier-analysed, numerically or electrically, the 
result obtained (subject to proper precautions), is a one-dimen- 
sional spectrum F,,,(k,), in which, for a given k,, contributions 
come from all k >k, in the 3-dimensional spectrum. For a 
scalar field quantity, such as An (cf. Kovasznay et al.}®), 


Fac) = [et aod ea Be 


For a transverse vector field quantity such as velocity (in an 
incompressible fluid) there is an additional factor (1 — k2/k?) 
in the integrand. 


(2.2) Correlation Functions and Scales 


The correlation function p(r), i.e. the normalized covariance, 
of a scalar field quantity and the one-dimensional relative 
spectrum function F,,.(k,.) are each other’s Fourier cosine trans- 
forms. The same relationship holds for the turbulent velocity 
components, but there are two distinct (scalar) correlation 
functions, g,,(r) and g,(r), for the longitudinal and transverse 
components, respectively (cf. Batchelor®). If the Fourier pair is 
written so as to satisfy the normalization condition corresponding 
to eqn. (3), as in Batchelor? and Megaw!! (but not in Kovasznay 
et al.!° and a number of other papers), 


F,(0) == pong Piaget 


where / is the integral scale defined by 
i I OAT did ile eG) 
0 


and similarly for the two integral scales of the velocity field 
(J;; = 1, subject to isotropy). 

These three scales / are all of the same order of magnitude, 
corresponding to that of the size of the larger eddies into which 
energy is fed from some external source in an approximately 
stationary field of turbulence. This order of magnitude can be 
estimated from measured correlations, by fitting roughly to an 
assumed exponential form, or otherwise. However, little more 
can be learnt from such measurements; the apparently small 
discrepancies between, say, a simple exponential and the true 
curve measured as a long-period average are of vital importance 
in the region where the correlation is near unity.° 


A pair of values for An and /, with some convenient assumption 
about the shape of the correlation, is insufficient for the deter- 
mination of the scattered field. Nor are two recently-suggested 
modifications!?» 13 of the exponential correlation function, 
which respectively include a cut-off at a scale /],<J/ and an 
anisotropic correlation, altogether satisfactory. It appears 
preferable to work directly in terms of the spectrum function, 
introducing a smallest eddy size which is a direct measure of the 
point at which the spectrum is cut off by viscosity. 


(2.3) Definition of an Eddy 
The notion of an ‘eddy’ can be defined in two ways, namely 


(a) An entity associated with a length of order (1/k) (taken as 
a/k in the present paper) corresponding to a wave-number magni- 
tude k in a 3-dimensional Fourier analysis, and a (relative) fluctuation 
energy F,,(k)dk. 
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(6) Exactly as in (a), but associated with a (relative) fluctuation 
energy 


| Rak Ve See ee 
k 


In other words, echoing L. F. Richardson’s rhyme,* an eddy of 
type (a) is a ‘whirl’ of size 7/k; an eddy of type (5) is the same 
‘whirl’ carrying with it all its ‘lesser whirls, and so on to viscosity’. 
Villars and Weisskopf made their hypothesis of turbulent mixing 
[Reference 5, eqn. (28)] in terms of an eddy of type (6). However, 
the ‘little whirls’, whose integrated effect is allowed for in the 
mathematics, are by hypothesis uncorrelated, and so make no 
net contribution to convection over the length 7/k. It appears 
that a hypothesis appropriate to eddy (a) has been injected into 
an analysis in terms of eddy (b); the result is that the index of 
L in the final answer, eqn. (36), is one unit too high. On making 
this change, the spectral density proportional to k~?, corre- 
sponding to the exponential correlation, and therefore the 
scattering formula given by Booker and Gordon is recovered. 
The wavelength dependence of eqn. (44), which Norton et al.8 
considered to fit the experimental results, then disappears, and, 
instead of eqn. (46), the actual scattering cross-section implied 
by Megaw’s result! is obtained. 


(3) REFRACTIVE INDEX FLUCTUATIONS IN THE 
ATMOSPHERE 


(3.1) General 


It is well known that the refractive index, n, of the lower 
atmosphere at radio wavelengths may be represented approxi- 
mately by the expression 


79 x 107° K) 
n—1=—— (P +4800) (8) 
At light wavelengths the water-vapour contribution to the 
refractive index is about 20 times smaller. 

Consideration will be restricted to conditions in which mean 
refraction may be represented by an effective earth radius of 
the same order as the so-called standard value (4/3 of the real 
radius), which corresponds approximately to the long-term mean 
distribution. Since radio scattering is practically important 
precisely when there is little superrefraction, this limitation is 
not serious. The quantity An is therefore represented by the 
sum of a steady component and a superimposed fluctuation, i.e. 


Anz=n—-1=N+N- 2.: .. @) 


The component N, which is of order 10~4, is thus a slowly 
decreasing function of height alone, and is steady in the sense 
that its time variation is negligible over periods long in com- 
parison with those of the fluctuations. 

Available meteorological knowledge, while providing useful 
guidance as to orders of magnitude, is not sufficiently detailed 
to provide statistical properties of N, even at low levels. Infor- 
mation about the refractive-index fluctuations was therefore 
sought from a comparison of observational data on the scintilla- 
tion of light waves from stars with the results of a theoretical 
treatment, which is similar to the treatment of radio scattering 
to be given. Hence the presentation of both treatments, and of 
the deductions about the refractive-index fluctuations, is deferred 
until Section 4. 


(3.2) Spectrum within the Inertial Sub-Range 
A theoretical prediction of the form of the refractive index 
spectrum is now described. The important step is to relate the 


* ‘Big whirls have little whirls 
That feed on their velocity; 
And little whirls have lesser whirls— 
And so on to viscosity.’ 
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spectral density of mean-square refractive-index fluctuatic 
with that of mean square turbulent-velocity fluctuation, t)¥) 
theoretical prediction for which is well known and reasonab 1¢ 
consistent with experimental results. The most plausible assum) 
tion is that the two spectra are of the same form. oi a 
has recently discussed this problem and arrived at the sanj 
conclusion. He showed that pressure changes in both t}0) 
troposphere and the ionosphere, resulting directly from tim 
turbulent motion, were probably unimportant in producii|)> 
changes of 7 (except for pressure changes on so large a sca) 
and hence occurring so slowly, that their effect would not Ih» 
called scintillation). This conclusion is also reached by Villa)’ 
and Weisskopf in their latest paper,> on account of the failu)) 
of their original theory, based on pressure-change consideratior We 
to explain the observed levels of scattered power. Thus tl) 
refractive-index fluctuations may be regarded as being direct)’ 
caused by fluctuations of temperature (or water-vapour CO) » 
centration) in the lower atmosphere, and of electron density ig 
the ionosphere, which are themselves produced by turbule|/ 
mixing. 

Batchelor concluded that the contribution to the spectr): 
density E.(k) (his notation) from each quantity would be 
similar form, and that 


E(k) ~ An2i-213k-518 . ww. 


The corresponding normalized spectral density (notation of th 0 
present paper) is shown by substitution in eqn. (3) to be 


F,(k) = SHR-31 


Eqns. (10) and (11) are valid for all values of k within the ‘inertia)« 
sub-range, i.e. satisfying (e/v3)'/4 > k > k,. They have tts 
same form as the expression for the spectral density of meam= 


number k, is defined as the wave number at which a spectrum-1) 
with the spectral density assumed to be proportional to k~> 
for all k < k, (the actual value of k, has negligible effect in th’: 
connection)—would have to be cut off to give the same toti! 
energy as the actual spectrum.!4 


(3.3) Spectrum outside the Inertial Sub-Range 


An expression for F,,(k) for wave numbers outside the inertié- 
sub-range will sometimes be required. Defining the symbol 
to indicate ‘of the same order of magnitude as’, approximai}i 
results for the cases k = O(k,) and k = O(k,) are now derived) 
[In applications, little error is involved in assuming that thes/ 
results apply for all kK < O(k,), and k> O(k,), respectively), 
For the large-eddy end of the spectrum, if the whole field © 
turbulence is assumed to be homogeneous and isotropic, physic} 
reasoning suggests that, as the quantity K = (47/A) sin y/2 + C 
the scattering cross-section, o, will go over to the ‘Rayleig) 
scattering’ form, i.e. 


o = (constant) Arr3\-4 |, a i 
It will be shown later that o oc F,(K), whence ! 
F,(k) = (constant) k“'(k/k,)? «ww 


The following expression will be used for all k < k, [th 
normalization factor 2/3 of eqn. (11) requires revision in vie! 
of this extension of the range of k; numerical integration of (14° 
and substitution in eqn. (3), gives 0-80 as the appropriate figure. 


Fi) = 0-806 (EY [1 +p]. | &@ 


his interpolation formula for F,(k) is consistent with both 
mgns. (11) and (13). In practice, the large-eddy end of the 
bulence spectrum is not isotropic, so that eqn. (14) is only 
yproximate. It is not, of course, implied that eddies of sizes 
24> a, actually exist;* eqn. (14) is, however, required in order to 
stimate o when y is very small and 

An y 


Vy Sing = K<k 


yor the exponential correlation p(r) = e~7/!, 


21 2k I? 


En) s- a 0 + 122 


(15) 
‘his result is obtained from the 1-dimensional relative spectral 
(vensity F,,,(k,) by inverting eqn. (4) to give 


oF, ,(k,) 
Ole mei. 


y obtaining the 1-dimensional spectrum F,,,(k,) corresponding 
9 eqn. (14), the integral scale of the refractive-index fluctuations 
yan be shown to be equal to 0-24a,, where a; = m/k,. The 
stegral scale of the exponential correlation is J, which may 
serefore be put approximately equal to 1/k,. The dependence 
»* eqn. (15) on & then differs from that of eqn. (14) only in the 
| sight change from 11/6 to 2 in the exponent of the denominator. 
his accounts for the fact that the exponential correlation 
‘anction is quite a good approximation to the truth for many 
wactical purposes. The difference between the exponents is 
ot always negligible, however. For the (quite typical) conditions 
“f the North Sea experiment described by Megaw, 1 the 
'r<ponential correlation would yield an expression for the 
"wattering cross-section which, for a given r.m.s. refractive-index 
ctuation, was 7dB lower than that given by eqn. (14) at 
) nautical miles’ range, and 10dB lower at 300 miles. 
' The simple expression (11) must also be modified when wave 
uumbers of the same order as, or greater than, k, are considered. 
'. form for the spectral density in this region has been suggested 
' y Heisenberg;!* this leads!> to a proportionality of F,,(k) to 


ks) 1 rs one 
&= (FE) G) 


‘he constant c is found experimentally!® to be approximately 
45, so that a, ~ 5-97, where 7 = v3/4/e!/4, This suggests the 


silowing expression for F,,(k), to apply approximately for all 
sitive values of k: 


Bam) “P+@ [Me 


This extension of eqn. (14) does not appreciably change the 

formalization factor. Eqn. (17) represents an infinite spectrum, 
“wt, in fact, the decrease of the spectral density, F(A), with 
“ecrease of k below k,, and particularly with increase of k over k,, 
t vapid; few of the results of this paper are much affected by the 
=e of eqn. (17) rather than the simple finite spectrum given 


y eqn. (11). 
(3.4) Numerical Values of the Spectral Parameters 


Pfumerical values of a, and a, in the troposphere are now 
wpsidered. The chief difficulty is to estimate values of the time 


F(A) = (constant) | —k (16) 


there 


* Throughout the paper the eddy size a, corresponding to a wave number k, is 
itttwed as z/k. 
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rate of energy dissipation per unit mass, «. Brunt!’ has given 
approximate estimates based on the height distribution of wind 
velocity, and the details are set out in Table 1. 


Table 1 


VALUES OF THE DISSIPATION RATE, & 


Time rate of energy dissipation 


A in height int 
Height in height interval 
interval 


Total Per kilometre 


cm2/sec3 
=ergs/g/sec 


: ~25 
0:2 ~ 3 
0:5 ~7 (average) 


watts/m2 
km =ergs/cm3/sec 


0-1 3 
1-10 
Total, 0-10 


MW/km3 


Interpolating, the values of € at 1 and 10km are approximately 
10 and lerg/g/sec. Only approximate values will be required 
in the following. 

It will be shown later that astronomical observations suggest 
the value of about 400m for a,;. This will be roughly a mean 
value over the troposphere; probably a, increases slowly with 
height. 

It may be noted that the unrealistic value of about 10cm 
provisionally adopted by Booker and Gordon? for the scale of 
the refractive-index fluctuations has a much less serious effect 
on their results than might be expected; their final expression 
(2v) for the scattering cross-section, regarded as an equation 
for determining / from experimental results, has two positive 
real roots of which, in effect, the smaller and less plausible was 
chosen. 

From the known values of the air density, the values of v, 
and hence of a, ~ 5:9 v3/4/ell4, may be derived. These are 
given in Table 2, together with estimates of the variable com- 
ponent of velocity a given by: 


e 8 é€a,\ 1/3 
ur (—- — 
Ge 3 cir 
taking, as before, c ~ 0-45. A wide inertial sub-range is always 
present in the troposphere. 


(18) 


Table 2 


VALUES OF THE SPECTRAL PARAMETERS 
Atikm At10km 


a, metres : ~300 ~S500 
€, ergs per gramme per second nici en LO) 1 

u, metres per second .. eel 0) 0-6 
vy, Square centimetres per second 0-15 0-35 
n, centimetres .. ae oat oo Laie! 0:46 
ds, centimetres .. 0-8 2°8 


Originally, Megaw! assumed the incorrect value of 10cm 
for a,, but this was corrected subsequently. 11 There is now no 
material discrepancy with the result 7 ~ 0-1cm of Batchelor.!8 
In the following, the values 400m and 2cm of a, and a, will be 
used throughout. 


(4) THE SCATTERING OF LIGHT AND RADIO WAVES 

The results which have been derived for the spectrum of the 
refractive-index fluctuations are now applied to the discussion of 
the fluctuations produced by scattering in the transmission along 
free-space paths of light and radio waves, and subsequently to 
the scatter propagation of radio waves to distances well beyond 
the radio horizon. 
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(4.1) Scattering from a ‘Fourier Element’ 


Consider the contribution to the scattered energy from a 
volume large compared with the scale of the fluctuations, for a 
small interval 5& of the wave-number spectrum over which the 
fluctuations extend. The volume element, a*, corresponding to 
the value of k representative of this interval, will be called a 
‘Fourier element’. The total contribution to the scattered energy 
for the interval 5k is given by the sum of the contributions from 
all the Fourier elements contained in the volume under con- 
sideration. In an element selected at random within this volume, 
all combinations of relative phasing of the Fourier components 
of N in the three co-ordinates will be equally probable. The 
r.m.s. scattered field from the whole volume is obtained as the 
resultant of randomly-phased contributions from all the Fourier 
elements. In this process, the field from a single element is 
evaluated for the co-phased variation of N in the three co-ordinates 
which results in the maximum scattering, i.e. maximum WN at 
the centre of the element. 

Omitting the sinusoidal time variation, let E; be the field 
strength incident on a Fourier element from a source at a distance 
r, sufficiently large for E; to be regarded as constant over the 
element. Since the magnitude of the refractive-index fluctuation 
is very small, the modification of field strength within the 
element arising on this account may be neglected. The scattered 
field at a distance r, from the element is required. 

Cartesian co-ordinates are chosen with the origin at the centre 
of the element, the x-axis being in the direction of propagation, 
and the y-axis in the direction of the electric vector. Then, if 
w is the angular frequency of the radiation, the displacement 
current density in the y-direction arising from the fluctuation N 
at any point in the element is, since N < 1, given by 


Jy = 2NeqwE; (19) 


In terms of the radiation wavelength A, eqn. (19) becomes 
J, = EN[30A . (20) 


The total current over the central cross-section of the element 
perpendicular to the electric vector (vy = 0) is therefore 


E. 
J = t 
fel Ndxdz (21) 
Writing N = N,(a/2) cos me cos ne cos = (22) 


for the co-phased distribution of N over the element (i.e. over 
the interval +a/2 in each co-ordinate), where N, is the r.m.s. 
refractive-index fluctuation in the spectral interval dk, the 
following results after integration: 


7 WDE 
30A 
where N, = N[F,(A)dk]¥2. 

At a distance r, > a’/A, in the direction of propagation, the 
scattered field due to current in any part of the element a? has 
the same phase, and therefore amounts to 

27a 2 


li == WW = 
‘sO ea 


2 2 
=) aN, . . (23) 


(24) 


for the whole element, including the effect of the variation of N 
in the y-co-ordinate. (The restriction r, > 2a/A, corresponding 
to a phase difference <7/8 between the contributions from 
current elements separated by a distance a/2, is sufficient for 
practical purposes.) 
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Combination of eqns. (23) and (24) gives 


4\?E.a3 
Eso V/2(— dr, | 
If, however, a < X, the field due to current in any part of tle 
element has the same phase, irrespective of the direction |), 
observation. The element behaves as a dipole radiating equal), 
in all directions in the zx-plane. In any other direction, maki} 
an angle 8 with that of the incident electric polarization, ti 
scattered field is reduced by the dipole factor sin B, and is give, , 
everywhere (except in the immediate neighbourhood of tl) 
element) by 


No aan 


4\2Ea> . 
166 v2(-) ry sin BN; . 


subject only to a < A. This is the Rayleigh scattering law for’ 
small dielectric element of volume a?, with a numerical coefficie)" 
appropriate to the distribution of N. 

If a/A is comparable with, or greater than, unity, the scattere)! 
field in directions off the axis of propagation is further reduce!) 
by destructive interference between the fields of currents 
different parts of the element. For a point of observation whol’ 
direction from the scattering element makes a small angle @ 
(scattering angle) with the axis of propagation, the Fouril|: 
transform of the cosine amplitude distribution gives 


cos (F sin 8 
3 sin |) 
2 2a : ; 
s = 7,3 Eo sin B ° wats (2 
1 — (sn y/5,) 
sin y | 5, 
Here the polar factor preceding E,9 corresponds to a main lot bh 
of semi-angle about A/2a, with monotonically decreasing sid 
lobes for y > A/2a. Subject to the latter condition, the relatix}! 
magnitudes of the side-lobe maxima are represented by the factc) 
[sin y/(A/2a)|~7, and the contribution to the r.m.s. scattere|) 
field is given, to a good approximation, by inserting 1//2 time)? 
this factor in eqn. (25). Thus eqn. (27) becomes 


2\2. Ea 
Eas =) ne ee 
fe ry sin? y PN, 


and Ep the free-space field strength produced by the source < 
this distance. When the scattering angle y is small, as | 
assumed in the remainder of the paper, L may be identified wit) 
the path length (r; + r2) and sin 8 taken equal to unity. Ther [ 
assuming that no incident energy arrives by indirect path) 
FE; = EoL/r;, and from eqns. (25) and (28), writing y for sin 4 
and unity for sin B, is obtained 


22 2(\ 2 Ey, 
provided that y< o tend ee ae 
e bs i ae a BC 
provided that _ a 


These results are often, though not always, applicable to th 
scattering of the-shorter radio waves, of the order of centimetre 
to metres in wavelength. In optical terms, eqn. (27) correspond. 
to Fraunhofer diffraction of the incident field by a Fourie 
element. The value 2a7/A of r, may be taken as the boundar 


jttween Fraunhofer and Fresnel diffraction and the point 
' which the pattern begins to show a resemblance to the 
y:ometrical form of the scattering element. For smaller 
ystances it becomes increasingly difficult to provide an ade- 
“aate approximation to the pattern in electromagnetic terms. 
Yinally, when ry < 2a?/X (as is often the case for light waves), 
ye pattern corresponds closely to the geometrical form of 
ie scattering element, provided that a>. The side-lobe 
uttern beyond the geometrical boundary, corresponding to 
Jn. (30), is then completely insignificant in magnitude. In this 
Hise it is only the fluctuations in the direction of propagation 
hich are_of practical interest and, following Scott,!° a simple 
culation in terms of geometrical optics is employed. Recent 
wiiticisms of this assumption of validity of geometrical optics 
tr, <a’/A,a>A, by Fellgett2® have been replied to by 
+ egaw.?! 

The effect of the same distribution of N on para-axial rays 
icident on a Fourier element is now considered. Owing’ to the 
Jaallness of N, the linear deviation in traversing the element is 
aall compared with a, so that the transverse gradient of N 
Jiay be considered constant within the element for any ray, 
ii d the y- and z-deflections independent of one another. Thus 
+, small angular deviation, I’, say, in traversing the element is 
"even in component form by 


eaves La! Sees 
r= rae 2(4/2) sin = 098 Nk 
iB ee — 2(4/2) cos sin 72 N, 
GBs a ae 


Thich follow on writing down the expressions for d*y/dx? 
\ AN|dy, d*z/dx? = dN/dz, and integrating over the range from 
gal2 to +a/2. Hence the linear deviation at distance ry is 
wen by 


A, = — 2(/2)r2 sin a cos “Ni 


A, = — 2(\/2)r, cos Y sin we 
a a 

‘Yor rays initially separated in the y-co-ordinate by a small 

stance dy, the difference in linear deviation at distance 

Wrz < 2a?/A) is given by dyd/dy(A,). The relative change of 

)\paration is therefore 


—2n(/ 22 cose 


TZ 
cos — N, 
a a 


‘ad, since the same result follows in the z co-ordinate, the 
‘lative change in field strength on the axis of propagation at 
‘istance r> is given by the negative value of this expression. 

| The average effect of the passage of a pencil of rays through a 
‘gle Fourier element is obtained by taking mean values over 
j-al2 < y<a/2, —a/2 <_z<a/2). Thus the average magnitude 
‘/ the angular deviation in one co-ordinate is given by 


84/2 
i aN (31) 
né correspondingly for the linear deviation, 
84/2 
k= ay. (32) 


vailarly, the average magnitude of the relative change in field 
we igth is given by 


(33) 
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As noted above, these expressions apply when a > A and 
ry < 2a*/A. As ry or X is increased, the pattern produced by 
the element is increasingly blurred by diffraction, and the 
relative fluctuation of field strength on the axis of propagation 
is reduced eventually to the value given by eqn. (29) instead of 
eqn. (33). 

(4.2) Integration over Space 


The integral effect of the Fourier elements in a volume large 
compared with a? is now considered. For the whole volume the 
mean-square relative field-strength fluctuation is 


Ey\2- ze) ae 
rene)... 
v 


where Ep, as before, is the free-space field produced by the source 
at the distance of the point of observation, and £, is the scattered 
field for a single element a>. In general, E, depends on the 
position of an element within v and on the direction of the point 
of observation from the element. The case of Rayleigh scattering 
is the simplest: eqn. (29) applies, with a <A replacing the 
previous restrictions, and substitution in eqn. (34) gives 


E.2 Ay 2 L.q3/2 2 dv 
=) heavens | Ge 
(eh Lv cde Ne 4 , (ryr2)? 
which can readily be integrated if the volume v is specified in a 
simple manner. The same result holds for any value of a/A, 
but for large values it does so only for scattering angles appre- 
ciably less than A/2a at all points within v, and for distances 


greater than 2a7/A. From eqn. (30) the corresponding result 
for scattering angles larger than A/2a is 


E.2 DD JE 2 dv 
Cake bare Seca 
Eo/ ew aie F Vinita) 

Here the integration is complicated by the variation of y within v. 
The conditions for the use of geometrical optics are a> A 
and r, < L < L,; here, for any eddy wave-number k, L;, denotes 
the transition distance 2a?/A, and L denotes the path length 
for a wholly tropospheric path, and for a stellar source the 


distance from the receiver of the most distant element contri- 
buting significantly to the scintillation. Then 


By 2 2 2 
E-Bay 
Eq/k 7 a 
the summation being made along the path of the light beam; 
or is a length element along the path, large compared with a 


but sufficiently small compared with ZL for any variation of 
(N,/a) over Sr to be neglected. Then 


(34) 


(35) 


(36) 


(37) 


( = )= ein =f il (Sea (38) 
ey Sv2 ail a ier (39) 

0 
Ns wan If eye] (40) 

0 


The linear deviation will not require further consideration; 
expressions for A, corresponding to the results to be derived for 
(E/Ep) and [, can be obtained in a similar way. 


Fig. 1.—Geometry for line-of-sight case (diffraction). 


The volume integral (35) applicable to the case L> L, 
(diffraction) is readily evaluated for line-of-sight propagation 
(see Fig. 1). 

The contributions from the side lobes of elements off the 
axis may be neglected in comparison with those from the main 
lobes of elements on or near the axis. The scattered field from 
each element is accordingly taken equal to E,) over the half- 
energy beamwidth, which is y, = A/2a, and equal to zero for 
y>Y.. The angle X is equal to (L — r,)y,/L, so that the cross- 
sectional area is 7(r,X)* = a[y,r,(L — r,)/L]?; the volume 
element dv in eqn. (35) is 7(r,X)*dr>._ The form of the integrand 
of eqn. (35) is valid only when both r; > L, and r, > L,; it 
can, however, be shown that the contributions to (E/E)? from 
elements for which r; << ZL, or r2< L, are negligible when 
L> L,. Then eqn. (35) gives 


ie af 8V2) tr tirgsi2Nk 
Eo k q73/2 a 


(41) 


The evaluation of the integrals (35) and (36) in the case of 
beyond-horizon radio propagation is considered later. 

For path lengths and eddy sizes such that ray theory is valid, 
the expressions for (E/E), and J’, for a line-of-sight path with a 
tropospheric source may be obtained by taking N,/a inde- 
pendent of r in eqns. (38) and (39). This follows since the 
variations of the intensity of the refractive-index fluctuations 
along the path, due to changes of height, are small. These 
require consideration for stellar scintillation, which is discussed 
in the next Section. 


(4.3) Application to Stellar Scintillation 
(4.3.1) Integration over the Height Range. 


In view of the smallness of An at great heights, little error 
results from neglecting refractive-index fluctuations above a 
height H, somewhat greater than that of the tropopause. Then, 
for zenith distances € not too near 90°, the path length 
L~ Hsec € (it can be shown that the effect of mean refraction 
on the path length is negligible). For most of the range of eddy 
sizes, L < L,, and hence r = r, < L;,; also, the condition a > A 
is always satisfied for light waves, so that geometrical optics 
may be used. The small-eddy end of the spectrum is considered 
later. 

It is assumed that, for any eddy size at all heights h up to H, 
N,/a is proportional to the time-averaged gradient, i’(= dn/dh) 
of refractive index. Otherwise the spectrum and its parameters 
a, and a, are assumed to be independent of height; this assump- 
tion is seriously in error only within about 100m of the ground, 
and the contribution to the total scintillation from this small 
height range is not significant. 

The ratio r/L ~ h/H will be denoted by &, and the ratio 
[a’(A)/7’(O)] by G(é). Then, for all values of &, N,/a 
== (N,/a),G(€), the suffix s denoting the value at sea-level. 
Eqns. (38) and (39) then give 


Gye = V2 gn ey (sec oan | cr@erat (42) 
Ss 0 
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to sea-level are used and the suffix s is omitted. 
The values of 7’(h) adopted are given in Table 3: they aj 


are the greater in the lower troposphere because of tlie grea i i 
refractive index of water vapour at radio frequencies. In ti) 


common. These may have a considerable effect on free-spa) 
radio field-strength fluctuations and beyond-horizon rad) 
scatter propagation. However, their effect on stellar scintillatio 
especially for (E/E), [see eqn. (42)], is not of great importanc! 


times and places is taken. 


Table 3 
MEAN REFRACTIVE INDEX GRADIENTS 

h For light For radio 

m-—1! m-! 
km x 10-8 x 10-8 
0 2:9 5:0 
0:5 2°8 4:7 
1 2°7 4:3 
1:5 2°5 4-0 
2) 2:4 3°5 
3 2:2 2:9 
4 2:0 2:4 
5 1:9 D2 
6 1:8 1:9 
8 1:5 1:5 
10 1:3 1°3 
12 1:1 1-1 
14 0-9 0:9 
16 0:7 0:7 
18 0:5 0:5 


In the following, H will be taken as 15km; numerical int i 
gration gives (for light waves): 


1 4 4 

| GH2dE = 0-057 . 2... 

0 i. 

1 l 

and [ eae =0-36°))< er 
0 8 


(For other values of H, between 10 and 20km, the first integr: 6 
is approximately proportional to H—3/2 and the second to H~3/4/ 


(4.3.2) Integration over the Spectrum. 


Since the coefficients N, are assumed to be uncorrelate! 
integration over the spectrum of eddy sizes is performed by inte) 
grating the squares a~1(N,/a)? and a(N,/a)* with respect to | 
(actually k/k,, to keep the dimensions correct). The ‘basic 
spectrum is taken as eqn. (11), assumed to be applicable fe 
ki< k<k,; allowance is made as follows for some modifice i 
tions of eqn. (11) which are necessary in practice. One or mor 
additional cut-offs of the spectrum could be catered for mere] » 
by changing the limits of integration to the cut-off wave number: 1 
Some other effects may be taken into account by multiplyin | 
the spectral density (11) by an appropriate factor. The inte 
grating effect of the finite aperture, A, of the telescope gives 
factor u3(k), equal to (the square of) the spectrum of the apertur 
This is regarded as being one-dimensional, since it is difficu!) 
to take account of the smoothing effect of its second dimensior - 


2. perpendicular to the mean wind; this, however, is probably 
Yotimportant. 3(‘) is given by 


13) = (5) “for k > ¥2 (46) 
d p32) = E z (Ky fork <2 (47) 


the full integrating effect of the aperture, which applies for 
idy sizes a = m/k appreciably smaller than An]r/2, is thus 
reduce the index of the basic spectral law of r.m.s. fluctuation 
y unity. A cut-off of the higher wave numbers by the instru- 
ental time-constant can also be taken into account: the instru- 
sental response may be represented approximately by a simple 
‘ponential with time-constant 7, and then the spectral density 
yerived from the records is j1(k) times the true spectral density, 
here 

bok) = [1 + (krU)?]-12 (48) 


vere, eddy frequencies, f; (which throughout will be measured 
_eycles (not radians) per second, so that the eddy period tf 
‘prresponding to f is f—1) have been converted to wave numbers, 
) dy the relation f= (Uk/27), where U is a constant. This 
ocedure will be further discussed presently. For wave numbers 
bt satisfying k, < k < k, the extension (17) of the Kolmogoroff 
~ectrum is required, giving another multiplying factor 


132@) et E cf el Ae +(5) ap 11/6 (49) 


his last factor must also be taken into account in estimating 


»e r.m.s. value, which will be denoted by N’, of N/a. Including 
mrese factors x2, 2 and p3, eqns. (42) and (43) become 


= 1-57 x 10%(sec £)3/2N’khl2ar— 112 
fe (E) Atomatnaoa(E) 
(ae (50) 
i (ie) wiea(Z) 


= 1-73 x 107 (sec QU2N’ kp 12a1/2 


jG) “eme(G) 
VL GH) 


| is more convenient to work in terms of NV ’, rather than the 
m.s. fluctuation N of refractive index itself; the relation con- 
ecting N’ and N is given in eqn. (74). It is uniquely defined 
y the spectrum. For the simple spectrum (11) the spectral 
snsities (E/E)? and T? are proportional respectively to k4/3 
né k~2/3, 


-seconds of arc (51) 


‘.3 3) Deductions from the Observations. 

The available observations of stellar brightness and angular- 
fizction fluctuations have all been considered in detail, and 
lewance made in the above manner for aperture integration, 
st umental cut-off and the extended form of the spectrum, as 
Sessary. Only the results will be discussed here. The obser- 
a)ons are of variations in time. These are related to space 


MEGAW: FUNDAMENTAL RADIO SCATTER PROPAGATION THEORY 


449 


variations by making the assumption that the atmosphere 
behaves as if it were a homogeneously turbulent stream with a 
uniform mean velocity (denoted by U), large in comparison 
with the turbulent velocities, across the line of sight. Then 
k = 2nf/U. In practice, in the troposphere there are usually 
appreciable variations of the horizontal mean wind velocity 
with height (in addition to the rapid variation near the ground 
due to surface friction, which can be neglected since it affects 
only a small height range, contributing little to the total scintil- 
lation). It will be shown, however, that different sets of obser- 
vations, interpreted on the assumption of uniform horizontal 
mean wind, yield nearly the same form (actually the Kolmogoroff 
form) for the refractive-index spectrum, although the mean- 
wind profiles must vary considerably on the different occasions 
concerned. No really satisfactory explanation of this unim- 
portance of the mean-wind profile has yet been produced. 

A plot of available angular deflection spectra was given in a 
previous paper;! the spectral densities (which are of r.m.s. 
fluctuation) have all been ‘corrected’ to zero zenith distance by 
multiplication by the factor (cos Q)!/2 indicated by eqn. (51). 
The plot shows that for periods t (=f~!) up to about 50sec 
the spectral density is not inconsistent with the law of variation 
tl/3, which, taking k = 27f/U, corresponds to the expected 
variation as k—1/3 in the inertial sub-range. The records available 
do not extend to small eddy sizes (high frequencies), so that ray 
theory is valid and aperture integration is negligible. The 
absence of the high-frequency components means that the true 
value of iv cannot be obtained from the records. It is now 
estimated from the spectrum, which is assumed to have the 
Kolmogoroff form (11) in the inertial sub-range, and, for all 
wave numbers, to be given by eqn. (17); the consistency of the 
values of N’ to be derived from the angular deflection and the 
brightness observations will provide a test of the correctness of 
this assumption. The value of N’ obtained from the deflection 
results will be a mean over the four sets of observations plotted. 
It is necessary to assume a numerical value for the mean hori- 
zontal wind velocity U, and the value of 16 m/sec, representing a 
mean over the troposphere, is taken. Taking the above figure 
of 50sec as the period t,; corresponding to the eddy size a,, 
this value of U gives ay ~ 400m. The frequency f, = t>}, 
corresponding to the known value 2cm of a,, is 400c/s. T? is 
then the integral over frequency (actually over f/f, for dimen- 
sional reasons) of the expression (17) (with k = 2zf/U) multiplied 
by a constant of proportionality, obtainable from the graph. 
The result for the true value of [ is 1-14 seconds of arc. This is 
proportional to k,!/°, and thus differs from the value given in 
Table 2 of Reference 1, since a, was there taken as 10cm. In 
deriving N’ from this by means of eqn. (51), 3(k) and j1(k) 
are, of course, put equal to unity. Numerical evaluation of the 
integrals in eqn. (51) shows that the only change produced by 
the use of eqn. (17) instead of eqn. (11) is to reduce the numerical 
coefficient by 2%, so that 


I’ = 1-70 x Lot mt2N' 4 |= (52) 
Ss 

The value of N’ obtained is 2-4 x 10-7m~!. This differs 

slightly from the value given in Table 2 of Reference 1 because 

of its proportionality to 2/3 and also because of the revision of 

the definition of N, [by the introduction of the factor 4/2 in 

eqn. (22)] since that paper was written. 

The spectral density of stellar-brightness fluctuation, deduced 
from some records of Mikesell et al.,22 was plotted in Fig. 6 of 
Reference 11. The information available relates principally to 
the small-eddy end of the spectrum. If ray theory were valid 
for all eddy sizes, eqns. (46) and (49) show that, for wave numbers 
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k appreciably smaller than k,, but large compared with the wave 
number, 7/A, corresponding to an eddy of size equal to that of 
the aperture (so that aperture integration is fully effective), the 
spectral density of r.m.s. brightness fluctuation would be pro- 
portional to k—1/3, Also, for wave numbers larger than k, 
and 7/A it would be proportional to k~*. The spectral plot 
shows a region closely corresponding to the minus-one-third 
power law. For wave numbers greater than about 4k,, the 
spectral density falls off more rapidly with increase of & than 
ray theory would suggest, owing to the increasing effect of 
diffraction. The zenith distance of the star observed was 51°; 
contributions from refractive-index fluctuations above about 
15km may be neglected, so that the path length L is about 25 km. 
For the main contribution, L is probably not greater than 10 km. 
Then the eddy sizes [equal to about 3(AL/2)!/2] at which the 
attenuating effect of diffraction becomes appreciable are about 
15 and 24cm respectively, corresponding to k/k, = 1/7-5 and 
1/12, for these two path-lengths. The discrepancy between 
these values and the value 4 of k/k, obtained from the plot— 
which, if true, would correspond to a path length of about 
700m and height of 400 m—probably indicates that the increase 
of slope in the plot is due principally to diffraction rather than 
to viscosity, and that the designation of a wave number in the 
centre of the region of changing slope as k, is not valid. Values 


of N’ are now estimated from eqn. (50); the best procedure 
here is to use the values of E/E estimated from the available 
records. Thus, the effects of aperture integration and instru- 
mental cut-off have now to be taken into account. The integrals 
in eqn. (50) are evaluated numerically, the results being the 
values given in Table 1 of Reference 1, divided by the factor «/2 
arising from the revised definition of eqn. (22). The revision of 
the adopted value of a, has negligible effect. These values of 
N’ vary between 0:3 and 0:7 x 10-7m~!, their mean being 
0:5: 105? m=}. 

The observations have also been investigated on the assumption 
of the spectrum (15) given by an exponential correlation function; 
a sharp cut-off is inserted at k = k,, and the wave number k, 
may be taken as J~!. In the inertial sub-range k, < k < k,, 
the spectral density of [’ should now be proportional to 1/2 
(i.e. to f—1/2 or k—1/2); a mean slope of +4 is not excluded in 
the plot given in Reference 1. On the assumption that the 
spectrum of |" derived from eqn. (15) fits the observations for 
all wave numbers, a value of N’ may be deduced in the same 
way as for the refractive index spectrum (17); numerical inte- 
gration gives (to within a few per cent) the same result as is 
obtained by assuming a simple refractive-index spectral density 


proportional to k~'/?, corresponding to eqn. (11). Then the 
following corresponds to eqn. (52): 
loa? 
T= 1-70 x, 10771/2NV’ i LS (53) 


Ss 


The value of [’ obtained is 0-49 second of arc, so that 
N’ = 6-5 x 10-§m-! 


Including aperture integration, the ‘exponential’ spectrum 
gives a spectral density of r.m.s. brightness fluctuation pro- 
portional to k~1/?, compared with k~1/3 for the Kolmogoroff 
spectrum. The experimental results plotted in Reference 11 
fit the latter spectrum better. The mean of the values of N’ 
derived from the results for brightness fluctuation summarized 
in Table 1 of Reference 1 by numerical integration, using eqn. (15), 
is 2-5 x 10-7m~!. There is a similar difference (although in 
the opposite sense) between the two deduced values of N’ for 
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in the absence of direct measurements of the refractive-inc)~ 
fluctuations, e.g. by refractometer, be regarded as being incc}) 
sistent with either spectrum, since the two types of observatij” 
were made at different times and places. The important effq 
of an apparently small change in the form of the spectrum |) 
however, well illustrated by the change by a factor of 19 in t} 
ratio of the deduced values when taken in the same order. 
The spectra deduced from each type of observation are slighy 
closer to the Kolmogoroff form than the exponential form. |» 
view of the limitations and the small number of the scintillati) 


Kolmogoroff spectrum is as good as could be expected. Recallil: 
the substantial support for this form of the spectrum from theou: 
its use seems amply justified. 

Rough calculations for some spectra, which differ mej - 
markedly than the ‘exponential’ spectrum from the Kolmogords: 


which are widely different. 0 
these spectra (including that used by Villars and Weisskopl)> 
are inappropriate. “¢ 


(4.3.4) The Dependence on Zenith Distance. ss 

The dependence of E/E, on zenith distance is now discusses 
The results in this Section will hold for any form of the refracti® 
index spectrum, provided that it is independent of the horizont}s 
co-ordinates, and also of the height, apart from a variation ') 


for all eddy sizes, then for each size (and therefore for tir 
integral over the spectrum), (E/E)), would be proportional #/ 
(sec €)3/2, : 
If the diffraction treatment (Rayleigh scattering) were val) 
for all sizes, i.e. if the path length L exceeded the value of 207, 
for the largest significant eddies, E/E) would be proportional tp 
(sec Q)'/2, In practice, ray theory is valid for all but the smalle}) 
eddies when the zenith distance is fairly small (furthermore, tls 
effect of the smallest eddies is reduced by aperture integratio ob 
and wave theory applies for a considerable portion of the ranji 
of eddy sizes when the zenith distance is not far from 90°. . 
above types of dependence on ¢ are quite well supported by thy 
observational results plotted in Fig. 7, Reference 23. 


Th 
plot shows a trend towards independence of € as € -+ 90°; tH 
failure of the approximation L ~ Hsec € is probably ne 
significant here. However, since the fluctuations are by ni 
means small for stars near the horizon, in the limit of larg! 
path-length an approach to a Rayleigh distribution of brightne:! 
fluctuation, independent of L, is to be expected?! i 

(The assumption made throughout the paper, that the fluctus 
tions discussed are small, is otherwise always valid; it effects } 
great simplification of the work.) 

The considerable bandwidth of the light radiation, neglectet 
up to now, also requires consideration. It makes no differenc 
when ray theory is valid for all wavelengths and eddy Sizt} 
involved, and thus does not appreciably alter any of the resul} 
of the foregoing discussion of spectra. However for far-fiel) 
conditions (L > 2a?/A, for all values a) the r.m.s. fluctuatio! 
E/E, is proportional to A~!; in the limit the fluctuations i) 
adjacent intervals of the wavelength range are completely uncoi! 
related. In the intermediate zone there will be approximatel) 
full correlation if AA, the difference between the extreme wave. 
lengths present, is less than Ao, and approximately no correlatio’ 
if AA > Xo, where Ag is some critical wavelength. For th 
latter, it seems plausible, after Nettelblad,24+ to take the valu 
a?/L. L will be taken as (10sec £)km and a, as 2cm, so the 
No = 4 x 10°cos fem. In starlight the range AA is abou 


a 


‘x 10~cm, so that, except when a narrow-band optical filter 
ivused, there will be some reduction in E/E, effectively increasing 
/€ monochromatic reduction by diffraction, except when the 
vlescope aperture is appreciably greater than a,\/(AX/Ao) 
» 4-4 (sec C)'/2cm. This is consistent with the result of 
jettelblad** with € ~ 40°, that for A = 8-9cma change of AX 
oom 2-2 to 1-0 x 10~5cm has a just-negligible effect. When 
A> Xo the contributions of successive intervals of Ao in the 
avelength range will add randomly, and E/E, will be multiplied 
y a factor, m~1/2 say, 


~~ eaes = | as Gnin 

TON (LAA)!/2 (LA))!/2 
there is a cut-off at an eddy size a,,;, > a,, e.g. due to the 
perture A; taking a,,;, = A,m—12 ~ A(sec 0)—1/2(AA)—1/2, so 
fat in the far-field limit when L > 2a?/A for all values of a, E/E, 


nould be approximately independent of A and sec, and 
yoportional to (AA)~ 1/2, 


(4.4) Application to Radio Free-Space Propagation 


i} Radio scintillation, i.e. the small fluctuations of electric-field 
«tensity experienced on line-of-sight paths at radio wavelengths, 
)now considered. For radio waves the much longer wavelength 
yvolved means that, over most of the range of eddy sizes (and 
vr all of it for metre waves), wave theory is required; for A = 3m 
'é extreme values of L;, = 2a2/A are 2a2/A = 2:7 x 10-2cm 
4 2a7/X = 108km; for A = 3cm they are 2-7cmand 10800 km, 
» that, for practical path-lengths, ray theory must be used for 
ne largest eddies. This more general case is now considered. 
}m exact analytical treatment of the eddy sizes in the transition 
yone, i.e. for values of a, and distances r, of the Fourier element 
Nader consideration from the receiver, such that 2a?/A lies 
Hstween about r, and 10r,, would be very difficult. The best 


| 


pat can be done analytically is to select a particular eddy size, 
).,.. then use the ray-theory expression (38) for all larger eddies 
jad the wave theory expression (41) for all smaller eddies. In 
yin. (38) N/a is taken to be independent of the position r on 
te path, since the height variations along the path are small. 
‘he value of a for which eqns. (38) and (41) become equal is 
guosen for a@,,, 1.€. Ay, = (LA)1/2, Strictly, the integrations over 
se path and over the spectrum should be combined, since, for 
intues of a near an, different scattering laws may be required 
we different values of rz, e.g. for r2 < Landr, ~ L. However, 
‘can be shown that neglect of this fact does not cause serious 
(ror, provided that a reasonable value of a,, is employed, such 
}. the present value (ZA)1/?, for which _(mean 12) = L/2 
t4(2a2,/X). Eqn. (54) gives the result for E/E . In_the main 
ctor the spectrum (14) is used, the contribution to E/E) from 
irge wave numbers being very small. In the introductory 
ctor, negligible error is caused by using eqn. (11) instead of 
yn. (17). 


d ~ 23/2 4/3 —1/2 
| oe ie 2 1 
0 312] \ky 


kslk1 


freee | Ol) 
oe 1/2 


is 1 of RY One es 
pei 2) hy = d\ 
bagaee | Ga ihe 7) 
0 
( »lk,)? = 1, the first integral is approximately 


ame) | 
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while if (k,,,/k,)* < 1, the second integral is approximately 
Kml1)°(1/6) 


otherwise numerical integration must be used. If the numerical 
values of L and A are given, graphical integration may be 
employed, using a sketched junction between the refraction and 
diffraction ranges. It can be shown that the error in the derived 
value of E/E, should not then exceed a factor of about 4/2. 

This process has been carried out for the particular case 
A = 10cm, L = 100km. Several sets of observations for 
path lengths and wavelengths near these values have been pub- 
lished.?5»26 The values of E/E) for A = 10cmand L = 100km 
which correspond to these experimental values may be obtained 
to sufficient accuracy (the magnitude of the correction in no 
case exceeds a factor 2) by assuming proportionality to 
L5/4A—1/4, the law of variation in the transition region. For 
each set of observations the recorder time-constant was appre- 
ciably less than lsec, and its effect hence unimportant. The 
value of a,, is 100m, the usual values, 400m and 2cm, of a, 
and a, being taken. : 

The experimental values of E/E ) were each about 0-5dB, 
and the corrected values average 0-6dB. Denoting the values 
of N’ at any height 4 appropriate to radio and light waves by 
N (A) and N;(h) respectively, the derived value of N’(0) is 
25 x 10-7m—!. The astronomical deflection and brightness 
observations respectively give r.m.s. values of N/a of 2-4 and 
0:5 x 10-7m~!. Throughout the discussion of stellar scintil- 
lation it has been assumed that Ni(h) is proportional to the 
gradient 7,(h) of mean refractive index at all levels. Thus, the 
mean of the values for Nia, namely 1:45 x 10-7m7—!, gives 
that for N;(0) in the astronomical case. Making allowance for 
the greater effect of water vapour in the contribution to refractive 
index at radio rather than light frequencies [given by the ratio 
of ii’(0) to 7,(0)], the corresponding value of N’(0) is deduced 
to be 2-5 x 10-7m—!, compared with the 25 x 10-7m~1 
derived from the radio observations. 

The astronomical observations are relatively insensitive to 
the condition of the lowest layers of the atmosphere. It may 
thus be concluded that N’ at low levels is considerably greater 
than is suggested by the assumption of proportionality to the 
mean gradient. Assuming that the enhancement of N’ near the 
surface decreases with height at the same rate as the water 
vapour contribution to the mean refractive index gradient, the 


following expression for N’ results: 


[ A (h) 
Faith ae uA) righ) 
N’(h) = 2-5 x 10 FO 1+9 vO _, (55) 
nj; (0) 


The values of #’ and 7; are given in Table 3. 


(4.5) Application to Radio Scatter Propagation beyond the 
Horizon 


(4.5.1) Integration over the Scattering Volume. 

Radio-wave propagation in the region beyond the horizon is 
now discussed. 

The geometry for the general case is illustrated in Fig. 2. The 
effective radius of the earth for radio propagation, taking account 
of the height gradient of mean refractive index N, is denoted 
by R, and the angle between the tangent planes to the earth from 
the transmitting and receiving aerials by «. It will be assumed 
that the beam widths and « are small in comparison with a 
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Fig. 2.—Geometry for beyond-horizon case (great-circle plane). 


radian. This is usually permissible in practice for centimetre 
wavelengths; actually, the error is not serious should the beam 
widths in just one plane not be small. Denoting by dp the sum 
of the horizon distances 1/(2Rh,), 1/(2Rh) of the transmitting 
and receiving aerials, it is assumed that dp is sufficiently smaller 
than L to make the diffracted field negligible. 

The heights must still be large enough to keep the elevation 
of the lowest lobe negligible compared with @; or 63. This 
condition is nearly always fulfilled in practice at centimetre 
wavelengths, but not necessarily for longer wavelengths. Account 


of the variation with height of N’, assumed to be given by 
eqn. (55) and Table 3, is taken by assuming that the value appro- 
priate to a particular height 4, whose selection is discussed later, 
applies for all heights. Then for all values of k, (N/a), is assumed 
to be independent of height. 

It is assumed that 0, is of the same order of magnitude as 65, 
and ¢, as $9; this is normally satisfied in practice. It can then 
be shown that little error is caused by taking the elevation semi- 
beam-widths both equal to (6,0,)1/2, = 6}, say, and the azimuth 
semi-beam-widths both equal to the lesser of ¢, and ¢, = 41, 
say. The beams are assumed to be ‘rectangular’. 

First consider the case of off-axis scattering, ie. A/2a < y < 1. 
It is then required to evaluate eqn. (34) over the scattering 
volume v. Then 


a) JJ =I. 
ENS G =) a~3dv (56) 
ae Ey k 
with domain of integration: 0<¢<4,,0<y%< > = > 


0<0@<6,. An element of volume, dv, in these co-ordinates 
0, ws, ¢ takes the form 


= é) (1 — Chddarpdd . 


Sey 5 a 
dv = (5) A sec (¥ -$ (57) 
Also, 
i= oe r= ez where C=6 tan(y -5 ~ é) 
_ 2/ a + 6 + ¢7] 
“of a RCO Rap 


Then, substituting the expression (30) for (E,/Ep);, considera- 
tion of the integral, without further approximation, gives 


eh = 2 Were! (1 2)" (2) Do. b) (58) 


N 
= aie (— Or savar 
ask 


D*(p,, 6) 


(59) 


where 
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bp; 1 bp, M 
Pas tan arc i 
| 4 ra + p[0 +)? +73] *a+p; G +p 
0 
Aen 
te (145) 
(1+ a 1+5| ai 


Here p = 20/x and b= ¢;/0;. The factor D gives tl ee 
magnitude of the well-known feature of scatter transmission \\ 
giving a reduction in the effective combined gain of the tran) 
mitting and receiving aerials below the sum of their plane-way)~ 
values, as a function of the beamwidths. Table 4 gives values i: 


Table 4 i: 
VALUES OF D(p,, b) 


to be of the form given in ean) (17). Then 


kx 13 1/2 
= —1 

(z) 

k, 43 

k, 

[If the simple form egn. (11), assumed to apply for all values of # 

in the range ky < k< k,, is used, the only change in eqn. (61). 


is that the numerical coefficient becomes 2.] 
In the troposphere, (k,/k,)'/3 > 1, so that 


E 
— = Qal2N'()1-96 
Ey 


~ 


= _290enG@ | a 
Eo 


Throughout, all lengths are to be measured in metres, unles{i 
otherwise stated. 

For an eddy size such that y < A/2a, manipulation of th)’ 
result of substituting eqn. (29) in eqn. (34), with no furthe 
approximations, gives 


(),~|v2G) aren) Pag 
x  209°(1 eed 


This is the case of Rayleigh scattering, and holds for an 
value of A/2a, provided that, if A/2a is small, L > 2a2/A. iy 
practice, the first term in eqn. (63) can be shown not to excee 

5% of the second, and is usually much less. Hence 


) + Pp; log.(1 +p | (63) 


Ey _ 16/2 Neteee | 
tal Saeed ae >—* [20:41 log. (1 + p,)]'2 (4, 


N; 
= Sa5!2—X, say «a 


'’ the condition of validity, y < A/2a, holds over the whole 
nge ky < k< k,, a sharp cut-off at k = k, may be assumed, 
mee the integrand is small for large values of k, and then, if 
“astrumental cut-off is negligible in the range k < ike 


ey = f af saiPN (2) —2/3 


q deriving eqn. (66), eqn. (11) is used; if eqn. (17) were employed, 
| large contribution would have come from k <k,, but in 
actice, even for wavelengths as large as 10m, usually 


y > Aj2a for k < ky. 


)..5.2) The Transition between the Two Scattering Functions. 

| In general, the transition between the two ranges of wave 
yumbers defined by y > A/2a and y < A/2a falls within the 
wange k,-k,. Strictly, the full expression (27) should be used 
1. the integrations over the scattering volume and spectrum, 
ith the appropriate expression for y in terms of the geometry 
/f the problem inserted in the polar factor of E,. However, 
"ae variation of y over the scattering volume is bounded by the 
jagles « below, and (« + 26) (somewhat more if 4; > 6) 
«ove, so that for eddy sizes given by 


pee i 
DL od) eae fae 


(66) 


(67) 


> A/2a throughout the scattering volume and for sizes given 
ay 


a< (68) 


m\ 
——<———- = @Y>, Say . 
ACEI tee 
. < A/2a throughout the scattering volume. The integration 
‘wer the spectrum may then be performed graphically, using a 
«etched transition between the two ranges of eddy sizes. 


5.3) The Metre-Wave Case. 

’ The metre-wave case is, in general, more difficult than the 
entimetre-wave case because of the effect of earth reflection. 
n general, this must be taken into account in the volume integral, 
nless the aerial heights R, and R, are sufficiently large, when 
ae integration can be carried out in the same way as for centi- 
xetre waves. For the largest wavelengths the relation y < A/2a 
jolds for nearly the whole of the common volume and the 
hole spectrum. For example, consider a range, L, of 400km 
ad wavelength, A, of 10m. Approximate account of the largest 
dies, for which y > A/2a, is taken by assuming the expression 
6) to hold for all eddy sizes considered, with the large eddy 
ut-off taken at aj = 2°5 (A/2ymax) instead of aj. Taking 
,=O-1rad and Ya, = « + 20; = 0-25rad, ay = 50m and 
.[k, = 2-5 x 103. The height, h, may be taken as the height 
f the centre of the scattering volume (in any case the height 
‘ariation of WN’ is only slow), here roughly 6km. Then, if 
; = ¢; = 0-1rad, eqn. (66) gives E/E) = — 79dB, which is 
uite close to typical centimetre-wave results for the same 
sistance. The theory shows directly that the wavelength 
ependence of E/E, is only very slight in the centimetre-wave 
and. 

.4.4) Further Discussion of the Centimetre-Wave Case. 

’ The remainder of this Section treats the centimetre-wave band, 
a which the effect of earth reflection, to be considered presently, 
' usually small. The result, eqn. (59), is valid when a > ay, 
wt eqn. (64) should be used when a < ay. The integration 
er the spectrum (i.e. over wave number) is then performed 
#axhically, using the refractive-index spectrum (17) and a 
«eched junction between the two above ranges of eddy sizes. 
Soxsideration of the results obtained for a number of different 
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wavelengths (in the centimetre-wave band) and different distances 
give an interesting result: in each case integration of eqn. (59) 
just over the range ky << k < ky, using the simple refractive- 
index spectrum (11), gives very nearly the same result. It will 
therefore be assumed that this procedure is correct. In the next 
Section a direct theoretical indication of the importance of the 
wave number ky, will appear. 

For the shortest paths and wavelengths (e.g. 3cm) and the 
largest eddies, the condition of validity of wave theory, or 
ry ~ L[2 > 2a?/X, is not satisfied; e.g. for the shortest likely 
path-length in practice (about 80km) and A = 3cm, it is not 
satisfied for a = (LA/4)'/2 > 25m. For values of a greater 
than about 3(LA/4)!/2, ray theory is valid. The contribution 
from such eddies to the scattered field strength at the receiver 
is zero, since the scattering angle is appreciable [space variations 
of the time-averaged refractive index (1 + N), especially abrupt 
variations, can, of course, contribute to beyond-horizon 
propagation]. This reduction in the contribution to E/E» from 
eddy sizes greater than (LA/4)!/2 may be taken approximately 
into account by limiting the integration of eqn. (59) to the 
range a< a, = 2(LA/4)!/2 = (LA)'/2. The general result is 
then 


E Ay! 
ee = ON'(h)M (69) 


where, if a, < aj, 


1/3 1/2 
M = 1:39; 63] (2) -1| 
1 


and if a, > a;, a; is written for a, in eqn. (70). Since a, and 
ay, are proportional only to All2 and A, respectively, the wave- © 
length dependence of £/Ep is only slight. 

Calculation, using the method of Domb and Pryce,?’ for 
typical cases suggests that for centimetre waves the effect of 
earth loss and earth reflection can be allowed for by the insertion 
of an additional multiplying factor in eqn. (69), equal to +24dB 
at 50 nautical miles (92-7km) increasing to +4dB at 300 
nautical miles (556km). Atmospheric attenuation gives another 
factor in eqn. (69), equal to about —6 x 10~-?dB/km = 
— 1-1dB per 100 nautical miles. The unimportance of the small 
eddies means that the effect of the recorder time-constant is 
negligible. 

Consideration of the variation with @ of the integrand of 
eqn. (56) shows that the value of A to be used in eqn. (69) is 
given, in the present case of centimetre waves and narrow beams, 
by 


(70) 


pat oa eee (71) 


—7 2’ 
5 Te +8 x 10 6 | 


In the last term a quantity with the dimensions of length 
(expressed in metres) has been absorbed into the numerical 
factor. The first term is simply the height of the earth-tangent 
intersection; this is a lower limit, since the contribution to the 
scattered field from refractive-index fluctuations below the 
horizon of either transmitter or receiver can be shown to be 
completely negligible. 


(4.6) Comparison with Other Theoretical Work on Radio Scatter 
Propagation 

No detailed consideration of the relation between stellar 
scintillation and the spectrum of atmospheric turbulence seems 
to have hitherto appeared in the literature. Several theoretical 
discussions! »3-6»28 have been given of beyond-horizon radio 
scatter propagation. In all, as in the present treatment, multiple 
scattering is neglected; this is valid for the small refractive-index 
fluctuations involved. The present treatment was designed to 
take account of all effects important in practice, with particular 
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reference to the considerable variations which, in fact, occur 
within the scattering volume. The alternative treatments avail- 
able largely ignore these variations, with the result that more 
rigorous basic formulations can be achieved. These treatments 
arrive at a result equivalent to the following: the ‘scattering cross- 
section’, a, is given (Batchelor,® but using the notation of the 
present paper) by 


Ey? r3r3 4N? sin? B 
= = K7F(K) . 72 
z (z) Dv 128sin4 y/2 w(K) (72) 
her air ey, 
where K= i sin z 


and rj, r, and y are assumed to be constant over the scattering 
volume v. The fact that the spectral density enters into eqn. (72) 
so directly gives further support for the emphasis laid on the 
direct consideration of spectra, rather than correlation functions, 
in the present work. A comparison of eqn. (72) with the results 
of the present paper may be made by omitting the consideration 
of variations within v, i.e. using eqn. (36) with y, r; and r 
assumed to be constant. This gives 


FINO 9) 
(=) ox (Siar) v f (73) 
Eo/ x 17 al yArrirg 
For the spectrum (17), numerical integration shows that 
N = 1-30a!/3a2/3N’ (74) 


For the purposes of the present comparison it may be assumed 
that a, > a,. A typical value of (a,/ay,)'/3 for centimetre waves 
is 4, so that (a,/ay,)'/3 — 1 = }(@,/ay,)'7. Then, integration 
of eqn. (73) [assuming spectrum (11)] only over the range 
ky}<k< ky, ~ K, and substitution from eqn. (74), gives the 
result 

o = Bk2I3A~113y— 11132 (75) 
B = 3216/377-14/3[(4/2)/1 +30]? = 0°17 (76) 


The length / in Batchelor’s® eqn. (10) may be taken equal to 
the integral scale derived from the spectrum (17), i.e. 0°24a). 
The expression (11) may be used for F,(k), since ki < k < k,; 
substitution gives 


ow 0: 80)4N? 
~ 128(y/2)18 


since the polarization factor, sin? f, is, in practice, nearly equal 
to unity, and y is small. Two errors appear to be present in 
Batchelor’s eqn. (10): the index of sin y/2 should be 11/3 and 
not 13/3, and the last factor should be (47/AI*)/3. Thus, the 
present work agrees with the rigorous result, apart from a 
numerical factor of 5:2 (7-2 dB). 

A comparison between the results of the present paper and 
those of Batchelor [eqn. (72)] for on-axis scattering may be 
made as follows: Take the limit of eqn. (72) as y > 0, again 
using the spectrum (17) for F,, and putting k, = w/a, = 0-24zm/1. 
The result is 


where 


1/3 bs 
Ces == 0-89KAI3A—13y— 111342 (77) 
1 


o = 5-9N?X-! sin? B(2ml/A)3 (78) 
Numerical integration of eqn. (35) over the spectrum (17) [with 
f dv](ryr2)* taken equal to v/(r;r2)] gives 
o = 3-8N2A—! sin? B(2r1/A)? (79) 
It may be noted that the result (2v) of Booker and Gordon,? 
when y = 0, is 
o = 4N7)~! sin? BQzl/A)> . (80) 
recalling that (Ae/e)?, in Booker and Gordon’s notation, is 
equal to 4N*. The numerical coefficients of eqns. (78) and (79) 
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are very sensitive to the precise value of the ratio //a,; adoptec)):: 
On account of the high negative power of k in eqn. (35), th) 1s 
principal contribution to eqn. (78) comes from wave number ns 
k < ky, and the value of the constant in eqn. (78) depends ver 
much on the accuracy of spectrum (17). In view of this uncer 
tainty, the agreement of eqns. (78), (79) and (80) may b 
considered satisfactory. 

For the case of ray theory, eqn. (38), with the integral take) 
equal to (N,/a)?L?, may be considered. This is now comparedy 
with Bergmann’s”? result, which (in the notation of the presen}: 


paper) is given by 
2 SoA 1 3K * d3p(r) dr 
Ep 15 PRM Garon A 


for the refractive-index correlation function p(r). This resul 2 

is most conveniently applied to the Gaussian correlatio1)» 

pt) =e. 
For this, 


(81) 


E 

Eo 
The result of integrating eqn. (38) over the spectrum, with WN, 
taken as the spectral density corresponding to p(r), is 


TT ~ ~ 
= —_73/2[-312N = 0-57L3/21-312N 
4/30 


i 2 1312-320 = 0-37L321-32.N 
m2 3a 
Again, the agreement may be regarded as satisfactory. 


(5) CONCLUSIONS i 
The identification of the source of refractive index fluctuations) 


limitations of available meteorological knowledge, the spectrum} 
of the refractive-index fluctuations, assumed to be the same as 
that of the velocity fluctuations, has been predicted from the a 
universal equilibrium theory of turbulence. Analysis of stellatl: 
scintillation data has provided confirmation for this theoreticali? 
form. This, in conjunction with radio (free-space) fluctuation}! 
data, has been used to obtain the height variation of the refractive- 
index fluctuation intensity. if 
The present treatment of the radio scattering problem includes}! 
detailed consideration of the influence of the geometry of the! 
scattering volume on the signal levels in the region well beyond} 
the horizon. By introducing simplifications in this treatment,® 


it is possible to make comparison with the results of alternative} 
Satisfactory agreement on the form of the scattering cross-section | 
is then achieved. 


but less-comprehensive treatments based on idealized models. 


; 
q 
| 


i} 


(6) EPILOGUE . 
The material presented in the paper has been carried to the} 
point reached by Dr. Megaw at the time of his death. It appears 
that he had not then made a detailed numerical application of) 
his latest results for comparison with practical observations. 
In his treatment of the beyond-horizon scatter propagation) 
problem, a comprehensive discussion of the influence of the} 
geometry of the scattering volume on the magnitude of the| 
received field is given. However, the analysis implies a less 
rigorous form for the scattering cross-section than that recently 
obtained by Batchelor.© As pointed out in Section 4.6, a 
reduction in the estimate of the beyond-horizon scatter field of” 
the order of 7dB is thereby caused. In addition, it appears that 
the integration over the spectrum of turbulence should be 
extended to the largest eddy size a,, and the assumption of a 
cut-off at an eddy-size a, (a, <a,) ignored. If these modi- 
fications are made, the benefit of Dr. Megaw’s thorough treat- 


ment of the other factors of practical importance is retained, 
and it is felt that an exceptionally good theoretical treatment for 
entimetre waves results. 

Table 5 compares Dr. Megaw’s experimental results! at 
“10cm with the estimated results based on the original treatment 
given in the present paper, and also those including the modi- 
Hications just described. 

Table 5 


COMPARISON OF OBSERVED AND CALCULATED SCATTER FIELDS 
AT 10CM; NortH SEA EXPERIMENT, 1949 


E|Eo 


Calculated 


Observed 
Unmodified 
theory 


Modified 
theory 


Nautical miles dB dB 
50 —58 —49 
100 —65 —56 
150 —74 —65 
200 —82 —73 
250 —92 —84 
300 —102 —94 


The calculations of scatter field take account of the change 
u the adopted value of the smallest eddy size made since the 
comparison of theory and practice was given in Reference 1. 
itis seen from the Table that the modifications suggested above 
isive a closer agreement with the observed results than the 
odified treatment. As pointed out in Reference 1, the 
pronounced ‘hump’ in the observed results near 150 miles is 
irobably due to the increased intensity of turbulence associated 
with the cloud layer at about 1-2km. [If this feature is ignored, 
ithe modified results for the ratio of scattered to free-space fields 
e within 2 dB of those observed. While this very close numerical 
agreement between theory and observation may be partly 
Vortuitous, having regard to the limitations of the available 
“ata from which the refractive-index fluctuation intensities were 
derived, the similarity of slope of observed and calculated curves 
onfirms the adequacy of the theory. Recently, the practica- 
ibility of obtaining adequately representative data for the lower 
Qeights in the atmosphere has been realized; it is desirable to 
Nextend the scope of this type of data for practical application of 
Or. Megaw’s analysis. 
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AN INSTRUMENT FOR THE ABSOLUTE MEASUREMENT OF LOW-LEVEL 
MICROWAVE POWER IN THE 3cM BAND 


By Professor A. L. CULLEN, Ph.D., B.Sc.(Eng.), Associate Member, and H. A. FRENCH, Ph.D., B.Sc.(Eng. fi 


(The paper was first received 8th September, 1956, and in revised form eae tae 1957. Jt was published as an INSTITUTION MONOGRAPH |) 
in May, 1957. 


SUMMARY 

The paper describes an instrument termed the ‘vibration wattmeter’ 
which consists of a cavity in which is suspended a thin metal rod 
mounted on a fine glass spindle with a quartz fibre suspension. The 
rod is free to execute torsional oscillations in the horizontal plane. 

The oscillating system receives periodic impulses from the inter- 
action between the metal rod and the electromagnetic field within the 
cavity, and by the automatic switching of the microwave source a 
steady amplitude of mechanical oscillations can be maintained. The 
amplitude of these oscillations is measured by means of a small mirror 
attached to the spindle and a lamp-and-scale arrangement. 

The relationship between the power delivered to the cavity and the 
amplitude of the mechanical oscillations can be found theoretically, 
and with knowledge of the specific couple of the quartz fibre suspension 
and of the damping factor of the mechanical system, measurements 
of power can be made. 

The instrument measures microwave power with an error estimated 
as not exceeding +2%. The measurement is absolute, since the calibra- 
tion depends only on measurements of mass, length and time. 


LIST OF PRINCIPAL SYMBOLS 
B = Capacitive shunt susceptance for detuning element. 
E = Electric field strength. 
fo = Frequency of electromagnetic waves. 
Af = Frequency bandwidth. 
Qo, Qr = Unloaded and loaded Q-factors of cavity. 
J = Moment of inertia. 
k = Specific couple of quartz fibre suspension. 
M = Mechanical magnification factor. 
P = Power. 
T = Torque. 
W = Electromagnetic energy. 
x = Co-ordinate specifying deviation from resonance on 
universal resonance curve. 
@ = Angular displacement. 
6) = Angular amplitude of mechanical oscillation. 
Op = Value of @ at which resonance occurs. 
A@ = Angular bandwidth (corresponding to Af). 


(1) INTRODUCTION 


The use of radiation pressure and allied phenomena for the 
absolute measurement of microwave power has been described 
previously. None of the instruments hitherto developed, how- 
ever, is capable of measuring low power levels of the order of a 
few milliwatts or tens of milliwatts with sufficient accuracy to 
justify its use as an absolute standard, and it is the purpose of 
the paper to describe such an instrument suitable for microwaves 
of about 3cm wavelength. 

This instrument makes use of the principle of mechanical 
resonance used in the vibrational galvanometer and will be 
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called the ‘vibration wattmeter’. It will be shown that the defle 4 
tion obtained in an instrument of this type is proportional tft 
4/ (power/frequency), whereas, for example, the torque-operate}y, 
wattmeter described by Cullen and Stephenson! gives a deflectio|x 
proportional to (power/frequency). Thus the new instrumer}) 
has an advantage for measuring small powers at higher frequencie;), 

On the other hand, unlike the torque-operated wattmeteijr 
which is a reflectionless transmission device, the vibration wat 
meter terminates the waveguide with an impedance which varie} 


that no error arises from this fact. 


(2) PRINCIPLE OF OPERATION 


The present instrument employs a rectangular cavity sur a 
porting the Ho;; mode as shown in Fig. 1. 


4 


The cavity is Cor) « 


RECTANGULAR 
CAVITY SUPPORTING 
H MODE 


SS 
i SS 
DIAPHRAGM J v7) ¥ 
DIRECTION OF 7 LAMP AND 
ELECTRIC FIELD SCALE 


Fig. 1.—General arrangement of simple form of instrument. 


structed from standard 0-9in x 0-4in waveguide (interne 
dimensions) and has its broad face in the vertical plane. Th’ 
glass spindle carrying the dipole passes vertically through thi » 
narrow faces of the guide and hangs freely under gravity. Thi 
dipole is mounted in a plane at right angles to the axis of th!’ 
spindle and is located in the centre of the cavity, where the elec! 
tric field intensity is a maximum. A copper diaphragm with /) 
coupling hole is fixed to the input flange, so forming the closin 
wall of the cavity. The mechanical force experienced by the row: 
and the effect of the rod on the resonant frequency of the cavit)|s 
are now considered separately. i 

In the absence of the rod the electric field is wholly transverse» 
If the rod, which acts as a non-resonant dipole, is now introduce) 
at an angle 6 [see Fig. 2(a)], there will be a perturbation 0} 
the electric field; lines of force will terminate on one end of thi 
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Fig. 2.—Cavity with vibrating dipole. 


(a) General arrangement. 
(6) Equivalent circuit with lumped constants. 


dipole, and similarly lines of force will leave the other end to 
erminate on the waveguide wall. The dipole therefore acquires 
ae induced dipole moment, and a torque is exerted tending to 
lalign it in the direction of the unperturbed electric field, i.e. 

increasing 0. 

In considering the effect of the rod on the resonant frequency 
of the cavity, it is first noted that the dipole behaves as a variable 
capacitive shunt susceptance which is a function of the angular 
position of the dipole [see Fig. 2(b)]. Thus, the resonant fre- 
quency of the cavity will depend on the angular position of the 
dipole. The instrument is adjusted so that the cavity is resonant 
fat the frequency of the energizing power when the dipole is at 
45° to the transverse plane. This is also the relaxed position of 
the quartz fibre. The size of the coupling hole is chosen so that 
with the dipole at the resonance angle the instrument presents a 
atched termination to the waveguide. 

If now the mechanical system is made to oscillate as a torsional 
endulum with 0 < @< 90°, the resonant frequency of the 
avity will vary periodically over a range which is dependent 
upon the amplitude of the mechanical oscillations and upon the 
Ibcharacteristics of the dipole. If under these conditions of 
orsional oscillation the microwave source is switched on, then 
as the dipole passes through the 0 = 45° position the electro- 
magnetic resonance rapidly builds up and decays, subjecting the 
echanical system to an impulsive torque. This impulsive 
torque acts twice in each cycle, once in an accelerating and once 
in a retarding sense. If the microwave power is suppressed 
during the half-cycle in which the retarding impulse would occur, 
orsional oscillations can be maintained. If the switching is 
arranged to take place near the extreme positions of the oscillating 
dipole, when the cavity is almost completely detuned, the precise 
‘instant of switching is not important. 

The amplitude of these oscillations is clearly dependent on the 
electric field strength and so is a measure of the microwave power. 
his is the principle of operation of the instrument. 


(3) THEORY OF OPERATION 
In this Section the basic equation relating power to the ampli- 
ude of the mechanical oscillations of the suspension will be 


eveloped. 

As in an earlier paper on the use of mechanical forces for 
‘crowave power measurement, 3 use is made of the adiabatic 
invariance of action, proved for an electromagnetic resonator 


« VoL. 104, ParT C. 
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Fig. 3.—Loss-free resonator and detuning rod. 


by McLean.* Referring to Fig. 3, consider a loss-free resonator 
containing a rod (also assumed to be loss-free) which can 
be rotated about an axis perpendicular to its length, its 
position being measured by the angle @ shown in the Figure. 
Suppose that the resonator contains electromagnetic energy W, 
the field components oscillating at a frequency fo. Now suppose 
that the rod is rotated through a small angle 50. Let the change 
in the frequency of oscillation be fo. Then, by the action theorem, 
there must be a change dW in the energy stored in the electro- 
magnetic field given by 


— ==> ...... GA) 


However, conservation of energy shows that there must be a 
torque T acting on the rod which can be expressed as 


ON = TOON VAG ARN ee se) 
By combining eqns. (1) and (2), in the limit 
_ W do 
= eet ca at os (3) 


In a practical cavity, losses will be present, but provided that 
the field distribution in the cavity is not significantly affected by 
these losses, the relationship between total stored energy and 
torque will not be affected and eqn. (3) is still valid. However, 
to maintain a constant stored energy W, power must be supplied 
continuously to the cavity to make up the losses. This can be 
achieved by the arrangement of Fig. 4. The power required is 


MATCHED 
SOURCE 


p 


fo 


Fig. 4.—Resonator with loss. 


conveniently related to the energy stored through the unloaded 
Q-factor of the resonator: 


energy stored 
energy lost per cycle 


Qo = 277 X 


W 

= Dili 4 

thors (4) 

By combining eqns. (3) and (4), the torque can be expressed 

in terms of the power P dissipated in the walls of the cavity and 
in the dipole itself as 


PAU 

0 Inf dO 

This is the torque at resonance, and is the basic equation for 

the cavity wattmeter described by Bailey.2 The theory can now 

be extended to cover the case in which the dipole is not stationary 

at the peak of the resonance curve, but oscillates in position in 
the manner described qualitatively in an earlier Section. 


(5) 


16 
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Fig. 5.—Cycle of operation of vibration wattmeter. 


(a) Displacement of dipole. 
(b) Switching of microwave power. 
(c) Torque exerted on dipole. 


els Wj 


Fig. 5(@) shows graphically the oscillatory motion of the 
dipole. In the absence of any microwave power, the dipole 
will execute damped oscillations as shown by the partly broken 
curve ABCD. When microwave power is incident on the cavity 
during the ‘forward’ swings of the dipole, an impulse will be 
received by the dipole as it swings through the resonance angle, 
which is now chosen for convenience as the reference point from 
which @ is measured. In the steady state, the amplitude of 
oscillation will be such that the energy lost owing to air resistance 
and any other causes in one cycle will be just equal to the energy 
supplied by the impulse received during that cycle. 

These ideas may now be applied to calculate the amplitude of 
oscillation in terms of the microwave power. As the dipole 
swings, it varies the resonant frequency of the cavity. If the 
cavity is matched to the guide at resonance and the source is 
matched to the guide, the electric field E in the cavity is given 
in terms of its value Ey at resonance by the equation 


Eo 


SSS Sh Bea a) Sea ee PCO) 
ofo 
—j20;—- op 


In this formula, 6fp is the increment in resonant frequency 
and Q, is the loaded Q-factor of the cavity. Since the source 
is matched to the guide and the cavity is also matched to the 
guide, the loaded Q-factor is just half the unloaded Q-factor, i.e. 


OPO) Me ae aie Seema) 


Since the torque acting on the dipole is proportional to the 
square of the magnitude of the electric field, the torque T can 
be expressed in terms of its value Ty at resonance as 


To 
14 ( Qn") 


The torque is significant only near resonance, and an adequate 


approximation for 6fp in terms of the angle 6 measured from the 
resonance angle is 


eae 


(8) 


Sfp = a, vt ay 22 Sy REPO) 
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Combining eqns. (8) and (9), 


= 1 (20 Lop\ 
CH a Fs 
or, using eqn. (5), 
Qo dfo h 
le li 20am ao) (10 i 
P2afe 1+( 22 529 1 (20 dog\? ti 
fo a0 


The work done on the dipole is given by 


SW = { ra0 


oscillations, but when these limits are large in comparison witl 4 
the angular bandwidth of the cavity, the integral may be takei\;. 
from —0oo to +00 without significant error. The angular band). 
width is defined as the angle through which the dipole rotate?) 
to alter the resonant frequency of the cavity by an amount ous b ‘ 
to the frequency bandwidth Af. Putting 


_ Q Hog 
iaihot de 
and combining eqns. (10) and (11), 
+0 
sw = 1p dx 
27 1+ x2 
Ie 
or OW = — 12) 
2fo (25 


This is the energy gained per cycle. 
Now consider the energy loss due to damping. Natural 
oscillations of the system will decay exponentially thus: 


0 = Aje—% cos Or (13), 

and in particular, the amplitude after one half-cycle, 6,, is given by r 

0, = Oe- #2, . 

After a complete cycle, the amplitude 0, is 
6, = Age—%* 


At the beginning and end of the first half-cycle the energy ile 
potential only, and so the energy lost in this half-cycle is 


4kO2 — 4k62 


of maintained oscillations alternate half-cycles, e.g. AB, A’B’,.. |. 
in Fig. 5(@) are essentially free oscillations, and the loss of 
pions due to air resistance can be calculated from relation (16) 
for these half-cycles. ti 
For the other half-cycles, BA’, etc., the loss of energy due tc. 
air resistance must be very nearly the same. It will be show) 
later that the error in assuming that it is exactly the same cal 
be made negligible (see Section 13). 4 
By making this assumption, the energy SW’ lost owing to ai 
resistance is given by : 
éW’ = k(62 — 62) 

or, using eqn. (14), 

éW’ = kOAQ1 — e-@) . 


In the steady state of maintained oscillations the energy lost 
tin each cycle in friction, given by eqn. (17), is equal to the energy 
gained in each cycle from the electromagnetic field, given by 
eqn. (12). Hence, the steady-state amplitude 6 is given by 


ears 1 
On 2fok Ser 
in practice, the factor e~%* is determined by noting the ampli- 


de of successive swings in natural oscillations of the system. 
{From eqn. (15) 


(18) 


Q — 9% 


Go 


The quantity on the right-hand side of this equation is the 
ractional decrease in amplitude per cycle. 
_ If we define a quantity M by the equation 
9 
i pats 

so that M can be thought of as the ‘magnification’ of the 
mechanical resonance, eqn. (18) becomes 
PM 
Of ouien a 
This is the basic equation of the system, and is sufficiently 
accurate throughout the range of powers for which the instrument 
is useful. 
> ft can be seen from eqn. (12) that the mechanical energy 
derived from the electromagnetic field is proportional to the 
‘area under the tuning curve, and accurate measurements of power 
Gepend on the resonance curve having its theoretical shape. 
the Q-factor of the cavity were increased, the instantaneous 
Wzlectric field strength would be correspondingly greater, but the 
Mresultant reduction in bandwidth would keep the impulses 
jdelivered to the suspension at a constant magnitude. Similarly, 
if the dipole were lengthened, the instantaneous torque would 
ie increased, but this again would be compensated by an increased 
‘xate of detuning. Thus, for a given power, the amplitude of the 
‘mechanical oscillations is independent of both the Q-factor of 
‘che cavity and the characteristics of the dipole, as can be seen 
‘in eqn. (19). 
The instrument might be regarded as a microwave recipro- 
rating engine, converting some of the microwave power into 
‘mechanical power. During the short period when the cavity 
‘asses through resonance most of the available power from the 
source is absorbed in the walls of the cavity. Only a few micro- 
“watts of electrical power are used to drive the pendulum. 


te ee 


63 = 


(19) 


(4) ELECTRICAL AND MECHANICAL DESIGN 


From the theory it can be seen that the two most important 
onsiderations which must be fulfilled for the accurate operation 
"pf the instrument are as follows: 


(a) The detuning of the cavity must be linear for a sufficiently 
large range to prevent distortion of the resonance curve. 

(b) The angular bandwidth of the resonance curve must be small 
compared with the amplitude of the mechanical oscillations. This 
ensures that the energy is imparted to the mechanical system 
impulsively and is one of the factors governing the lowest power 
inat can be measured. 


8xperiments were conducted to investigate the characteristics 
bf a rotating capacitive element in a waveguide, and the shunt 
sueceptance was found to obey, to a very close approximation, 
the law 

B= By ysin 0 
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Fig. 6.—Tuning characteristics of cavity with rotating dipole. 


(a) Resonance frequency (f)-rotation (6) characteristic. 
(6) Tuning curve. 


where B = Capacitive susceptance of the element. 
@ = Angular position of the element as in Fig. 2(a). 


This law has also been predicted for small elements by 
theoretical investigation. Thus there is a linear relationship 
between the frequency shift and the rotation of the dipole over 
a considerable range centred on the @ = 45° position [see 
Fig. 6(a)]. It is also to be noted that the maximum torque 
occurs at @ = 45°. 

For the angular bandwidth [see Fig. 6(5)] to be small com- 
pared with the amplitude of the oscillation it is necessary to have 
a fairly high Q-factor for the cavity and a large change of fre- 
quency per degree rotation of the dipole. It is obvious from 
Fig. 6(a) that the larger the dipole the greater the slope df/d0. 
The largest dipole that can be suitably accommodated in the 
cavity is about 10mm long. While this provides the maximum 
possible rate of detuning, it can also introduce some undesirable 
effects. From a study of eccentric vanes in waveguides it was 
found that the capacitive shunt susceptance of the vane increases 
very rapidly as the vane approaches the wall of the guide. Thus 
any effects which cause the dipole to move in a manner which is 
not purely torsional are likely to affect the linearity of detuning. 
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These effects can arise from external vibrations or from 
mechanical asymmetry of the moving parts. Electrical asym- 
metry of the dipole may also give rise to translation as well as 
the desired purely torsional oscillations, especially if the frequency 
of torsional oscillation is a harmonic of the pendulum frequency. 
The larger the dipole the more serious these problems become. 
A dipole length of about 8mm is a satisfactory compromise. 
Thus the adjustment of the angular bandwidth is most suitably 
effected by controlling the Q-factor of the cavity. While a very 
high Q-factor produces a desirably small bandwidth, it also 
makes the problems associated with the frequency instability of 
the source more acute, as will be discussed in the next Section. 
The prototype instrument is shown in more detail in Fig. 7. 
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Fig. 7.—The vibration wattmeter. 
The glass spindle, having a diameter of 0-02in, passes through 
the waveguide walls and carries the dipole. The hole in the 
lower wall is large enough to allow the dipole to pass, and when 
the suspension is in position a small plug is inserted to prevent 
loss of electromagnetic energy which would otherwise be radiated 
into the mirror housing. The upper end of the spindle carries 
a small Dural cap suitably shaped for the fixing of the 10-micron 
quartz fibre, and it also carries the cone which seats into a 
conical recess when the spindle is lifted. This clamps the sus- 
pension and relieves the tension in the quartz fibre. The clamp- 
ing mechanism is housed immediately above the cavity; Fig. 7 
shows it in the locked position. To the lower end of the 
suspension is fitted a mirror of 100cm focal length, and at the 
extremity is fitted a Dural hook which is used for the attachment 
of rods in the mechanical calibration experiments. A cover is 
fitted at the bottom of the instrument to exclude draughts while 
power measurements are made, and this can also be used as an 
oil dash-pot to steady the suspension while the electrical 
characteristics are being measured. 

The spindle with its attachments is assembled in a jig and is 
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inserted through the lower end of the instrument. 


| 
| 


7 
The plug ij,’ 


then fitted and the clamping mechanism locked; this holds thal 1 


suspension steady while the quartz fibre is attached. Access foi)» 

fixing the fibre is made through a slot in the rotating sleeve A. 
The vertical position of the dipole in the cavity can bi) 

adjusted by raising or lowering the top spigot, to which the fibre 


is fixed, by a mechanism which is integral with the torsion-hea¢ 4 


spindle. 


(5) CALIBRATION i 
The calibration of the instrument for absolute measurementip 


of power involves the determination of two mechanical quan: ip 
tities; first, the constant of proportionality between the torquegy 
and deflection of the quartz fibre suspension and secondly the! 
damping factor of the moving parts. Although no electrica 
constant has to be determined for the evaluation of power, it. ig 


; 


4 * 
7) 


necessary to check the electrical performance to ensure that the] 4 


operation of the instrument conforms to the assumptions made | 
in the theory. 
f 

(5.1) Mechanical Calibrations 

The specific couple exerted by the fibre was found by fixing): 
various rods of known moment of inertia to the suspension, and} 


measuring the periodic time of the system for small oscillations. \ 


Corrections were made for the effect of air damping. f 


The specific couple was calculated from the expression a 


i 
ba zal + (log, 


where J = Moment of inertia of the rod. 
to = Periodic time of the suspension alone. 
t, = Periodic time of the suspension with the rod attached.|- 
A,, Ani, = Amplitudes of successive swings. 


The mechanical damping (the inverse of the ones 


factor M) is defined as (6) — 95) and was determined by) 


recording the amplitudes of successive swings of the free oscilla- Hi. 


ia 


re ; ’ 


i) 


tions of the suspension. About a centimetre length of 10-micron/® 


quartz fibre is used for the suspension, and this has a torsiona 


stiffness of about 3 x 10-2 dyne-cm per radian. The mechanica hie 


magnification factor M is of the order of 20. 


5 


It may be assumed that the constant M is almost entirely due| b 


to air friction and is affected to a negligible extent by interna 
hysteresis losses in the quartz fibre. For a given. oscillating) 
element, M will be inversely proportional to the air viscosity,) 
and it must be considered how this will change with temperataa 
and pressure. Maxwell showed in 1860 that on the kinetic 
theory the viscosity of a gas does not depend on its pressure.) 
This is in accordance with experiment, provided that the me 


be 


free path of the gas molecules is small in comparison with he 
dimensions of the apparatus, and may be assumed to be trueji 
here. The variation with temperature is given by a formula due] 
to Sutherland, accurate at temperatures above the critical valuels 


and at pressures such that Boyle’s law is obeyed. The formula is} 


i 
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For air the constant C has the value 117. Calculation shows 
that if the instrument is calibrated at 20°C the apparent power! 
at any temperature ¢°C should be multiplied by the factor 


r 
t 


¥ 


1 + 0-002 68(t — 20) | 


to find the true power. 


Thus a change in temperature from 20°C to 15°C requires a’ : 
correction of 1-3% to the apparent power to find the true power.’» 


Ne ne 


The effect of the water-vapour content of the air on the fric- 
tional damping has been investigated. Experiments were carried 
out on a suspension mounted in a closed tube, where the amount 
of water vapour could be controlled, and no significant effects 
were detected. 

However, the comparison tests were carried out at the same 
_ room temperature at which the substandard thermistor bridge 
had been calibrated, and the value of M was checked several 
_ times during the comparisons. 


(5.2) Electrical Characteristics 
Experiments were carried out to check the following points: 


(a) The resonance angle of the dipole is 45° at the frequency 
at which power is to be measured, and that at this setting the 
instrument presents a matched termination to the waveguide run. 

(6) There is only one resonance within the angular range to 
be swept by the dipole. 

(c) The detuning curve of resonant frequency of the cavity 
against angular displacement of the dipole is linear over a range 
of not less than ten times the bandwidth. 

(d) The angular bandwidth A@ is small compared with the 
smallest value of 0) to be measured (see Section 13), where 


With careful designing of the instrument and with a cavity 
working in the fundamental mode these conditions are not 
difficult to satisfy. 


(6) FREQUENCY STABILITY OF THE SOURCE 


The inherent accuracy of the vibration wattmeter may now be 
discussed. However, the accuracy realizable in practice depends 
on the frequency stability of the source, and this must be con- 
sidered before a realistic assessment of the accuracy of power 
measurement can be made. 

The theoretical relationship between the amplitude of 
mechanical oscillations and the microwave power flow is only 
valid if the frequency of the source remains constant. For the 
4; greater part of the cycle of operation of the instrument the 
1. cavity is far from its resonant condition, and it presents a ter- 
4) mination which is almost a short-circuit in the plane of the 
1 diaphragm. As the cavity passes through resonance, frequency 
}; and amplitude pulling will occur if the source is closely coupled 
| to the cavity. The magnitude of this frequency shift is a major 
| factor determining the ultimate accuracy of the measurements. 
From the theoretical analysis it is evident that the energy 
}i imparted to the dipole is proportional to the area under the 
4, resonance curve. It is therefore imperative that the tuning curve 
1: should correspond faithfully to the shape of the theoretical 
curve. The ordinate of the resonance curve represents the 
magnitude of the electric field strength within the cavity, and 
1 the square of this is therefore a measure of the instantaneous 
1 torque experienced by the dipole. Thus, as the dipole is urged 
| forward through a small angle 50 owing to the influence of the 
\\ electric field, the work done on the dipole is T56 (see Fig. 8). 

| Hence the total work done per mechanical cycle is proportional 


on 


+a 
t~ the area { Td@ under the tuning curve. The Figure illustrates 
— 


| 2-typical oscillogram which has been obtained when amplitude 
; and frequency pulling have occurred. The area under the 
| teeoretical curve (solid line) has been increased by the amount 
shown shaded, with an apparent increase in measured power 
rresponding to the excess area. It becomes evident, therefore, 
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Fig. 8.—Effect on resonance curve of frequency and amplitude pulling. 


that any frequency pulling that occurs must be small compared 
with the bandwidth. 

The bandwidth of the resonance curve is determined by the 
Q-factor of the cavity and the detuning characteristics of the 
dipole. As neither of these quantities affects the measurements 
of power, within the limits described in Section 3, it is advan- 
tageous to keep the Q-factor and the detuning rate of the dipole 
fairly low to ensure a reasonably large bandwidth and so make 
the frequency stabilization problem less critical. 

This adjustment is a compromise, since it is a necessary con- 
dition for the correct measurement of power that the angular 
bandwidth A@ should be small compared with the semi-ampli- 
tude 0). It is shown in eqn. (22) that if the angular ampli- 
tude of swing 9 is plotted against the square root of the 
microwave power, the result will be a straight line through the 
origin if the angular bandwidth is zero. For a small but finite 
angular bandwidth A@ the result will be a straight line with a 
negative intercept A@/27. The simple proportionality between 
6 and power no longer holds exactly, but for a given accuracy 
it holds adequately provided that the microwave power exceeds 
a certain minimum value. It is this condition which determines 
the ultimate low-power limit. 

A quantitative analysis of these effects is complicated, but the 
solution of an idealized case quickly yields the limits within 
which the frequency must remain constant for a given maximum 
error in the measured power flow. 

For a given frequency-shift the maximum possible increase in 
area under the resonance curve would occur if the frequency of 
the source shifted at exactly the same rate at which the dipole 
detuned the cavity, and if this occurred at the maximum height 
of the tuning curve as indicated in Fig. 9. 
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Fig. 9.—An idealized case of frequency pulling. 
The total area under the undistorted normalized resonance 


curve is 
ise) 


dx 
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Now suppose the area must not increase by an amount greater 
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than N°%, then the smallest frequency shift which would produce 
this additional area is f,, where 


a Af Na 
f= 0:6434 200 


A typical value for the loaded Q-factor of the instrument is 
3000, and the frequency bandwidth at a free-space wavelength of 
3-2cm is 3:12 Mc/s. This corresponds to an angular bandwidth 
of approximately one-quarter of a degree as the slope of the 
detuning curve is 8-2 Mc/s per degree. 

Thus a total frequency shift f, of 76kc/s from the operating 
frequency fp could cause an error of 1% in the measured power. 
In practice, the frequency pulling does not occur at the peak of 
the resonance curve, but is distributed as shown in Fig. 8, and 
a frequency shift much greater than 76kc/s would be required 
to contribute the calculated error. 

To fulfil the above conditions of frequency stability it was 
necessary to provide good isolation between the instrument and 
the source. It was found that an attenuating pad of greater 
than 25dB power loss was essential to limit the frequency and 
amplitude pulling to an acceptable amount if powers of the 
order of a few milliwatts were to be measured. By using either 
an attenuator or a directional coupler to provide the necessary 
isolation, an input power of several watts would be required. 
This makes impossible a direct measurement of low powers 
from a source such as a klystron, although the absolute calibra- 
tion of a thermistor can be made. 

This limitation was overcome by using a non-reciprocal 
attenuator employing ferrite. The attenuator was of the resonance 
absorption type using a transverse steady magnetic field, the 
wave being propagated in a rectangular guide supporting the 
Ho; mode. 

By careful adjustment at a spot frequency the attenuation to 
the reflected wave was about 27dB, while the attenuation in the 
forward direction was less than 1:5dB. A variable resistive-card 
attenuator was used in conjunction with the non-reciprocal 
attenuator for the adjustment of power level, and adequate 
stability of the source was obtained. 

The frequency was monitored by means of a cavity wave- 
meter which was accurate to an absolute value of 1 part in 104, 
and by tuning the wavemeter to the region of greatest slope of 
its response curve, changes in frequency of the order of 40kc/s 
could be detected easily. Before making measurements with the 
instrument, the waveguide was terminated with a  short- 
circuiting plunger which was moved through a guide half- 
wavelength to ensure that no frequency or amplitude pulling 
could be detected. 


(7) ACCURACY 


The calibration procedure is, of course, subject to experi- 
mental errors, both systematic and random. The experimental 
values for the specific couple of the quartz fibre, obtained by 
using five rods of different lengths and masses, show a standard 
deviation of 0-18%, and the determination of the mechanical 
magnification factor M gives a standard deviation of 0:30%. 

The combination of these two random errors gives an overall 
standard deviation of 0:35°%. Taking three times the standard 
deviation as a reasonable error limit, it is unlikely that the 
random errors in calibration could exceed +1-05%. 

Since the Q-factor of the cavity and the characteristics of the 
dipole need not be known, beyond the knowledge that they are 
of suitable magnitudes, no random or systematic errors are 
associated with these electrical measurements. 

Systematic errors in the mechanical calibration may arise from 
the following causes: 
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(a) Incorrect graduation of scales used for measuring the length ig 


of the rods. ; am < 
(b) Inaccuracies in weights used in weighing the rods. 
(c) Errors in timing the period of oscillation. ; 
(d) Incorrect graduation of the scale used to determine M. 


No direct evaluation of errors is possible in cases (a), (5) 
and (d). However, good agreement has been achieved by | 
checking with apparatus and techniques employed previously,! } ; 
and the internal consistency of the measurements gives reasonable 


assurance that these errors are probably negligible. 4 
The stop watch used for timing was checked over a long {, 


period against the Post Office speaking clock TIM. Errors in q 


calibration arising from this source were certainly less than0:02%. |)” 
In using the instrument for measurements of power, further }), 
systematic errors may arise: 
(e) Imperfect matching. 
(f) Errors in measurement of frequency. 
(g) Errors caused by frequency pulling. 


(A) Incorrect graduation of scale used for measurement of deflec- 
tion, and errors in measuring mirror-to-scale distance. 


When the instrument was adjusted to the resonant condition, te 


it presented a termination whose voltage standing-wave ratio jy 


was better than 0:995. The measurement of this standing-wave 
ratio presented some difficulty because of the movement of the © 


dipole under the influence of the power supplied by the oscillator i 
of the waveguide test bench. For this reason the measurement © 
was made with the dipole damped at 45°, great care being taken » 
The 


to ensure that the dipole was in the correct position. 
generator was also matched. ; 

The error introduced by these mismatches depends on the [| 
length of guide between the source and the cavity. The effect of ) 


mismatch is twofold: the power delivered to the cavity is modified )>) 


(this is a very small effect), and, more important, the relationship 
between the loaded and unloaded Q-factors is modified. If the 
standing-wave ratios of the cavity and source are S; and S, then 
in the worst case the formula for the square of the deflection 
[eqn. (19)] must be multiplied by the factor 2/(1 + S,S,). In 
our case, S; and S, both exceed 0-995, so that the multiplying 
factor cannot be greater than 1-005, i.e. the maximum error due J) 
to this cause is 4%. 

The wavemeter used to determine the frequency was accurate { 
to an absolute value of 1 part in 104 and would introduce an |¢ 
error of 0-01%. It was estimated that the error introduced by #@ 
frequency pulling would not exceed 0:3 %. | 


The systematic error in the scale arrangement for measuring {/ 
the deflection of the suspension is estimated as not exceeding |) 


0-1%. a 
Experiments have shown that the levelling of the instrument 
is not critical and does not introduce an error into the calibrations. 

In the statistical combination of the standard deviations with 


the estimated error limits, the estimated errors are taken as » 


equivalent to three times the standard deviation (e.g. in the 
estimated mirror-to-scale distance where a standard deviation is 
not available). 

The total inherent error of the instrument is unlikely to exceed | 3 
1-6%, and in addition the error due to frequency pulling will © 
not exceed 0:30%. 

Finally, it may be said that the results show that errors due 
to all causes in the measurement of power with this instrument 
are not likely to exceed +2°%. 


(8) EXPERIMENTAL PROCEDURE 


In order to maintain mechanical oscillations the electro- 
magnetic energy is suppressed, on alternate mechanical half- | 
cycles, by an automatic switching circuit which is triggered bya © 


light spot passing a photocell. The recent development of ferrite 
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devices suggests the possibility of using a ferrite switch which 
would act as the modulator and isolator combined. This scheme 
has the advantage that the microwave source would feed into a 
matched load throughout the switching cycle. 

To measure power, the movement is set in motion, and the 
switching circuit automatically adjusts itself to the correct phasing. 
The oscillations then build up to a steady magnitude, and the 
amplitude is read from a curved scale set 100 cm from the mirror. 
The most satisfactory method of reading the amplitude of 
oscillations was found to be by the use of marker cards which 
could be adjusted until their hair lines coincided with the limits 
reached by the moving hair line projected with the light spot. 
The amplitude could then be measured on the scale. 

It was found helpful to monitor the instrument while it was 
in operation. This was done by displaying on a cathode-ray 
oscilloscope the resonance curve derived from a standing-wave 
indicator probe which was located immediately before the 
instrument at a minimum in the standing wave when ‘the cavity 
was far from resonance. On the second beam were displayed the 
slow-speed square-wave modulation of the power source, and 
marker pips derived from the automatic timing circuits. With 
this display it is possible to make final adjustments while the 
instrument is working, and it also makes easier the detection of 
faulty operation. 

The centre about which the suspension oscillates is displaced 
‘rom the static centre by an amount proportional to the mechanical 
magnification factor M, where M is defined as 0/56. 


\ FREE 
\ OSCILLATIONS 


IMPULSE 
DELIVERED 


Fig. 10.—The effect of damping on the measured amplitude 0,,. 


It can be seen from Fig. 10 that the new centre is about the 
) line CC! and is displaced by an amount 460. 

The instrument can readily be realigned to compensate for 
this asymmetry with the aid of the monitoring oscilloscope. 
However, a correction term must be used to determine the true 
semi-amplitude 9). The apparent amplitude 6,, as calculated 
from the scale readings is given by 


and 50 > 
Hence, the true semi-amplitude is 


t= alia) = a a 


Thus if M is 20, the correction is 1-25 vie 


(9) COMPARISON WITH THERMISTOR BRIDGE 


Comparison tests have been carried out at a wavelength of 
*-18cm, in which the output power of a continuous-wave 
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klystron has been measured by a thermistor bridge and the 
vibration wattmeter. The thermistor bridge had been previously 
calibrated against a water calorimeter and the torque vane 
wattmeter,> and the mean thermistor bridge power was estimated 
to be accurate to about +2%. The comparisons were made 
over a range 7-29mW using a calibrated glass-vane attenuator 
in conjunction with the thermistor bridge, which was operated 
at the milliwatt level. Because of the characteristics of the 
vibration wattmeter, a substitution method was employed to 
compare the two instruments, and all practical precautions were 
taken to ensure that the delivery of power was constant during 
each test. The results are given in Table 1, in which 


P,, = Power indicated by the vibration wattmeter. 
Pr = Power indicated by the thermistor bridge. 


Table 1 


COMPARISON BETWEEN VIBRATION WATTMETER AND THERMISTOR 
BRIDGE 


[+i tt++ 


REPRE RUODCONEFNOOCCORUHKUH DSN 
BRWODDOWOWRKRAAMNOCCTOWMDWUNANO WwW 


jae 


| 


| 


9 
2 
-8 
“5 
4 
2 
5 
0 
2 
“4 
9 
2 
0 
9 
3 
8 
“4 
8 
“7 
1 


WeONOCMBwBOWRAANSIMIAMN AKI 


| 


The average of the percentage difference is —0-3%, which 
shows that there is no significant systematic discrepancy, and 
the results are mostly within the estimated limits of error for 
either instrument. 

Random errors in the comparison are introduced mainly by 
the effect of external vibrations. Fourteen of the twenty readings 
lie within a range of +24°%, and the rather large discrepancies 
shown by the remaining six readings are known to be due to 
excessive vibration, which affects the delicate suspension of the 
vibration wattmeter. 

The comparison tests were carried out in daytime, when 
interference due to external vibrations is greatest. Other tests, 
employing a calibrated crystal and attenuator as a substandard, 
have been carried out in the early hours of the morning, when 
external vibrations are at a minimum, and it has been found 
that the scatter has not exceeded +1%. 

The external vibrations experienced were quite severe, owing 
to the unfavourable location of the laboratory near a busy 
main road. 


(10) CONCLUSIONS 
The vibration wattmeter will measure c.w. microwave power 
from about 5 to 30mW to an accuracy of about +2% in the 3cm 
band. There is no difficulty in extending its power range to the 
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100 mW level and above, by increasing the stiffness of the quartz 
fibre. The lower limit for accurate power measurement is set 
partly by the difficulty of reading the small deflections and 
partly by external vibrations. It could be made less sensitive 
to external vibrations by employing a dynamically-balanced 
double-ended suspension. 

The ultimate lower limit is reached when the deflection 
becomes comparable with the angular bandwidth. The present 
instrument is tunable over the range 3-10-3-25cm, but there is 
no fundamental difficulty in designing an instrument for use 
over a wider band. 

The instrument with its auxiliary apparatus is intended for 
laboratory use, but is quite portable. 

As pointed out in the Introduction, the deflection of this 
instrument is proportional to the square root of the power and 
inversely proportional to the square root of the frequency, and 
this characteristic is a promising feature for the application of 
the instrument to measurements at higher frequencies. 

At present work is being carried out on an instrument for 
8mm wavelengths. 
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(13) APPENDIX i 
(13.1) Assumptions about Energy Loss | 


In deriving eqn. (18) it was assumed that the loss of energy] 
due to air damping during the forced swing (BA’ in Fig. 5)|_ 
is the same as during the subsequent free swing (A’B’). The r 
error due to this assumption can be estimated by considering © 
the case of an impulsive force, i.e. infinite Q-factor. In this I 
case the exact solution can be shown to be 1) 


This equation can be rewritten in terms of the mechanical} 
magnification factor M, and the first-order correction factor for! 
eqn. (19) is found to be 


Tal Casey ire, - | 
If M > 10, the error in using eqn. (19) is less than 0-075 %.), 


Provided that the Q-factor is sufficiently large, therefore, the’) 
assumption about air-damping is probably quite adequate. 


(13.2) Assumption about Integration Limits 


to eqn. (12). If the correct limits are retained, it is found that | H 
the first-order correction to eqn. (19) leads to 


= ME) a 


When the ‘angular bandwidth’ A@ is small, eqn. (19) can be} 
used together with a correction factor it 


In this case the angular bandwidth is 0-37°, so that if 0g = 10°!) 
the error is about 1%, and is proportionately less for larger § 
amplitudes of swing. A correction can easily be applied where } 
significant. i 


(13.3) Independence of Foregoing Assumptions 


The further assumption is made that the approximation used }/ 
for the air-damping losses discussed in Section 13.1, which was }) 
justified only for infinite Q-factor, is still valid for large but © 
finite Q-factor. This seems intuitively highly probable to the | 
authors, though no formal proof has been obtained. 

The form of eqn. (22) has, however, been verified experi- | 
mentally, and the right order of magnitude of intercept obtained. } 
Thus it is safe to assume that no significant error arises from t 
assuming that the effects of air-damping and finite Q-factor are | 
largely independent. | 
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SUMMARY 

A single earthed dielectric slab cannot propagate both polarizations 
of surface waves with equal velocities, so a more complex structure 
, such as a double-layer slab is needed. The nature of surface waves on 
. 2-layer earthed-slab structures is studied quantitatively, and con- 
ditions are derived that allow for equal velocities of both polarizations; 
}\ asituation that will allow a wave of arbitrary or circular polarization to 
propagate. The upper slab must havea greater dielectric constant, and 
the square of the inverse velocity ratio (of the surface wave compared 
_ with free space) is constrained to lie in a range only slightly greater 
than that between the two dielectric constants. Extensive numerical 
data for the design of these arbitrary polarization structures are 
i included. 


LIST OF SYMBOLS 
k = wv/(p€o) = Free-space wave number. 
Lo, €9 = Free-space permeability and permittivity, 
respectively. 
€,, €2 = Relative permittivities of the first and second 
layers, respectively. 
y, 6, « = Transverse wave numbers of the first, second 
and air layers, respectively. : 
8 = Wave number (phase-change coefficient) in 
the z-direction. 
a, b = Thicknesses of the first and second layers, 
respectively. 


(1) INTRODUCTION 


There has been much written in the literature of recent years 
on the subject of surface waves. The question of the applica- 
bility of surface waveguides to low-loss microwave transmission 
systems and to low-silhouette antenna structures has prompted 
renewed attention to a long-known phenomenon. 

The two surface-wave structures that have received the greatest 
« attention are the flat corrugated conducting surface and the plane 
dielectric-clad conductor. Both of these types of surface wave- 
‘k guide are limited to a single polarization only; the corrugated 
surface can support only TM waves, and a single earthed dielectric 
slab cannot propagate both TM and TE waves or polarizations 
with the same velocity. oo 

For some applications it is desirable that the transmission 
: system or antenna be capable of supporting a wave of arbitrary 
polarization.* Propagation of a wave of arbitrary polarization 
over a surface-wave system requires that both TM and TE waves 
possess the same propagation coefficient. Two practical surface- 
4, wave structures are known for which this requirement can be 

met. These are the single-layer earthed dielectric slab with mode 
filter and the double-layer earthed dielectric slab. Hansen! has 
investigated the single earthed slab with mode filter, and has 
: stown that the phase velocities of the two polarizations can be 
independently adjusted with such a system. Two-layer or multi- 


* By arbitrary polarization is meant the combination of the two principal polariza- 
. tien components with arbitrary amplitudes and phase. 
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layer dielectric slabs for the guiding of surface waves have been 
studied by several groups. Ehrenspeck et al.* have given the 
general equations for an n-layered slab. Karbowiak? discusses 
the characteristics of the TM wave over an n-layered slab in 
which the layer thicknesses are very thin. Jones and Cohn* 
consider 2-layer earthed slabs, but they are primarily interested 
in the dominant TM wave. This latter report gives graphical 
data for the case of an upper layer of polystyrene and a lower 
slab of various foam materials. These cases are completely 
explored and curves of external power flow as well as of surface 
electric field are given. 

More abstruse work by Kay and Zucker>-® relates the 
excitation by an arbitrary source over multi-layered media to 
the far field of the source in free space. The first to propose 
the double-layer dielectric slab for circular polarization appears 
to have been Zucker.? His paper, which is an excellent summary 
of the state of the art, reports work in progress at the Air Force 
Cambridge Research Center, and shows that equal velocities of 
the two polarization waves can be achieved. 

The present paper, which is intended to supplement existing 
literature, gives design equations and curves for the double-layer 
dielectric slab on a perfectly conducting surface. First, the 
character of the fields is studied, and then the conditions for 
circular polarization are investigated. 


(2) THE TWO-LAYER EARTHED DIELECTRIC SLAB 
The structure of the 2-layer earthed dielectric slab and its 
co-ordinate system are depicted in Fig. 1. All media are assumed 


REGION ID SE 


REGION IL 


is 


REGION I 


i 


CONDUCTING PLANE 


Fig. 1.—Two-layer earthed dielectric slab. 


to be lossless, and a harmonic time dependence is assumed and 
suppressed. Rationalized M.K.S. units are used throughout. 
In the x- and z-directions the structure is unlimited, and on this 
lossless structure uncoupled modes can exist. Surface waves 
having no x-variation and propagating as exp (—jfz) in the 
z-direction are of interest. 


(2.1) TM Waves 


By the use of Hertzian vectors the field expressions can be 
immediately written as 


1 
H=curla,, E=—curlcurlus . . 
jJwe 


where uw, is a unit vector in the z-direction and yf is a scalar 
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function that satisfies the scalar Helmholtz equation and the 
boundary conditions. The field has three components, given by 


Feet 
Y  jwe 0,0, 
5 Ay 
feo (2) 
jwe dy 
_ oe 
Cae oy 


In region I the longitudinal E must vanish at y = 0; therefore, 
if y is the transverse wave number and A the amplitude, then 


t= Ad san pP (IB), a= BP. OC) 
By BVA 18 oy exp (bz) 
% wee, | cosh 
+ y?A fsin at 
B= aes . A » exp (— jz) gle eh) 


COs : 
H, = yA ae va exp (— jz) 


where the notation of curly brackets means that the transverse 
variation of the fields can be either trigonometric or hyperbolic; 
the upper sign is to be taken with the upper function in each 
case. All wave numbers are defined to be real and non-negative. 
Although all relative permeabilities are taken as unity, it is a 
trivial extension to include a value of for each layer. 

If, for region II (the upper slab), the amplitude is B, then the 
components are 


f= 2f 


sin 


ar (dy — 3} exp (— jz), ek? = 6? + 6? . (5) 


__ — BSB J cos - 2 
sae WEg€y | COsh (dy — C)r exp (— jpz) 
+ 6B }sin - 
M8 Fees ee ONS o} exp (— jz) peo) 


COs . 
H,, = 5B ae (dy — o| exp (— jz) 


Here the transverse wave number is 6, and C is a constant. 
Again, the transverse variation may be either trigonometric or 
hyperbolic. 

In region JI, the air region, the wave must be attenuated as 
exp (—«y); hence, by using unit amplitude one obtains 


3 = exp (— ay) exp(—jfz), kK? =f?—o?. . 
Ey = (%B/weo) exp (— ay) exp (— jBz) 
E, = (— ojweo) exp (— ay) exp(— jhz) - . . (8) 
H,, = — aexp (— ay) exp (— jz) 
At the boundaries y = a and y = a + J, the tangential field 
components (or impedances) must match; this results in one 


equation independent of amplitudes at each boundary. These 
equations are 


+ 6 } tan 
o= se Ne (da + db — o} BAA Sal (°)) 
+ 6} tan _ ey (tan 
2) ian Coa of Rite? en va oy ch A 


give as the determining equation 


! 
i 
Note that if both hyperbolic functions are chosen, it is not) 
possible to satisfy both (9) and (10) because (9) would then })) 
require C > &(a +), whereas (10) would require C< da. |) 
Hence, the transverse variation must be trigonometric in at least |) 
one of the two slabs. Accordingly, three types of fields are | 
possible and are defined as follows. 
Type I.—This field has trigonometric transverse variation in 
both slabs. The set of Pythagorean relations for this case | 
becomes 


k2 = B2 — o?, ek? = BP? + 7°, ek? =f? +0? . (11) 
From this it is clear that 
1< plk< Ve 
1< plk< Ve } 3 
so that the reciprocal of the velocity ratio is limited to the q 
square-root of the lesser dielectric constant. The constant C 


may be eliminated from (9) and (10) to give one equation inde- 
pendent of amplitudes: 


5b = mm + arc tan (e,%/5) — arc tan [(eyy/e,5) tan ya] 
m=0,1,2 05 95) Ge 9 


All of the arc-tangent functions used here and in subsequent 5) 
equations will be principal values defined by 


0< arctan X <7 


The mz term allows higher-order modes to be considered, the / 
dominant mode being that for m=0. Although eqn. (13) is 
written in terms of the transverse wave numbers a, yy and 6, it | 
can be easily restated in terms of the ratio 8/k by use of eqns. (11). 


Type II.—This field has trigonometric variation in region II i 
and hyperbolic variation in regionI. The Pythagorean relations t 
for type II furnish the following range for B/k: 


9/64 < BIS feo 5... Loe | 
This type II field exists only when €, > €,. Eqns. (9) and (10) 9) 


6b = mm + arc tan (€,%/5) + arc tan [(eyy/e,5) tanh ya] 1 
m=0,1,2..... (3m 


These fields are just a continuation of the type I fields for which , 
€ > €,; this will be made clear later. i 


Type II.—This field is just the reverse of the preceding case, } 
i.e. hyperbolic variation in the upper slab and a trigonometric 
variation in the slab adjacent to the earth plane. The pertinent § 
equations for this field imply the range 


Ven< Blk< Vey. . . . ° (16) : 


so that the system must have e; > €,. The determining equation | 
for type III fields is 


8 = are tanh [(eyy/e,8) tan ya] — arc tanh (e)«/8) . (17) | 


Since all the wave numbers are defined to be positive, the argu- | 
ment ya in eqn. (17) must be restricted to the range 0 < ya < 7/2 
otherwise a negative 55 would result. 

The results of calculations made by using eqns. (13), (15) and 
(17) are presented graphically for several combinations of dielec- 
tric constants in the two layers. Fig. 2 shows B/k for the first 
two type I fields (m = 0 and m = 1) and, in addition, the lowest » 
type II field for «; = 2 and e, = 4. Primes on f/k denote the 
second mode (m= 1) in all figures. As the B/k ratio goes 
through the value +/e, the field changes (in mathematical descrip- | 
tion) from type I to type II; the type II field is shown by broken © 
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Fig. 2.—Inverse velocity ratios for TM waves for field types I and II. 
€j = a €2 = 4, 
Types I and II — -. 
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Fig. 3.—Inverse velocity ratios for TM waves for field types I and IU. 
ey ="4, €2 = 2. 
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lines in the diagrams. In Fig. 3 similar curves are plotted for 
€; = 4 and €, = 2, except that the lowest type I field becomes a 
type III field for B/k > +/e>. Fig. 4 shows curves of the type II 
_ field for an upper slab of polystyrene and a lower slab of air. 
_ Additional large-size graphs are given in a report’ of which this 
is a summary. 
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Fig. 4.—Inverse velocity ratios for TM waves for type II. 
ey = 1, €2 = 2°5. 
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(2.2) TE Waves 


The mathematical development for these waves is exactly 
analogous to that for the TM waves; starting with Hertzian 
vectors, one writes the field in each of three regions, matches 
tangential field components at the two interfaces, simplifies the 
resulting equations to get the final equation for the propagation 
coefficient, and graphs the solutions for several cases. The 
symbols employed are those used with the TM waves, although 
each has a new value in the discussion that follows. The key 
equations alone are given, and the various field expressions will 
follow. The field as obtained from the Hertzian vector is 
written: 


E = curlu, ¢, H = (—1/jwy) curl curl a, (18) 
The three scalar functions are: 
cos : 
$, =A en a} exp (— jz) 
(19) 


COS. 


$= B eee (by - oy} exp (— jB2) 
$3 = exp (— ay) exp (— jBz) 


Once again the transverse impedances when matched at the 
boundaries y=a and y=a+b, give a pair of equations 
analogous to (9) and (10); the new pair is 


(alo slack (Sas hee o)| (20) 


1/tan 1 { tan 
and = da — D)+} =- ; 
3 tanh ( )} 4 tanh va 
Here, as in the equations obtained for the TM modes, at least 
one region must have a trigonometric transverse variation; this 
gives the same three field types identified previously. For each 
case, the Pythagorean relation (hence the range of 8/k) is exactly 


the same as in the corresponding TM case. Only the determining 
equations are new, and these are listed below. 


(21) 


Type I. 
6b = nm — arc tan (5/x) — arc tan [(8/y) tan ya] 
leo norer 
(22) 


Note that the lowest mode obtains for n = 1, which indicates a 
cut-off frequency for all TE waves. 


Type II. 
5b = nz — arc tan (5/«) — arc tan [(5/y) tanh ya] 
Sill Pe iec 
(23) 


Type III. 


5b = — arc tanh (5/~) — arc tanh [(6/y) tan ya] (24) 


In the type III fields the argument ya must be between 7/2 and 
a in order that eqn. (24) may be satisfied. Figs. 5 and 6 show 
the results of calculations using eqns. (22), (23), and (24) for 
the same combinations of dielectric constants used in the TM 
plots. Fig. 7 is a graph of the TE type IL mode for €, = 2:5 
and ah = 1-0. 

The graphical data portray the manner in which the field 
parameters vary with changes in dielectric constants and slab 
thicknesses. The distribution of power in the transverse direc- 
tion is of interest; in general, the power is concentrated in the 
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vicinity of the slab that has the trigonometric variation in the 
y-direction. A crude estimate of the amount of power flow on 
the free-space side of this slab is simply that which occurs outside 
of a single-slab structure, the single slab having the same 
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Fig. 5.—Inverse velocity ratios for TE waves for field types I and I. 
gq = 2 €2.= 4, 
. TypeIl—---. Types I and II —-. 
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Fig. 6.—Inverse velocity ratios for TE waves for field types I and III. 
€f) 14.165 — 2. 
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Table 1 
FIELD CLASSIFICATIONS AND CONDITIONS ON THE PARAMETERS 


Mathematical 
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Field variation in the direction normal to the slab 
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Fig. 7.—Inverse velocity ratios for TE waves for type II. 
€, = 1,e2 =2°5. 


dielectric constant and thickness as the slab referred to above. | 
Reference could also be made to the power-flow curves (for j 
€) = 2-5 and ¢«, near unity) of Jones and Cohn.? . 

Before proceeding to a consideration of the conditions for |) 
arbitrary polarization of surface waves over the double-slab | 
system, it is useful to summarize the results of the analysis | 
thus far. 

The analysis has shown that there are three types of field for | 
each polarization and that these types are identified by the nature | 
of the variation in the direction normal to the surface. These > 
classifications, together with the corresponding conditions on the | 
parameters, are reviewed in Table 1. It is instructive to discuss |i 
the field types on the basis of the two possible arrangements of } | 
the dielectric constants in the two layers: €, > €,; and €; > €). 
The type I fields are common to both of these combinations, }) 
whereas type II fields exist with only the former arrangement, | 
and type III fields are possible with only the latter. For a | 
configuration having €, > €,, both type I and type II fields are {f 
possible. Type I exists exclusively at the lower frequencies, and fi 
both types exist simultaneously as the frequency is increased 
beyond that for which B/k = »/e, for the dominant type I field. }/ 
On the other hand, if ¢, < €,, then both type I and type II fields ) 
are possible; again the former exists exclusively at lower fre- } 
quencies, and both types exist simultaneously at frequencies in | 
excess of that for which B/k = 4/e«, for the dominant type I |: 
field. These remarks apply to both TM and TE polarizations. } 
In fact, if the slab parameters and frequency are such that the TE © 
polarization can propagate, then both polarizations are possible, | 
although, in general, the velocities of the two polarizations will 
differ markedly except under certain specific conditions as | 
established in the following Section. 
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classification of modes 
Region I 


Region IL 


Trigonometric 
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Trigonometric 


Trigonometric 


constants required inverse velocity ratio 


€2 > €j 
or 
CPUS E}} 


2 > ef 


Type III Trigonometric 


Hyperbolic .. 


€2 Sey 
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(3) CONDITIONS FOR THE POSSIBILITY OF PROPAGATING 
ARBITRARY POLARIZATION 

Because the mathematical descriptions of the double-slab 
fields fall into three categories, it is useful to consider the possi- 
bilities of making the propagation coefficients of TM and TE 
waves equal for each of the three types of fields for particular 
_ combinations of dielectric constants and slab thicknesses. These 
types are treated in inverse order, starting with type II. 

If the two principal polarizations.(TM and TE waves) travel 
with the same phase velocity w/B, then «, y, and 8 are identical 
for the two waves. But in order for TM type III to exist, 
0< ya < 7/2, whereas for the TE case 7/2 < ya< 7. Hence, 
it is immediately clear that arbitrary or circular polarization is 
not possible with type III fields. 

Type II fields enjoy the complementary position, i.e. circular 
polarization is always possible. This can be shown by equating 
the right-hand sides of eqns. (15) and (23), which gives 


(n — m)r = arc tan (d/x) + arc tan (€,«/8) 
+ arc tan [(6/y) tanh ya] + arc tan [(e,y/e,S) tanh ya] . (25) 
Each angle is less than 7/2, so that at the outset 7 is limited to 
n= m-+ iand the modes must ‘pairup’. Nowlettanhya = T, 
and express eqn. (25) in terms of T. This results in a quadratic 

equation in 7: 
Tea + Tale, — €1) — yey =0 


2:0 


469 


Since the discriminant is always positive, there are two real and 

unequal roots; furthermore, only one value of T is positive, 

namely 

= [o(ep — €)? + 4y7eye9]"/2 — ale, — €4) 
ery 


Thus, for a given €,, €, and velocity w/B, there is only one set 
of thicknesses ka and kb that allows arbitrary polarization. 
From eqn. (27) the value of ka is immediately 


i (27) 


ka = (k/y) arctanh T . (28) 
and the value kb, from eqn. (15), is 
kb = (k/5)[mm + are tan (€,a/5) + arc tan (e,y7/e,5)] (29) 


To recapitulate: if the dielectric constants are known, the two 
thicknesses necessary to produce a desired B/k ratio can be 
readily found from eqns. (28) and (29). Some numbers have 
been plotted in Fig. 8, giving the variation of 8/k with ka and 
kb for «, = 1 and for several values of «2. One family of curves 


in this graph is for constant B/k; the second family contains a 
curve for each set of dielectric constants. The diagram gives an 
idea of the interrelation of thicknesses and dielectric constants 
for a given velocity, or the interrelation of thicknesses and 
velocity for a given pair of dielectric constants that is required 
for arbitrary polarization. 


0:8 


LOWER - SLAB: THICKNESS, ka 


oa 0-8 


UPPER- SLAB THICKNESS, kb 


Fig. 8.—Contours of equal phase velocity for TM and TE waves on the slab thickness plane for field type I. 
i —— 1-0. 


Inverse velocity — —. 


€2 = Constant ——. 
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Type I fields are more complex in that circular polarization is 
only sometimes possible. To develop this idea, equate the right- 
hand sides of eqns. (13) and (22); this gives 
(n — m)m = arc tan (e«/5) + arc tan (d/«) 

+ arc tan [(5/y) tan ya] — arc tan [(eyy/e,8) tan ya] . (30) 
Again n=m-+1, ie. the modes go in pairs. Now let 
tan ya = T, and rearrange eqn. (30) into a quadratic equation 
rhev 188 

Teyy — Tolen — €1) teyy = 0 (31) 
To have real roots, the discriminant must be greater than zero. 
This gives the condition 
we, — €1)? — 4eyeny* > U 
which, using eqns. (11), reduces to a condition on f/k: 
(BJ)? > 1 + 4eyen(ey — Die, + &)? . (32) 


This is a severe restriction on B/k as will be seen below. The 
two real roots are, of course, equal if the inequality of (32) 
becomes an equality. 

Values of 7 are thus 


—a(é5'= 4) [x(e. — €)? — 4eyeny"]!2 
a 2eny 


so that to a particular set of dielectric constants and a particular 
B/k there correspond two sets of thicknesses ka and kb that give 
the B/k for both polarizations. Note that both values of T are 


A i 


(33) 


positive. Again, ka and kb are immediately found from the 
equations 

ka = (k/y) arc tan T (34) 
and 
kb = (k/8)[m7 + arc tan (€,%/5) — are tan (exyT/e,5)] . (35) 


These thicknesses are plotted for various values of B/k in Figs. 
9(a) and 9(b) for dielectric-constant sets of (e; = 1:25, e€, = 2:5), 
and (€, = 1-2, «, = 12), respectively: To take a numerical 
example of the limitation of 8/k imposed by (32), choose €, = 2 
and €, = 4; this gives 


1¢< (Bik)? <2 


which is a very narrow range for the inverse velocity ratio. 
Other restrictions on the type I case arise from eqn. (30). 
Here the sum of three angles minus a fourth angle must equal 77. 
If the negative angle is greater than any one of the other three, 
this sum cannot add to 7, since tan ya > 0. 
So we require that 


(eyy/€15) tan ya < (€,«/ 8) } 
< (d/c) , 
< (6/y) tan ya 


(36) 


One of these inequalities will reduce to the condition €, > €;. 
The important fact is that «, > €, is always a requirement for 
arbitrary polarization, since the type II modes exist only for 
€, > <«,. Thus, the top slab must always have a greater dielectric 
constant than the lower slab to allow the velocities to be made 
equal. 

The equivelocity points displayed in Figs. 8 and 9 are, of 
course, valid at only a single frequency. For fixed slab thick- 
nesses a and 5 it is readily seen that the velocities for both TM 
and TE waves are decreasing functions of frequency with the TE 
wave velocity varying the most rapidly. The actual functional 
dependence for each wave can be determined only by numerical 
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“4 (en 
THICKNESS, kb 


Oo 
UPPER-SLAB 


(a) 


ka 


LOWER-—SLAB_ THICKNESS, 


fo) 0:1 0-2 O03 0-4 
UPPER-SLAB THICKNESS, kb 
(0) 
Fig. 9.—Equivelocity distribution on the slab-thickness plane for 
type I. 


(a) €j = 1-25, E2=> 2: 
2: 


5. 
(6) €, = 1:2, e2 = 12-0. 


means. Hence, an evaluation of the amount of the velocity 


difference between the two waves when the frequency deviates | 


from the equivelocity value is most readily accomplished by 
recourse to the graphical data. It is observed, for example, that 


the least velocity separation occurs for a given frequency change 
when the lower slab thickness is chosen greater than the upper — 
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slab thickness. To illustrate this fact, choose €, = 1 and e, =2°5 
and observe that for a/b ~ 4-5 (B/k = 1-02), a 5% frequency 
change produces approximately 0:5 °% velocity difference, whereas 


- for a/b 2 0-4 (B/k = 1-20),the same frequency change produces 
_ approximately 2% velocity difference. 


The results of the foregoing and additional examples involving 
different combinations of dielectric constants indicate that the 
frequency sensitivity of the double-slab system is generally rather 
mild. The observations that have been made are quite broad. 
The designer will glean more specific information relative to a 
particular system by careful examination of the appropriate 
curves. 


(4) CONCLUSIONS 
The fields in a 2-layer earthed dielectric slab must have a 
trigonometric transverse variation in at least one of the layers. 
For circular or arbitrary polarization to be admissible, the upper 
layer must have a greater dielectric constant than the lower. For 
arbitrary polarization, the inverse velocity ratio B/k is restricted 


' to the range 


| narrow range (of 8/k) between « — 


my ~~ 2791/2 
[coe Gage <plk< Ve 


which is just slightly greater than the range 


Ve < plkK<Ve 


Design equations and data are presented that allow a structure 
to be designed for equal phase velocities of TM and TE waves 
and that indicate how the several parameters interact. In the 


QowGs cima 
(€, + €)? 
4/¢;, dual solutions exist, i.e. for a given pair of dielectric con- 


stants, two sets of thicknesses give the same velocity; in the 
remainder of the range the solution is unique. 
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SUMMARY 
The paper gives an extension of results on the launching efficiency 
of surface waves obtained in a previous paper. 
In particular, a study is made of the effect on the launching efficiency 
curves of varying the ratio k1/k, which is a measure of the surface 
reactance of the guiding surface. 


LIST OF PRINCIPAL SYMBOLS 


E, = y-component of electric field strength. 
H, = z-component of magnetic field strength. 
H = Height of aperture. 
h = Height of source slot above guiding surface. 
k = Phase constant for free space. 
k, = Decay constant of surface wave. 
V(h) = Voltage across slot at height A. 
x, y, Z = Rectangular co-ordinates. 
B = Phase-change coefficient in x-direction. 
Py = Phase-change coefficient of surface wave. 
7 = Launching efficiency. 
€9 = Permittivity of free space. 
A = Free-space wavelength. 
Lo = Permeability of free space. 


(1) INTRODUCTION 


In an earlier paper the excitation of surface waves was dis- 
cussed. The surface-wave launching efficiency of a ‘chopped 
surface-wave’ aperture distribution was considered and plotted 
as a function of aperture height for a particular value of decay 
constant k,, namely k, = 0-5k. 

The purpose of the paper is to extend the previous results to 
other values of k,, and to present formulae by means of which 
this extension can be carried out more easily than by the method 
of numerical integration previously employed. 

The opportunity is taken to show that integration of the 
Poynting vector over the aperture plane itself can conveniently 
be used in the derivation of the formulae needed if we use a 
different path of integration from the usual Sommerfeld contour. 


(2) CALCULATION OF APERTURE MAGNETIC FIELD 


In a previous paper,! the following two formulae were derived 
for the magnetic field H, at the point (x, y) produced by a 
voltage V across a narrow slot in a perfectly conducting vertical 
screen, the slot being situated at a height 4 above a corrugated 
guiding surface: 


+00 
~k /7é& Eo, Ur ky : 
{oi ea | ee Bd oun Sp Un Noe Oe, 
Zt EN (2) | u (« “ u ee ‘ }e Fels (1) 


or H,, =ViQ.h) for y>h 
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Kk £0 ae seis i Mies y \e—ibx, 
= — = — —_———— week, u. di) 
Ha iEN(2)r| ma pyar Jeveras (2) 
or H, = Vit, y) for O=y<— Rh 
u=/(B? — k*) . 


where 


and (2) to apply to any specified vertically polarized aperture a 
distribution, by regarding the aperture electric field as being » 
produced by a continuous distribution of ‘slots’ each with the | 
appropriate exciting voltage. Mathematically speaking, we 7 
regard eqns. (1) and (2) as giving Green’s function for the 
problem. 


Fig. 1.— Illustrating the notation. 


For the case of a ‘chopped surface-wave’ aperture distribution | 
we therefore put, in the notation of Fig. 1, 


V(A) = — Ege dh; O<h< H 
V(t) =0; h>H : - ate 
To find the field at a height y less than h we must bear in mind 


that for the ‘slots’ below y eqn. (1) must be used and for the rf 
‘slots’ above y eqn. (2) must be used. 


Thus, the total magnetic field H, at the point (x, y) due to the 
aperture distribution specified by eqns. (4) is given by 


y AH 
nee f VAC, Wdh + i V(Me(h, ydh =... (5) 


Substituting eqns. (4) in (1) and (2) and integrating with 
respect to h as indicated in eqn. (5), we get 


+00 
27 Ho = il 1 
; H, = Eye~* a 
ik (=) 3 i — Ks) ae u(u + ae dB 
+ 00 
—u(H+y) —u(H—y) 
ce E, ei é é —jp. f 
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tH The first integral in eqn. (6) could be evaluated by complex 
‘integration, but it is simpler to proceed as follows. When 
H = ©, the field to the right of the aperture plane is a pure 
surface wave, and 


By | (Ho = 
| (SH. aS Eo€ kiYe—JGix . . . e (7) 


The second term in eqn. (6) vanishes when H = © on account 
of the factor aa, bearing in mind that wu is either real and 
(positive or imaginary along the real axis of the B-plane. Thus, 
ithe first integral of eqn. (6) must have the value 

Q7reJe1x 
Sor pre . . . . ° . . (8) 


Pi 
Since this integral is independent of H we have in general 


Br Co) A, = Ene” ke JRix 
€9 


k 
+o . 
By - — Ee uA—y) i 
+ 3 Ee 8 i eee, 
27j ev u(u — ky) : u(u + k) euecaiea 


We now apply the method of contour integration to evaluate 
ke integral in eqn. (9). 


Fig. 2.—Contour of integration. 


| For the present purpose the contour shown in Fig. 2 is more 
sonvenient than that used in the previous paper, for the 
imranch-cut contribution is now divided into two parts which 

Mizive separately the active and reactive components of H,. The 
active part of H, is found from the integration along DE and 
‘PG; the integration along CD and GH would yield the reactive 
bart, which is not needed. The pole at {; gives a contribution 
ho the surface-wave field. The active part H, of H, in the 

Maperture plane (x = 0) is then given by 


(2) x: = Eye (1 — e 2) 
€0 


k 
_ Bike? | k, (cos % — cos 4) ” 
1 a/(k? =-B?)(6? — 64) 
0 


b= Vk? — PY +y) 
o=Vie—pPya—y J - 


sai) + 2 lip 

(B Py By) 
(10) 

wh 

Phere a1) 

| (3) POWER FLOW 

’ To calculate the power flowing through the aperture, we 

must multiply H,, as given by eqn. (10), by 


B= Eye (12) 
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and integrate with respect to y from O to H. Assuming that 
it is permissible to reverse the order of integration, the inte- 
gration with respect to y can be carried through for the second 
term in eqn. (10) as well as for the first. If we write 


k 
rs cos & — cos d 
a lee = BB? — BD 


(13) 


it is easily verified that 


k 
dD(y)__—f sing +sing 
dy Baa pi 
0 


The integration of Eye~“1”H; with respect to y can then be 
carried out by parts as follows: 


1s le PL 6N.9 


H ; 
| eho] KOO) = BO ley =— [eo] =n) 
0 


Using eqns. (10), (13), (14) and (15) the total power flow through 
the aperture 0< y< H is found to be 


SSO k hiss 
aN Gna oo 
k 
€0 a Hek | _ sin? /(? — BH 
“ * (a) Fee 2k ae pope « 19 
0 


The first term of eqn. (16) is the power in the surface wave, and 
the substitution 6 = k cos @ in the second term puts it into a 
form recognizable as the radiated power, thus: 


ssh ff €0 \ pau Kees eae apie 
rsa) —e> 


[2 
in? (KH sin @) 
a ee oe sine 
ste (2B ‘i cat + k2 sin2 ie 
0 
An infinite-series representation of the integral in eqn. (17) is 


obtained in Section 7, and hence for the ratio of radiated power 
in the surface wave we find 


(17) 


[ IOuE =e Soe e 


PR 
Be Be 2 sinh? k,H (18) 
In the limiting case 2k H —> ©0 this reduces to 
Pp 1 (19) 


Ps;  2sinh2k,H 


It might be expected that the result for launching efficiency 
obtained by Rich” would lead to a value of Pp/Ps agreeing with 
eqn. (19) for very short wavelengths. 

Rich’s formula is 

gel — ene (20) 
in our notation, and the corresponding result for Pr/Ps can be 
written 


(21) 


Pee 1 € — snes) 
P; 2sinkh2?k,H\ 2 


The discrepancy between Rich’s result and the results given 
here have been discussed previously? for the special case 
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k,/k = 0-5, but it is interesting to see that the present results 
do not agree with Rich’s even if k,/k +0. Rich relates his 
launching efficiency to the power carried by the incident plane 
wave rather than to the power flow through the aperture, and 
in Rich’s view this accounts for the discrepancy in the case 
k,/k =0:5. However, even bearing in mind the different 
definition, it seems unlikely that the launching efficiency as 
defined by Rich would be independent of k,/k for a given k,H. 


(4) LAUNCHING EFFICIENCY 

The launching efficiency 7) can easily be evaluated if Pr/Ps is 

known. We have 
oases : ee 2) 

Wiree PrIPs 

In Fig. 3, 7 is plotted as a function of k,H. It will be noticed 
that the curve for k,/k =0 (KH) apparently sets an 
approximate lower limit to the launching efficiency. 


(0) O02 04 O06 O08 1:0 1201: 4 eC el 6 mc O 
ky H 


Fig. 3.—Launching-efficiency curves. 


It may be of interest to mention that the series in eqn. (18) 
was in fact used for the computation, although for smaller 
values of k,/k direct numerical integration of eqn. (17) would be 
quicker. 


(5) CONCLUSIONS 
Curves for the launching efficiency of a ‘chopped surface- 
wave’ aperture distribution have been obtained, and it is shown 
that, for all values of k,/k, usefully high launching efficiencies are 
obtainable when the aperture height A is large enough to make 
k,H ~~ 1 
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(7) APPENDIX 
We need to evaluate the following integral: 
1/2 


sin? (kH sin 0) ; ., i} 
= = ye aS IE . . . 21 | 
| rea No : 

0 


1 do 7 all 

H fs = oh A a . (22 
kt + k? sin?@ = 4B ky Ni 

0 : 


——- 


where 


yr =1 | 8 (2kH sin 0) ib. 
Wa + k? sin? @ 


Now let X = 2kH, and note that R, 
cos (X sin 9) = Jyp(X) +2 > Jan(X) cos2m0 . (24) 


Substituting eqn. (24) in eqn. (23), and carrying out the integra : 
tion with respect to 8 by using the result : 


cos nx mites q” 
1 + a2 — 2acosx 1 — a 
0 
we find, after some straightforward algebra, the result 


be 7 By - ky i a 
r= gel io 2S Jan) z OF 


We next show that 


ime 
X—>o 


BE, | 


value of m. It is not immediately obvious that letting X > af 
will make the infinite series vanish, since we know that 


I(x) 2 D3 Jon(X) = 1 for any X. 


values of k,/k. 
We first select a large value M for m such that 


[(B; — kp/kPM <1 


large. Provided that we then choose X s M, the previoush} 
used argument based on the asymptotic representation o 


result of eqn. (26) follows. 

An alternative argument making eqn. (26) plausible depend): 
on the fact that eqn. (23) has an integral which is rapidl” 
oscillatory, so that the integral would be expected to tend ti) 
zero as KH tended to infinity. 
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SUMMARY 

Increased intermodulation distortion in frequency-modulation fre- 
quency-division multiplex trunk radio systems will be generated under 
fading conditions when the fade is due to the presence of one or more 
echoes. The distortion level is not simply related to the fading depth, 
ut depends in a rather complicated way on the parameters of the 
tchoes responsible for the fade. As a guide for future experimental 
work, theoretical investigation has been made of the nature of this 
ependence, both for single-echo and for multi-echo fading. In the 
fatter case, a simple formula has been developed for the worst inter- 
modulation distortion due to a system of echoes of given amplitudes 
ind delay times. Numerical results are given for a particular 22-5 dB 
ade whose echo structure was derived experimentally.2 

it is concluded that nothing can be deduced from measurements of 
(ating depth alone about the magnitude of intermodulation distortion 
wssociated with fades generated by cancelling echoes. Measurements 
ure required either of the parameters of the echoes or, directly, of the 
distortion. 


LIST OF SYMBOLS 


@ jy = Frequency modulation, rad/s. 
Wp = ‘Peak’ frequency deviation (taken as 11dB above 
r.m.s.), rad/s. 

@,, = A base-band frequency, rad/s. 

@» = Maximum base-band frequency, rad/s. 

k= Wy lO 

| w, = Carrier frequency, rad/s. 

| Vp/Vy = Distortion/signal voltage ratio in any one channel. 

pol Vy = Second-order distortion/signal ratio in any one 
channel. 

p3/Vy = Third-order distortion/signal ratio in any one 
channel. 

dp = Phase distortion due to echoes, rad. 

1/d = Instantaneous fading depth (ie. the ratio of the 
undisturbed signal amplitude to that under fading 
conditions), voltage ratio. 

For a single-echo fade: 
r = Relative echo amplitude, voltage ratio. 
7 = Echo delay, sec. 


| For a multiple-echo fade: 
| 1 == Relative amplitude of the nth echo, voltage ratio. 


T, = Delay of the nth echo, sec. 


(1) INTRODUCTION 


In trunk radio systems two undesirable effects are associated 
vith fading. First, there will be an increase in the ratio of Tale 
ise to rf. signal strength, with consequent increase in the 
lelative noise level in any one telephone channel after demodu- 
ation. This effect can be calculated with good accuracy in a 
imple way: when the r.f. noise spectral distribution is flat, the 
©i-known triangular distribution of noise appears after demodu- 
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lation.! The noise level per channel is simply related to the 
instantaneous fading depth. 

The second effect relates to intermodulation distortion of the 
base band. An increase in intermodulation distortion will be 
associated with a fade if the fade is due to destructive interference 
with the main signal by one or more echoes. Such a fade is 
characterized by a fading depth which is dependent on frequency. 
It has been shown? for.a particular overland path that all the 
deep fades studied were made up of two components, one fre- 
quency-dependent and the other frequency-independent. The 
latter is presumably due to a temporary increase in attenuation 
or to a bending of the main beam. It is to be expected that inter- 
modulation distortion will be associated only with the frequency- 
dependent component of the fade. 

Intermodulation distortion associated with frequency-selective 
fades is not related to the instantaneous fading depth in such a 
simple way as distortion due to r.f. noise. For example, in the 
simple case of a fade due to one short-delay echo, the distor- 
tion/signal voltage ratio in one channel, besides being propor- 
tional to the square of the delay time, depends on a factor 
(involving the echo amplitude and phase) which, for a given 
instantaneous fading depth, can vary from nearly zero to a finite 
maximum. When the fade is due to a number of echoes, the 
situation is correspondingly more complicated, the distortion 
depending quite critically on the amplitudes, delays and phase 
angles of the echoes. 

There is a further important difference between the two 
deleterious effects of fading. The increase in relative r.f. noise 
level can be mitigated by increase in transmitter power or aerial 
gain, or by improvement in receiver noise factor. None of these 
measures will affect the increased intermodulation distortion, 
reduction of which will require an instantaneous change of path or 
frequency. 

Although there are considerable (not very concordant) data on 
the frequencies and depths of fades over various paths at ultra- 
high frequency,?~? little has been published on the echo para- 
meters associated with fading.2 Nor, it appears, are any 
measurements available on the intermodulation distortion asso- 
ciated with fades. Consequently, it is of interest to see how 
far it is possible to obtain a theoretical indication of the orders 
of magnitude involved. 

The only previously available theoretical work on intermodula- 
tion distortion due to fading appears to be that in Reference 10, 
where an expression is obtained for the worst distortion, at a 
given instantaneous fading depth, due to a single echo. In the 
present paper, the mechanism of distortion generation during 
single-echo fades is examined in considerably more detail and, 
incidentally, an expression for the worst distortion somewhat 
different from that of Reference 10 is derived. Since, at least on 
overland paths, fades tend to be due to a number of echoes of 
substantially different delays rather than to a single echo 
(Reference 2), an approximate expression is obtained for the 
worst distortion in the multiple-echo case. This is compared 
with the exact distortion level worked out in a specific case 
(considered in Reference 2) of a fade generated by six echoes. 
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(2) SINGLE-ECHO FADES 
(2.1) Dependence of Distortion on Echo Phase 


A single echo capable of causing a deep fade must have an 
amplitude close to that of the main signal and a phase difference 
from the main signal close to 7. Also, such large echoes will be 
expected to have short delays. When the delay is sufficiently 
small to make both wp7/(1 — r) and @,,/(1 — r) very much less 
than unity (as will usually be the case), the distortion/signal 
voltage ratio, Vp/Vy, in any one channel, will be 


rea[Gey +] «= 0 


where Vp>/Vy and Vp3/Vy are given by!! 


Vopr _ 0:277r(1 — r?)wpan,/(1 — 0:5k) sin wr 


Vy (1 + r2 + 2r cos w,7)? 


Vp3 _ 0-0287r(1 — r?)(cos wer + 4r — 2r cos? wer + 2 cos w,T)W HW r/(1 — 0-333?) 
Vy (1 + r2 + 2rcos w,7)3 ; 


When r is close to unity, as required for deep fading due to a 
single echo, and 7 is of the order of magnitude usually encoun- 
tered with large echoes, the distortion given by eqn. (1) will be 
negligible over most of the available range of echo phase angle, 
but two very sharp peaks of distortion, close to and on either 
side of the anti-phase condition, put in an appearance. A 
numerical example is shown in Fig. 1, the following parameters 
being used: 


r=0-9 
t = 0-3 millimicrosec 
®p =4 X 27 X 106rad 
Om = 2:54 x 27 x 10°rad/s 
= Il 


The last three quantities refer to the top channel of a 600-channel 
system. The delay time corresponds to reflection (without change 
of phase) from the boundary of the first Fresnel zone when the 
carrier frequency is 1667 Mc/s, and the echo amplitude is such 
as to generate a 20dB fade at this frequency. 


(2.2) Distortion at a Given Instantaneous Fading Depth 


Taking the vector sum of the main signal and the echo, we 
have 
Cae tte) 2 COS) teen, alle eee) 


For sufficiently short delay times Vp3/Vy will be negligible 
compared with Vp»/Vy. Then, from eqns. (1) and (2), 


1 Vp 0-2wpw_/( — 0°5k) 


Vy 7 ri —r?)sinw,r . (5) 
Making use of eqn. (4), this becomes 
1Vp  0:2wpw,r/( — 0°5k) . 
= SOOO in 


72 Vy d4 
x [— cos w,7 + +/(d? — sin? w,7)] 
X [2 sin? wr — d? + 2cos w,7 /(d? — sin? w,7)] . © 


The reason for the ambiguity of sign is that for certain ranges 
of phase angle the same fading depth can be generated by two 
echo amplitudes. When this is true, it is evident that two 
distortion levels can be associated with a given fading depth and 
echo phase angle. It can be readily shown that a given instan- 
taneous fading depth, 1/d, can only be generated by a single 
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echo if the echo phase angle lies within a region centred on 7) 
of width {ar — arc cos[— +/(1 — dy}. Within the narrowe) 
region, centred on 77, of width far — arccos[— (1 — 4d)]}, onl 
one set of signs in eqn. (6) is appropriate, while in the zone rs 
lying within the broader region and outside the narrower regio:|) 
both signs are permissible. This ambiguity of distortion leve })) 
near the edges of the allowed range of phase angle, can be seer j 
for example, in Fig. 2. 14] 
Figs. 2, 3 and 4 show the variation with echo phase angle c}!; 
+~?Vp/Vy for instantaneous fading depths of 10, 20 and 30 dE) 
in the case of a 600-channel system subjected to fading generate)” 
by a single echo. These graphs show clearly that no uniqu' 
distortion level can be associated with a given fading depth, eve). 
when the echo delay is known. 


DISTORTION IN TOP 4kc/s CHANNEL, dBmo 


© 1 2 3 4 S) 6 
PHASE DIFFERENCE BETWEEN ECHO AND MAIN SIGNAL, RAD 


Fig. 1.—Variation with echo phase of the distortion due to a 
single echo. 


Number of channels .. 600 
Echo amplitude 0:9 


Echo delay time 0-3 millimicrosec 


(2.3) Maximum Distortion at a Given Instantaneous Fading i 
Depth . 


A fairly simple expression can be derived for the maximutt 
distortion possible at a given instantaneous fading depth whe™ 
the fading is due to a single echo. It is (see Section 5.1) 


1/Vp 
=, oe = 0:20pa,/(1 — 0-5) 


[— 3d + (a? + 32)][32 — 2d? — 2dy/(a? + 32)}12 
3202 


his maximum occurring when 


3d* + 4 — »/(d4 4+ 32¢? 
| r=4/ | eae 4 : (8) 
. = 
}and €OS/@),T == die See MAE ry S22) (9) 


4y/[3d? + 4 — \/(d4 + 32d?)] * 
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Fig. 2.— Variation with phase of second-order distortion for a 
fading depth of 10 dB. 


Single-echo feding: distortion in top channel of a 600-channel system. 
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4. 3.—Variation with phase of second-order distortion for a fading 
depth of 20 dB. 


Single-echo fading: distortion in top channel of a 600-channel system. 
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When d < 1, eqn. (7) takes the approximate form 
1/Vp 0:2 
5 ea) = yO pOmV (1 — 0°5K) (10) 


This approximation exaggerates the maximum distortion to the 
extent shown in Table 1. 


x104 
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» MICROSEC ~ 2 


3:18 3:19 


Sites Sioa 1D 
ECHO PHASE ANGLE, RAD 


~8s503aT 316 3-17 


Fig. 4.—Variation with phase of second-order distortion for a fading 
depth of 30 dB. 


Single-echo fading: distortion in top channel of a 600-channel system. 


Table 1 
EXAGGERATION OF MAXIMUM DISTORTION DUE TO EQN. (10) 


Excess of distortion 
given by approximate 
expression (10) 
over true distortion 


Instantaneous 
fading depth (d) 


B 


sal 
6 
oD, 


From eqn. (7), curves have been plotted (Fig. 5) showing the 
variation with echo delay of the worst distortion associated with 
instantaneous fading depths of 10, 20 and 30dB, for the top 
channel of a 600-channel system. The boundaries of successive 
odd-number Fresnel zones are shown, for a carrier frequency of 
1800 Mc/s. While the curves have been drawn continuously, 
only the points of intersection with the odd-number Fresnel-zone 
boundaries will have physical significance, since reflections 
originating from regions lying between these boundaries will not 
generate either deep fades or appreciable distortion. However, 
since the locations of the boundaries are frequency-dependent, 
the solid curves are required when considering the variation of 
fading distortion with carrier frequency. 
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FRESNEL ZONE BOUNDARY NUMBERS AT 1800Mc/s 
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§.—Variation with echo delay of maximum distortion associated 
with single-echo fading. 
600-channel system. 


Fig. 


(2.4) Expression by Albersheim and Schafer for Maximum 
Distortion 


Albersheim and Schafer have given an expression for maxi- 
mum distortion [expression (15) of Reference 10] which is of a 
form similar to eqn. (10) above but contains a smaller multiplying 
factor, their formula giving distortion levels nearly 4dB lower 
than those computed from eqn. (10). The reason for this 
apparent discrepancy is that the two expressions do not represent 
quite the same physical quantity. Whereas eqn. (10) represents 
the worst distortion that can be associated with a given fading 
depth, for single-echo fading, Albersheim and Schafer considered 
the worst distortion generated by an echo of fixed amplitude and 
variable phase (the peak, in fact, of curves such as that shown in 
Fig. 1). Furthermore, the quantity 1/6 in their formula, which 
replaces the 1/d in eqn. (10), is not the fading depth when the 
echo is phased for worst distortion, but the fading depth when 
the echo is in anti-phase. 


(3) MULTIPLE-ECHO FADES 


The existing evidence, based on one overland optical path,? 
suggests that fading due to echo interference on radio links of 
this kind generally involves a number of echoes of very varied 
delay times and amplitudes. It would not be expected that 
conclusions based on single-echo theory would be particularly 
relevant to this complicated situation. Fortunately, it is possible 
to derive a single approximate formula for the worst distortion 
that is capable of being generated by a number of echoes phased 
to produce a fade of given depth. This formula is a generaliza- 
tion of eqn. (10), and is of such a form as to show by inspection 
the way in which the contribution of each echo depends on its 
amplitude and delay. 


(3.1) General Distortion Formula 


It is supposed that all delay times are so short that only second- 
order distortion is significant. Then, it can be shown (Section 5.2) 
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ae the distortion/signal voltage ratio in a channel of frequenc u 


m iS given by | | 
Vp } 
= (0s 40 pwn (1 i — 0- 5k) | 
as | 
[(BG — CF)(FG + BC) — (C? + G?)(AG — CE)| a) 
(C2 + G22 1 
where A = — 42:r7? sin w,7 


B = rr cos wT 
C= =rsin wr 
= — 427? cos wT 
pa ae 
=] 4. Sr cos wer 


rand 7 being the echo amplitudes and delays, and the summatior x 
extending over all the echoes. 


(3.2) Approximate Formulae for Worst Distortion ' | 


The exact formula written down in the last Section is not «> 
great practical use, both because of its complexity and becaus)> 
it requires detailed knowledge of the individual echo phases, a) 
well as of their amplitudes and delay times. Consequently, w) 
try to find a formula for the worst distortion at a given fadin's 
depth, analogous to eqn. (10). To do this (for the analytic v 


tudes and phases. 
variable echo has the smallest delay time, 7,;, say. We ca’ | 
now adjust the amplitude: and phase of this variable echo ee 2 


echoes. The final step is to allow these remaining phase at 


to vary until the maximum distortion just obtained has its larges} 


treatment different from that of the others. It is shown that i 
order to generate a fade associated with maximum distortion, fo! 
a given fading depth, the sum of the echo amplitudes must bi 
close to unity. Inserting this condition, we arrive (Section 5.2) 
at the symmetrical formula 


ae 
Vy 


This expression is valid only for small d, the approximation : 
being similar in nature to those applying to eqn. (10). If all th) 


0:2 4 
= a ei + rT, +... Pwpom/U — 0°5k) . (12) 


max 


(3.3) Numerical Example 


In Reference 2, one specimen fade has been examined i ; 
detail. 


th 


It is concluded that the curve of fading depth again: if 


accuracy by addition to the main signal of the six echoes ap 
shown in Table 2. This combination of echoes produces 
maximum fading depth of 22-5dB, at about 4005 Mc/s, givin | 
d=0-075. Also, 2rr = 1-138 x 10-9. Then, for the toy, ; 


worst distortion/signal value is found, from eqn. (12), to | 
—37-8 dB, corresponding to a distortion level in the top 4ke/) 
channel of about —51 dBmo.* . 

To see how well this accords with the actual situation, values o 
distortion in the neighbourhood of the frequency of deepest fad! 


* “dBmo’ signifies decibels referred to a milliwatt measured at a specified point ¢ 
the telephony system: see, for example, Reference 12. 
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Table 2 
SYSTEM OF ECHOES GENERATING A TYPICAL FADE* 


Echo amplitude Phase shift from main signal 
Echo number | “7ormalized | Echo delay 
main signal) c Half- 
r wavelengths Frequency 

mus Mc/s 
1 0-45 0-122 1 4090 
2 0-26 0-370 3 4050 
3 0-10 2-86 23 4033 
4 0-115 3-14 5) 3981 
5 0-025 3°9 ail Siz 
6 0-02 25 97 3 993 


* Measured by R. L. Kaylor (Bell Telephone Laboratories) in Iowa, U.S.A. 
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(Fig. 6.—Distortion in a 600-channel system due to the set of six echoes 
described in Table 2. 


nave been evaluated from the exact formula (11), the resulting 

Mcurve being shown in Fig. 6. It is seen that eqn. (12) gives a 
Histortion level within about 3dB of the true worst distortion. 
}As in the single-echo case, substantial intermodulation distortion 
's generated over only part of the fading range: in particular, at 
the frequency of deepest fade the distortion falls steeply to a very 
bow level. 

In Reference 2, it was pointed out that omission of the two 
smaller echoes produces a substantial change in the shape of the 
Vading curve. It is now also apparent, from expression (12), 

hat these echoes make an important contribution to the distor- 
Ncion, in spite of their small amplitudes, since the significant 
narameter affecting distortion is the product of amplitude and 
delay, and the long delays compensate for the low amplitudes. 
) The significance of distortion levels such as those shown in 
)Fig. 6, from the point of view of trunk radio system design, 
depends on the required system performance, the length of 
the system, and the percentage of time during which the dis- 
tortion occurs. Not enough experimental data exist to clarify 
the latter aspect. During the series of measurements reported 
in Reference 2, fades of 22:5dB or more occurred for only 
about 0-2°% of the time. However, it would be quite unsafe 
© conclude, on the basis of an analysis of one not neces- 
warily typical fade, that the worst distortion level (—54dBmo) 
=ncountered in that case will occur for less than 0:2% of the 
‘ime, even over the particular path under test. Regarding 
‘eauired system performance, some idea of order of magnitude 
3 obtained by observing that a tentative C.C.I.R. recommenda- 
ivn,!3 based on C.C.I.F. requirements for cable transmission, !* 
seeds to the conclusion that the total intermodulation distortion 
Ser channel in a 180-mile system forming part of an international 
e work should not exceed — 57 dBmo for more than 99 % of the 
‘ime. Since the worst distortion generated during the fade con- 
siered here exceeds this permitted level by 3dB, it is evident 
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that intermodulation distortion generated in fades may be of 
concern in system design, and further experimental work appears 
to be called for. 
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(5) APPENDICES 
(5.1) Maximum Intermodulation Distortion at a Given 
Instantaneous Fading Depth for Single-Echo Fading 


Eqn. (7) is obtained most straightforwardly by eliminating w,r 
between eqns. (4) and (5), and maximizing with respect to r. 
From eqns. (4) and (5) we have 


1 Vp 0-2wpwyr/(1 — 0-5k) 
Vy 2d4 


(1 — r)[4r? — (a? — 1 — r?)?]1/2 
(13) 
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Differentiating with respect to r? and equating to zero, we find 
stationary values where 
2r* — r2(33d2 + 4) + d* —d?+2=0 
> _ 3d7 + 4 — +/(a* + 32a?) 
Pe 
4 


giving (14) 


(the minus sign being chosen to make r2 < 1). Thus eqn. (8) 
follows. Substitution in eqn. (13) gives eqn. (7), and elimination 
of r between eqns. (4) and (14) gives eqn. (9). 


(5.2) Approximate Expression for the Worst Intermodulation 
Distortion in the Muitiple-Echo Case 


When all the delay times are sufficiently small, the phase error 
in the multiple-echo case (by a straightforward extension of 
Appendix 1 of Reference 10) is given by 


dp = — aretan | 


Thus, approximately, 


bp = 
Sra ate X[rd. — 4wi,7?) sin w,7 + rwyT cos w,T| 
1+ 2X[rd — 403,77) cos w.7 — rwyyT sin wT] 


(15) 


mr sin (wt + wyT) 
1 + Xr cos (w.t + wT) 


2 
= — arc tan (jx ge Beg ta 
Ew, + Foy + G 


where A, B, C, E, F, G have the significance defined in Section 3.1. 
When this expression is expanded in powers of wy, the coefficient 
of w3, is given by 


ld*hp _ 1 
2dwr, (C2 + G?)? 
(@y = 9) 

[(BG — CF)(FG + BC) — (C? + G*)\(AG — CE)| (16) 
From this, eqn. (11) can be immediately deduced.!° 

Now, put 
1+ Urcos w,7 = d, 
: (17) 

and ar sin w,7 = d, } 


so that the reciprocal of the instantaneous fading depth is 
given by 
d? = d2 + d2 


We can eliminate the r and the (w,7) associated with one echo 
from eqn. (15) by the use of eqns. (17). Calling the eliminated 
quantities r; and w,7,, eqn. (15) becomes 


d, — 403, (73d, apd) ve MOC Reh Ss 
= Leta 
%o - E ae 403 (rid, ris L) = wy (714, aie M) 


where 


J = r,(73 — 72) sin w,72 + 73(73 — 72) sinw,73 +... 
K= — 7 +1A(T2 — 7) COS w,T2 + 13(73 — 71) COS WT, +... 
L= — 7} + r(73 — 72) cos wet, + (73 — 73) cos w,73 + ... 
M = r2(72 — 71) SiN wT, +173(73 — 71) SiNw.T, +... 
Then, in the previous nomenclature, 
A= —4(77d,4+ J) 
Bi Tide Se K 
C=, 
E= — X<(77d,+ DL) 
i = (71d, + M) 
G= da 


c 
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The term in square brackets in eqn. (16) becomes | 

(BG — CF)(FG + BC) — (C? + G?)(AG — CE) . 
= [d(7,d, + K) + 4,744, + M)] i 
[— (71d, + M) + d(7d, + K)] ! 
— (d2 + d?2)[— 4d,(77d, + J) + 4d,(r7d, + L)] i 
= [7,(d2 + d2) + d.K + 4M](— 4,M + d,K) 
+ 4d? + d2)(d,J —d,L) . 


We now assume that the d’s are sufficiently small to allow sup? 
pression of the third-order terms [this is the same order o}} 
approximation as that used in deriving eqn. (10)]. Then expres}j 
sion (18) reduces to 


(d,K + d,M)(— d,M + d,K) = (d2 — d2)KM + djd(K? — My 
d, = dsin 8 ) 
d, = dcos@ 


Put 


so that expression (18) becomes 
d7[4(K? — M7?) sin 20 — KM cos 20] 


Now, if all the echoes except the first have fixed amplitude: i 
and phases, the problem of adjusting the amplitude and phase 0% 
the first echo for maximum distortion is reduced to that of making) 
the proper choice of 6 in order to maximize expression (19). This? 


maximum value is immediately seen to be 

d[M(K? — M?)? + (KM)! 

d2 
<= z K2 + M?) 

We can now, finally, choose w,7, w,73, etc., to maximizely 
K? + M?. To fix our ideas, suppose that 7, is the least delays 
time. Then, K? + M? is the square of the amplitude of the! 
resultant of a number of co-planar vectors of amplitudes 7,,) 
ro(T2 — 71), 13(73 — 71), etc., and phase angles 7, wT, W.T3.h, 
etc. The maximum value of this resultant amplitude is evidently/ 
obtained when 


COE Ro = LOU ey eh LEE 


so that 
(K? + M 2 ees =a 


[71 + (tg = 7) + 33 — 7) + ah 


Thus, the worst distortion/signal ratio takes the form 


V, Ow 
(Fe) ms ay lt +P Ke Go8—= Tie sais Tice ue 
APRA eae 5: 


According to condition (20), all the echoes except the first are} 
required to be in phase opposition to the main signal. Thus, 
for a deep fade to exist, the first echo, if it is of substantial 
amplitude, must also be nearly in phase opposition (since there} 
are no Other available echoes having phases appropriate for! 
cancellation of any considerable quadrature component of the} 
first). Hence, for a deep fade producing maximum distortion,} 
we have the approximate relation 


Pearle ares 6/24 || 


Inserting this condition into eqn. (21), we arrive at the sym-| 
metrical form 
V, 0-2 
7) = =a = 1972 + ah’ PO pOm/ (A = 0-5k) 
Vy max d 


which is expression (12). 
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SUMMARY 


Designed initially for use with a method for television band com- 
pression by variable-velocity scanning, the performance limitations of 
9a magnetic scanner with negative feedback from a novel source are 
‘§presented: also, some of the many applications of such a scanner are 
briefly reviewed. 

The justification of the presentation relies mainly on the mathe- 
matical analysis: however, measurements of current waveforms confirm 
that the influence of non-linearities and other factors which have been 
explicitly ignored in the derivation of this analysis is negligible in 
practice. 

Consideration is given to the practical application of the results, 
nd it is shown that satisfactory operation can easily be obtained for 
netitive scanning rates up to 104 per second with a maximum dis- 
facement error (during a change of velocity) of no more than 0:2°%. 


LIST OF PRINCIPAL SYMBOLS 
V;,(t) = Signal voltage applied to amplifier. 
V(t) = Feedback voltage. 
V2) = V;,(t) — Vp(t) = One input to the amplifier. 
B = Feedback transfer ratio, voltage/current. 
M = Feedback factor = A3f. 
m, A;, Ay, A; = Gains of amplifiers. 
i(t) = Flux-producing current in deflecting coil re- 
flecting at the amplifier output. 
i,t) = Driving current from the amplifier. 
i = Laplace transform of i(7). 
i, = Laplace transform of i,(¢). 
@y = 2mf) = Resonant angular frequency of deflecting coils 
and output transformer. 
QQ) = Effective resonant angular frequency of deflect- 
ing coils when connected to the amplifier. 
Q, = Q-factor of the deflecting coil in circuit without 
external damping (Fig. 3). 
Ki dV,, (dit <0)\ 4. 
K, = aV,,(t)/dt, t > of Hh aes 
U, = difdt,t <0. 
U, = Steady-state slope of i(¢), di/dt, for t > 0. 
i= oi 1 / Up. 
T, = Line period. 


Ip = Peak-to-peak deflecting current from _ the 
amplifier. 

V,= Peak voltage from the amplifier (series 
damping). 

V, = Peak voltage from the amplifier (shunt 
damping). 


L, C, r = Deflecting-coil parameters (Fig. 3) reflected to 
the output of the amplifier. 
R = External damping resistance. 


Tax == Maximum error of i(t) at a change of state. 


‘ orrespondence on Monographs is invited for consideration with a view to 
utlication. , : ' ; 

rof, Beddoes is Assistant Professor in the Department of Electrical Engineering, 
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d = I,[Imax = Reciprocal of the maximum allowable error of 
deflecting current. 
a, = Fractional increase of output current when the 
amount of feedback is increased from zero 
to M. 
a.) = Fractional increase of the effective bandwidth 
when negative feedback is applied. 


(1) INTRODUCTION 


Variable-velocity scanning was used before the word ‘television’ 
was invented: for example, in 1909, Gilbert Sellers! patented a 
mechanical variable-velocity scanner for the transmission of 
facsimile messages by telegraphy. Bedford and Puckle? were the 
first to use a variable-velocity scanner in practical television. 
They proposed a system to modulate the brightness of the raster 
on a cathode-ray tube. According to their proposals, the local 
scanning velocity was varied inversely as the desired local bright- 
ness. Thus, in order to transmit a picture, information of the 
local scanning velocity only was required, because the current of 
the receiver scanning beam was held constant. The Bedford— 
Puckle variable-velocity scanner was essentially simple. The 
scanning-beam deflecting plate was connected to the junction of 
a pentode anode and a capacitor; the capacitor was discharged 
by the anode current of the pentode. In the absence of any 
incoming signal, the pentode grid was held at a constant potential. 
Thus, the voltage across the capacitor increased uniformly with 
time, and the spot was deflected at a uniform velocity across the 
cathode-ray-tube screen. Jf, at a particular point, the local 
scanning velocity was to be decreased (producing increased local 
brightness), the control grid was lowered in potential, and con- 
versely. ‘The Bedford—Puckle variable-velocity scanner, as it was 
described, was suitable only for driving cathode-ray tubes with 
electrostatic deflection plates: it could not be employed for 
magnetic deflection of the scanning spot. 

Cherry and Gouriet? (and independently, Bell*) proposed a 
system for bandwidth compression of picture signals using 
variable-velocity scanners at transmitter and receiver. When 
scanning sections of the picture containing fine detail,* both 
transmitter and receiver scanning spots moved slowly; when 
scanning sections of the picture containing little or no detail, 
both spots moved rapidly. It was claimed that such a system 
should reduce the signal bandwidth below that normally required 
for a constant-velocity scanning system. The Cherry—Gouriet 
system was essentially a running coding system for reducing the 
redundancy between adjacent picture points. A somewhat 
similar variable-velocity system was proposed by Schroter.® 
According to his suggestions, bandwidth compression was 
achieved by reducing the frame information (frame-to-frame 
redundancy). 

For variable-velocity operation in general?-® the scanning 
velocity is varied within a range of the same sign (i.e. the spot 
does not locally retrace its path). For certain applications,*+4»° 
the highest scanning velocity is approximately that used for 


* For definitions of ‘picture detail’ see References 3 and 7 
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constant-velocity scanning, and departures from this value are to 
lower values of the same sign. For these applications therefore, 
instead of increasing the deflecting-coil voltage, variable-velocity 
operation reduces it for certain periods of time. 

In order to change the scanning rate with a magnetic scanner, 
the voltage across the deflecting coil must alter to a new value: 
the unavoidable stray capacitance of the coil opposes the rate at 
which its terminal voltage changes. Thus, a large driving pulse 
of current is required in order to effect a rapid change of scanning 
velocity: this pulse may materially increase the range of current 
required from the circuit driving the coil. 

The purpose of the paper is to outline the main design features 
of a variable-velocity magnetic scanner. It will be shown that 
the design, in one of its phases, is practical and may be achieved 
without special components; in particular, without excessive 
insulation of the turns of the deflecting coil. Because of the 
satisfactory results of calculation, it is thought that this scanner 
may be used for any of the variable-velocity instruments briefly 
reviewed above. 


(2) APPARATUS 


The variable-velocity scanner consists of two parts: a driver 
sweep generator, and a driven amplifier which operates into the 
deflecting coil. 


(2.1) Driver Sweep Generator 


The sweep generator is similar in principle to the Miller valve, 
V>, of the Rao-Sankava Subramanyan expanded time-base.5 In 


Fig. 1.—Circuit diagram for the sweep generator, 


addition, however, the present generator uses a cathode-follower 
(Fig. 1), principally in order to limit the flyback time;8 also, a 
diode is employed to limit the extent of the sweep stroke. 

The scan speed is required to be locally varied by some given 
controlling voltage (i.e. the slope of the sweep stroke is to be 


MILLER 
INTEGRATOR 


FEEDBACK 
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Vin (t) 
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varied by this voltage). For this operation, therefore, the contr 
voltage is applied to the grid resistance of Vj. 


(2.2) The Main Amplifier 


The amplifier which supplies the deflecting coil is itself al 
by the sweep generator. Before describing this amplifier, ps 
outline will be given of the voltage/current relationships whic” 
exist across a deflecting coil. . 

For a deflecting coil of high Q-factor, a constant potenti). 
applied externally to its terminals produces a constant increa}> 
of current with time: if the external potential is altered, tl)> 
scanning rate alters, and it can do so as rapidly as th 
potential across the coil is altered. The sole hindrance 4% 
rapid changes in coil potential (and hence to rapid chang) 
in scanning rate) is caused by the stray capacitance C,: th): 
is the sum of the coil stray capacitance and that of th) 
circuit driving the coil. For a given value of C,, the use of | bs 
highly permeable deflecting-coil yoke greatly increases the defie! 
tion sensitivity above that of the same coil in air. Conversel ie 
for a given deflection sensitivity, the deleterious effects of C, cé\, 
be greatly reduced by the use of a highly permeable yoke. Tl 
undesired effect of C, may be further reduced by decreasing thie 
deflecting-coil inductance L,, to the point at which the inductand): 
L, of the leads to the coil becomes an appreciable fraction of L i 


appreciable fraction of deflecting power is then used to build vill 
the magnetic field in L;. is 
The main deflecting coil (Fig. 2) is driven by the output ampl/ 
fier A3, which is connected to deliver constant current to the cc} 
for a given ae voltage V,. The flux of the main coil links } 5 


is proportional to i. V is amplified and is used as nesafil i 
feedback to the output amplifier A3. 

The monitor and the main deflecting coils are wound side typ 
side. The monitor coil has rather ee than a tenth the numbil 


! 


of the monitor coil is much shes than that of the mail: 
deflecting coil (e.g. in the present design the main deflectir Ds 
coil resonates with its stray capacitance at 400kc/s, while tks 
monitor coil resonates at 1-5 Mc/s). Thus, the flux is faithful |r 


monitored past the self-resonance fo of the main coil. 


(3) ANALYSIS OF THE EFFECT OF FEEDBACK ON TH/ 
TRANSIENT PERFORMANCE OF THE AMPLIFIE H 
DRIVING THE DEFLECTING COIL \ 


The claims made here for the variable-velocity magnetic scannd: 


are mainly justified by the mathematical analysis of its transie1! 


vaek di/dt 


MONITOR \ 
COIL 


OUTPUT 
. AMPLIFIER 


DEFLECTING COIL - 
AND MATCHING 
TRANSFORMER 


Fig. 2.—Simplified diagram of the main amplifier driving the deflecting coil. 


tformance. Standard Laplace transform methods? are em- 

ployed to arrive at the solution; but, for the sake of concise- 

ness, Many intermediate steps are omitted. Where possible, 
e mathematical analysis is supplemented by oscillograms of 

current waveforms. 

Six assumptions are made: 


(a) All component values are independent of current loading. 


(6) All electronic circuits are linear. For the output valve driving 
the deflecting coil, this assumption will be justified following the 
) calculations of the output loading conditions (Section 4), 


(c) All circuits (including the monitor loop) have bandwidths 
which considerably exceed that of the main deflecting coil, which is 
limited by the coil stray capacitance C.. 


(d) The current supplied to the deflecting coil is independent of the 
coil impedance, 


(e) The analysis is concerned with the performance of the amplifier 
when the scanning velocity is suddenly changed. It is assumed that 
at any such instant, transients due to previous changes of velocity 
have decayed sufficiently for their effects to be neglected. 


Celtis assumed that the primary-to-secondary coupling of the 
output matching transformer is extremely close. Thus, for the 
purpose of analysis, the circuit for the transformer driving the 
deflecting coil may be replaced by a parallel-tuned circuit of low 
Q-factor (Fig. 3). 


MATCHING 


TRANSFORMER 
DEFLECTING 
COIL 
he 
i~ 
| 
| 
| 
| 
(a) 
L 
Ce 
rp 
| (6) 


Fig. 3.—Series-damped deflecting coil and output transformer. 


(a) Exact circuit diagram. 
(b) Simplified equivalent diagram. 


Two cases are analysed: (a) for series damping (Section 3.1); 
nere, damping is considered to be achieved entirely by a resistance 
n series with the inductance of the deflecting coil; and (5) for 
hunt damping (Section 3.2); a resistor placed in shunt with the 
deflecting coil provides most of the required damping. 


(3.1) Transient Analysis for Series Damping 
A monitor coil links the flux of the main deflecting coil; the 
voltage from this monitor coil is integrated by a Miller integrator, 
nd the resulting output is applied as negative feedback to the 
output amplifier A; (Fig. 2). The voltage V,(¢) at the input of A; 
is thus given by 


QOS AOL cd Oe oie at awn) 


1 the driving current i,(t) = — A3V,(2). Also, fora high-gain 
Miller valve, the feedback ratio (dimensions of resistance) 
3 = KA,JT, where T is the time-constant of the Miller valve.!° 
ifhus, eqn. (1) may be rewritten as follows: 


Vint) i i(t)B alk we OF Fe a ae (2) 
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Now, the ratio of the flux-producing current to the driving current 
is given by 


1 
CCAS 
Wo @: Wo 
where Q, = woL/r and wi = 1/LC, (Fig. 3). 


Without feedback (see Fig. 2), i, = V;,43, and, under these 
conditions, 


A; 


A ae Seen 
era) 


With negative feedback, however, the right-hand bracketed term 
must be substituted for m in the general expression for feedback: 


r 
c= 


—mB 1—My,p 2, 1 1 Dp 
(c) Hi Q2,V0 — M) Qo 
where Qo = wor/(1 — M) and the feedback factor! is M (=A38): 


this is negative for negative feedback. 
For critical damping, 


5 
pe — 


wd) 
“rad 


Ping 


cart Soe es ee ey) 

or r=Jw pla (L— Man a@ alee ea) 

and the transform of the flux-producing current [eqn. (3)] is 
Vinds 5 


i= 


(5) 


Ieee ACG 2S ea ON a 


A particular stylized input!! V,,, will be considered: this voltage 
increases uniformly at a rate K, for time t <0, and at K, for 
t > 0 (Fig. 4): but in order to assess the effect of increasing the 
negative feedback when the steady-state terms of i are held 
constant, the following substitution to the output current slopes 
U, and U, is made: 


ae A3K, 
ee (at 
y A3K, 
and U, oo 1 sy A 5 G A ‘ (6) 


Suppose that V;,(f) is a step-input of height K,; then, from 
egn. (5), 
i(t) = UR[1 — 6-201 + Ooe)] 


If, however, the input V;,, had been K, for t < 0, and then was 
suddenly changed to K, for t > 0, superposition clearly shows 
that 


i(t) a (U, — U;)[1 = E—2ot(] + QOor)] + U; . (7) 
The response to the input of Fig. 4 is obtained by simply 
integrating eqn. (7): thus, 
2 D 
NEU ea — eur = ee 1\U, SU (0 en 
Qo Qo 


steady-state terms transient terms error term 


where ig is the current at t = 0. 
(3.1.1) Effect of Negative Feedback. 
The driving current i,(t) is given by the following formula: 


i(t) = [DLC + DC.R+1]() . . « @) 
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Ko=d/dt Vin 


t 


Fig. 4.—Input voltage drive to main amplifier. 


where D is the operator d/dt, and L, C, and R are shown in 
Fig. 3. 

Eqns. (8) and (9) are combined to give the following expression 
for i,(t): 


i(t) = Unt + ig 
steady-state terms 


2) 
— (M exp — 205 + 1\U, — U)) 
transient terms 
2M 
aa oe i U) 


error term 


(10) 


The transient and error terms in eqns. (8) and (10), respectively, 
differ only by the multiplying factor M. This is negative for 
negative feedback. Thus, the transient and error pulse of driving 
current is M times the corresponding pulse in the deflecting coil; 
also, the sign of the driving pulse tends to diminish the magnitude 
of the pulse in i(¢). 


(3.1.2) Maximum Error in Flux-Producing Current due to Overshoot. 


There is a transient (overshoot) error in i(f) each time the 
scanning velocity is changed. The maximum value of the error 
current, J,,,,, is obtained by differentiating the transient and 
error terms in eqn. (8) and equating to zero. By these means 

Lax = — aaa sie CA) 
woV/(1 — M) 

The magnitude of J,,,,,, is symmetrical with regard to U,; and U). 
From this symmetry, it is apparent that the magnitude of the 
maximum error between scanning limits of the same sign is the 
same whether the scan rate is accelerated or decelerated. 


(3.1.3) Defiecting-Coil Bandwidth for a given Tolerable Displacement 
Error. 


The variable-velocity scanner may be considered to operate in 
the horizontal (‘line’) direction. Let the tolerable displacement 
error be 1/d of a line scan, let U, amperes per second correspond 
to the maximum scanning rate, and let T, be the line period. The 
peak-to-peak scanning current I, = U,T,: also, let the scanning 
velocity ratio ben = U,/U, forn>1. Then, from egn. (11), 


. [= ares UUs 
eee) a A/a) 


whence the deflecting-coil bandwidth fy = wo/27 is given by 


i) 


~ InTa/( — M) 


fo (12) 


Eqn. (12) expresses the deflecting-coil bandwidth requirement 
Fig. 7 shows the values of fp necessary 
for operating a variable-velocity scanner: the line frequency is 


for a given tolerable error. 


(6) 


(c) 
Fig. 5.—Oscillograms taken from an experiment with the amplifier anc 
deflecting coil. 


Voltage drive to amplifier is square wave. i 

(a)(c) Driving current i,(t) for increasing amounts of feedback, M = 0, — 17-1 
and — 24-8 dB, respectively. 

(d)-(f) Flux-producing current i(f) for similar amounts of feedback. 


(f) 


ie; 
; 
ie 

f 


7 
i 


10000 per second; and, for the purpose of computing thesi(! 
curves, a maximum displacement error of one part in 50 
(d = 500) is assumed tolerable. 


(3.1.4) Experimental Confirmation of the Improvement due to Negatiy 
Feedback. . 


to confirm that negative feedback could noticeably improve thi 
speed of response. The test waveform was a square wave. A) 
measure of the driving current i,(t) was obtained by monitorinj/i 
the voltage across a small resistance in series with the deflectins} 
coil, while a measure of the flux-producing current i(f) wail 
obtained by monitoring the voltage output from the Miller valwé 
(Fig. 2). From Fig. 5, without feedback the waveform of i,(t} 
* was reasonably square, but because of the rapid changes of slope 
the waveform of i(f) contained very considerable errors. Witl} 
increasing amounts of negative feedback, however, large pulse. 
in the waveform of i,(t) tended to improve the waveform of i(f)} 
A further experiment was made under more typically variable 
velocity conditions. In this case, a square-wave modulating! 
signal was injected into the sweep generator in order to vary thi 
slope of its output waveform, and this generator provided thi 
input voltage drive to the experimental amplifier driving thi 
deflecting coil. Monitors of i,(t) and i(t) were obtained as pre} 
viously. The required changes of slope at transitions (4:1 
were considerably less than those for the square wave, and thi 
errors in i(t) were expected to be correspondingly reduced 
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DEFLECTING COIL BANDWIDTH fo» kc/s 


(d) (e) 


-10 
FEEDBACK FACTOR M,dB 


Fig. 7.—Deflecting-coil bandwidth, fo, necessary for a maximum 
displacement error of 1/500 of the total scanning length. 
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DAMPING MATCHING 
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(©) (f) 


) Fig. 6.—Oscillograms taken from an experiment with complete 
variable-velocity time-base comprising sweep generator, amplifier 
and deflecting coil. 


Voltage drive to sweep generator is square wave. 

Corresponding voltage drive to amplifier is modulated sawtooth wave. 
| {@(c) Driving current i,(1) for increasing amounts of feedback, M = 0, — 17-5 
sand — 24-8 dB, respectively. 
mM) (@)-(f/) Flux- producing current i(/) for similar amounts of feedback. 


|\Fig. 6 shows that this was so. In fact, the errors in i(t) were 
}iso small (even without feedback, the error was computed to be, 
}jat most, one part in 1 500) that improvements due to increasing 
‘ithe amount of negative feedback were hardly noticeable. How- 
ever, the error-correcting pulses in i,(t), due to negative feedback, 
ere Clearly visible. 


(3.2) Transient Analysis for Shunt Damping 


For shunt damping (Fig. 8), Fig. 8.—Shunt-damped deflecting coil and output-matching 


2 transformer. 
1 1 (a) Exact circuit diagram. 
7 — (ET A eee (6) Simplified equivalent diagram. 
AC ee aan cea 
Wo ayy Q» After comparing eqns. (3) and (13), it will be clear that a simple 
here QO; = woL/R, Q2 = 1/woC,r and w} = 1/LC, transform pair of equations is sufficient to convert results for 


series damping into results applicable to shunt damping. The 


: it tive feedback, the mae ae 
(In a form analogous to eqn. (3), with negativ franefore Palraeleiventbelon 


)ftax-producing current is given by 


7 VA Series Shunt 
a ee te dampin dampin 
D ping ping 
aah (2) + (+g) — ht 
R \O OQ, va r | Qo M Vier 
J Se R R (14) 
1/Q, 1/Q, + Q) 


ere 


Q | (1 —M)+ ty During the transient condition, the amplifier delivers a pulse 
0 0 R of current which is M — r/R times the transient pulse in the 
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deflecting coil. Because M is negative, the pulse is of such a 
sign as to reduce the error current in the coil. The amplifier 
pulse is greater for shunt damping than for series damping, 
M — r/R times instead of only M times the transient coil current, 
owing to the necessity of delivering additional current to the shunt 
resistance. 

It can be easily shown that the shunt-damping resistance R is 
given by 
A Qor 

1/2, + / — M) 


If the maxifhum tolerable error is given, a formula for the 
bandwidth f_,, of the deflecting coil can be obtained from 


eqns. (12) and (14): 
1 
a(1—;) 


aT a} fa — M) + 4 


It has been demonstrated that the transient behaviour of a 
series-damped coil is similar to that of a shunt-damped coil. 
Deflecting-coil construction together with considerations of the 
output-valve matching will, however, clearly indicate which of 
these two systems is preferable. 


R (15) 


re (16) 


(4) OUTPUT-VALVE LOADING 


The loading conditions for the two cases—series and shunt 
damping—are analysed in this Section. For both cases, the peak 
voltage and peak current required from the output valve are 
illustrated by means of numerical examples, the parameters of 
which have been taken from the actual experimental apparatus. 


(4.1) Series Damping 


The point of difference between series damping and shunt 
damping lies in the fact that for the latter external damping, in 
addition to that provided by the deflecting coil, is permissible: 
for the series case, damping must be provided solely by means of 
the self-resistance of the deflecting-coil. Now, for a deflecting 
coil wound in the normal manner with enamelled-copper wire, 
the damping achieved by the self-resistance and by the hysteresis 
losses of the highly permeable yoke is insufficient. In order to 
increase the series resistance, and hence the damping, one method 
would be to wind the deflecting coil with high-resistance wire 
(e.g. Eureka). However, this method may lead to difficulties in 
coil design, but, more important still, the damping achieved thus 
cannot be varied easily. 

A current of approximately sawtooth form is delivered to the 
deflecting coil by the amplifier A; (Fig. 2). If the scan rate is a 
maximum at the end of the stroke, the voltage required from 
A; is the greatest possible. This voltage, V,, is given by 


V, = LU, + Iyr (17) 


where Uj is the maximum scanning rate, J,, is the peak-to-peak 
scanning current, and L and r are the reflected parameters of the 
deflecting coil (Fig. 3). 

Eqn. (17) demonstrates that the magnitude of V, is intimately 
affected by the magnitude of r. This resistance is given by 
eqn. (4). 

During a transition, the amplifier A; delivers M times the 
error current in the deflecting coil [eqns. (8) and (10)]. Thus, 
the peak-to-peak current is increased by negative feedback to a 
value I,,¢4 given by 


L 
Lopfb = Lop a M~? 


where, 1/d is the fractional allowable error. 


MAGNETIC DEFLECTION OF A SCANNING SPOT 


The circuit design is such that d is of the order of 500. Thus)” 
for —50 <M <0, the value of the peak-to-peak current is no y 
appreciably increased by negative feedback. i 

The following example serves best to illustrate the outpu)) ‘ 
requirements: 4 


Example. 


4/1 step-down transformer from a pentode output valve. i 
resonant frequency of the transformer with valve and deflectin;) 


current for deflection; the line period T, = 10~ sec. 
From eqn. (4), the series resistance r is given by 


r=2x4x2-x 10-3 x 2 x.173 x 10°01 — M)1/2 
= 69600(1 — M)!1/2 


and, from eqn. (17), 
V,=4* %2 x 1073 x 


48 (18) 


Eqn. (18) illustrates the inefficiency of a system employing? 
series damping in order to arrive at the critically damped cast; 
of the solution of eqn. (3). In the absence of negative feedbacks, 
the output valve is required to deliver up to 10448 volts a 
0:125amp; only 48 volts appear across the inductive load. I) , 
negative feedback is applied, the voltage requirement is ever! 
greater. i 

Series damping has thus been shown to involve difficulties ir 4 
the construction of the deflection coil; also, the design achievec 
is not flexible to compensate for changes in values of the circui')), 
elements; further, series damping requires very large driving). 
power. 


-+- 10400 volts 


(4.2) Shunt Damping 


Shunt damping is provided by an external shunt resistance Ap 
(Fig. 8): this resistance can be varied to compensate for circuif# 
changes. Deflecting coils of high Q-factor can be employed. 

Suppose a pentode output valve is employed to drive the} 
deflecting coil through a matching transformer. The output olf) 
this valve may be represented by a constant-current generator |) 
thus, the coil damping must be provided entirely by the circuit: 
On the other hand, the output of a triode may be represented by i 
a constant-current generator shunted by a resistance R,. If suck! 
a valve is used to drive the deflecting coil through a matching|’ 
transformer, some of the required damping is provided by the 
valve resistance R, For this arrangement, the resistance 
across the deflecting coil is given by 


R,—R 
where R is the net damping resistance given in eqn. (13). 


The maximum voltage, V,, required from the output valve is \ 
given by 


5 
r 
‘' 
5 


“p 


R, 


Vy = LU; + InP 


Although eqn. (20) for V, Closely resembles eqn. (17) for V,.) 
the values of V, and V, can differ considerably. This is because! 
the resistance r (series case) provides all of the circuit damping | 
and is a function of M: on the other hand, r (shunt case) can be» 
made as small as possible, limited only by the techniques o! + 
deflecting-coil construction. Thus, V, can be very much less 7 
than V,. i: 


‘houtput valve, Tom)» increases with negative feedback due to 
‘}two components: the first component, J R» is due to the external 
damping resistance R (this varies with M); the second component, 
I,, is due to the correcting pulse (M — r/R times the error pulse 
yin the coil: Section 3.2): 


V, 
df a Se aan 
| Rip (21) 
i ahd 1 r 
pan I, = — slop ( -5 (22) 
Tiot(—M) aa Jp “ts Tr te I, (23) 


In order to illustrate the effect of applying negative feedback, 
\the following two ratios have been defined: 


— fto—m) 


Loy 


)where «, is the fractional increase of output valve current when 
the amount of feedback is increased from zero to M, and 


Oy (24) 


(25) 


(where f_,, is the deflecting-coil bandwidth required to produce a 
i bgiven performance with feedback =—M;; fo is the coil bandwidth 
‘fequired to produce similar performance without feedback. Both 
Wifg and f_j,, can be obtained from eqn. (16). Here, «, is the 
ifractional increase of effective bandwidth when negative feed- 
tback is applied. The following example serves to illustrate the 
poutput requirements for shunt damping. 


i Example. 


A deflecting coil of 2mH inductance is driven through a 
14/1 step-down transformer from a pentode output valve. The 
fh resonant frequency of the deflecting coil with the transformer and 
valve connected is 173kc/s: the corresponding Q-factor is 13-9 
ii(iie. Q. = 13-9). The deflecting coil requires a peak-to-peak 
ideflecting current of 0-6amp; the line period T, = 10~*sec; the 
maximum allowable error is assumed to be 1/500 of the total 
fpscan (d = 500). 


NORMALIZED CURRENT, &z AND 
NORMALIZED BANDWIDTH, aw ~ 


O -10 -15 


FEEDBACK FACTOR M,dB 


Fig. 9.—Normalized current, «;, and normalized deflecting-coil 
bandwidth, «,,, as functions of feedback factor M. 


The variation of the performance with M is illustrated in Fig. 9. 
As M is made more negative, it can be seen that both the 
normalized current from the output valve, «;, and the normalized 
bendwidth, «,,, increase monotonically, but the factor by which 
ba, is increased greatly exceeds the corresponding factor for «;, 


1@ illustrated by the graph of o,./a;. 
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Fig. 10.—Maximum velocity ratio, n, as a function of feedback factor, 
M, for an assumed maximum tolerable displacement error of 
1/500 of the total scan length. 


Values of maximum permitted velocity ratio, n, plotted against 
M, obtained by rearranging eqn. (16), are illustrated in Fig. 10 
for an allowed error of 0-2%. Without feedback, the maximum 
n is 1:3. With 23-5dB of negative feedback, m may rise to 
8-75. The velocity ratio has thus increased by a factor of 6:75, 
whereas the corresponding increase in output current (Fig. 9) is 
only 1-38. 


(5) CONCLUSIONS 


The small overshoot error which is inherent in a magnetic 
scanner with negative feedback make it eminently suitable for a 
number of variable-velocity applications which have hitherto 
been regarded as strictly within the domain of electrostatic 
scanners. For the magnetic scanner in which damping is 
achieved by an external resistance placed in shunt with the 
deflecting coil, the maximum voltage during the stroke is quite 
small, and an extremely modest power is required from the out- 
put valve. Furthermore, this particular system is flexible, 
allowing for ready adjustment to optimum working conditions. 

The present treatment of the magnetic scanner relies very 
considerably on the results of computation: certain steps of this 
have, however, been verified by measurements of current wave- 
forms: these show, in fact, that the influence of non-linearities 
and other factors which have been explicitly ignored in the 
derivation of this analysis, is negligible in practice. 
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SUMMARY 

The continuous-wave breakdown of air and an air/carbon-tetra- 
| chloride mixture in uniform electric fields is examined, at frequencies 
| between 3-5 and 30 Me/s. 

The observations in air indicate that, if the pressure is reduced 
| below atmospheric, the high-frequency breakdown voltage does not 
| fall below the 50c/s value until the amplitude of positive-ion oscillation 
has become much smaller than the gap width. This result is explained 
by a breakdown mechanism which depends both on positive-ion 
accumulation and on the variation of electron-ionization coefficient 
with electric field strength. Measurements by an air-stream method 
‘ of a quantity related to pre-breakdown ionization in the gap appear 
1 to be consistent with the suggested breakdown mechanism. The h-f. 
| measurements also exhibit the electron-diffusion type of breakdown, 
i 


where a simple theoretical relationship must be satisfied for discharge 
i mitiation. 
A description is given of the effect of a small admixture of carbon 
( tetrachloride vapour on the h.f. breakdown of air at reduced pressure. 
' The vapour concentration was insufficient to affect 50c/s breakdown. 
‘ Where the electron-diffusion type of breakdown is normally operative, 
i the h.f. breakdown strength increases by up to 50°% when the vapour 
| is present. The increase appears to be caused by electron attachment 
i to vapour molecules. 


(i) INTRODUCTION 

The paper examines aspects of the high-frequency breakdown 
of air in uniform electric fields. As distinct from direct current, 
i the high-frequency breakdown initiation processes may be 
i influenced by electron and/or ion oscillation in the discharge 
: gap. In any particular gas, at a fixed field strength, pressure 
. and frequency, the amplitude A, of electron oscillation is much 
i larger than the amplitude A, for positive ions. Thus, if the 
gap width 6 is increased, first A, and then A, will become 
smaller than 6. 

It is known that the h.f. breakdown voltage falls below its 
50c/s value when 6 exceeds a critical value which is of the order 
of A,. This has been observed!-3 in air, nitrogen and oxygen 
at atmospheric pressure and above. The breakdown initiation 
processes which govern this transition are practically unknown, 
‘but it is generally assumed that the effect occurs when A, 
becomes equal to 6, and that it is due to a positive space charge 
formed in the gap. However, the breakdown voltage observa- 
tions to be given in Section 3 show that under certain circum- 
stances A, must become much smaller than 6, and provide a 
fuller explanation of the type of breakdown mechanism which is 
operative. A direct verification that a positive space charge is 
present in the gap prior to high-frequency breakdown obviously 
mesents great difficulty. Observations made in the present work, 
‘however, do go some way in this direction (see Section 4). An 
ienized air-stream was directed transversely across the discharge 
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gap, and the ions were collected from the emerging air, so that 
an indication could be obtained of pre-breakdown ionization. 

When the gap width becomes large enough for electrons to 
oscillate, the breakdown strength abruptly decreases. This 
decrease has been noticed in many gases.4-6 Breakdown now 
occurs when the electron ionization and loss rates balance, and 
is termed ‘diffusion-controlled’, since electron diffusion is 
generally the main source of electron loss. A satisfactory 
theoretical treatment exists,7:8 and leads to a simple relationship 
which must be satisfied at breakdown (see Section 9). The 
electron loss rate and hence the breakdown strength can be 
increased by a small d.c. field applied between the electrodes.? 
Electron attachment should have a similar result, and appears 
to be significant in the results given in Section 5, which discusses 
the great effect produced by a trace of CCl, (carbon tetrachloride) 
vapour on the h.f. breakdown strength of air when diffusion- 
controlled breakdown is normally operative. The effect of CCl, 
vapour on the ion current before the h.f. breakdown of air is of 
interest in this connection, and typical observations will be given 
in Section 4. 


(2) EXPERIMENTAL ARRANGEMENTS FOR BREAKDOWN 
MEASUREMENTS 

The h.f. voltage was measured by a ‘dielectric voltmeter’. 
This instrument® relies on the fact that if a slab of dielectric is 
partly outside a charged parallel-plate condenser, a mechanical 
force pulls the dielectric in between the plates. The high- 
frequency r.m.s. voltage can then be determined by measurement 
of the 50c/s r.m.s. voltage which produces an equal force on the 
dielectric. An improved version of the original instrument 
enabled h.f. voltages to be accurately determined in terms of a 
50c/s voltmeter reading, with a probable error of less than +1% 
for voltages above 500 volts r.m.s. 

The breakdown measurements were made with sustained 
oscillations in the frequency range 2:5-30 Mc/s, of negligible 
harmonic content and with hum modulation less than 1%, so 
that the peak value of the gap voltage could be accurately deter- 
mined from the r.m.s. measurement. Fig. 1 shows the discharge 
chamber and its connection to the dielectric voltmeter. The 
distance between the dielectric voltmeter and the breakdown gap 
was only a small fraction of a wavelength in the frequency band 
used. The electrodes were formed from brass shanks tipped with 
1-3cm diameter platinum discs, which were slightly domed. 

During measurements, air was continuously extracted from 
the chamber and also allowed to enter through a needle valve. 
The incoming air was passed through a desiccator and a glass- 
wool filter, so that a stream of clean dry gas circulated in the 
discharge space. The chamber pressure was determined by 
mercury gauges. At atmospheric pressure at least, mercury 
contamination of the discharge chamber did not influence break- 
down results. An extensive series of 50c/s and h.f. measurements 
were taken with a new chamber, both before and after the con- 
nection of a mercury manometer. The two sets of results were 
essentially the same. 
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Before breakdown measurements, the electrodes were polished 
with fine-grade emery paper, washed successively in ethyl alcohol 
and distilled water, and finally dried. After a few hundred 
discharges, the breakdown voltages had increased by about 
20 volts, and slight electrode burns could be observed. The 
cleaning procedure was then repeated. For consistent break- 
down voltage measurements,!° a radioactive agent of about 
2 millicuries was placed just outside the discharge chamber. 
Consecutive measurements then had a maximum spread of about 
20 volts. 


(3) H.F. BREAKDOWN OF AIR 


(3.1) Measurements 


Fig. 2 shows the results obtained for air at atmospheric pres- 
sure, at 50c/s and at 5-28-5Mc/s. The peak S0c/s breakdown 
voltages agreed within 2°% with d.c. measurements, and within 
2% with Schumann’s!! results for d.c. breakdown in uniform 
fields. In this case, 0-6cm diameter tungsten electrodes were 
used. All subsequent breakdown measurements were made with 
the platinum electrodes described in Section 2. For pressures 
below atmospheric, the peak breakdown voltage V, was plotted 
against the product pé of pressure and gap width, 6 being varied 
for fixed values of pressure and frequency. Fig. 3 shows results 
obtained at 20 Mc/s, only sufficient experimental points being 
inserted to indicate that the plotted curves are justified. The 
50c/s Paschen!? characteristic is also given, and in Fig. 3 is 
extended down to the minimum voltage for 50c/s breakdown. 


(3.2) Discussion 
(3.2.1) Positive-Ion Space-Charge Phenomena. 


Figs. 2 and 3 show that, at a fixed frequency and pressure, the 
h.f. breakdown voltage falls below the 50c/s value when po 
exceeds a critical value (pd),. At a fixed pressure, (pd). 
decreases as the frequency is increased. This transition will 
be denoted by T,, and occurs at the critical gap 6,. For 
pd > (ps). all the h.f. breakdown characteristics, except those 
obtained at 20 Mc/s for pressures below 30mm Hg (Fig. 3), tend 
to a common curve which lies 15-20% below the 50c/s break- 
down voltages. The breakdown strength then appears to remain 
fairly constant up to much higher frequencies. The h.f. break- 
down voltage thus tends to a function of the product pd of 
pressure and gap width, so that a Paschen type of law is followed 
which holds over a large frequency range. It will be shown later 
that in this region the amplitude A. of positive-ion oscillation 
in the breakdown field is much smaller than 6. Hence the loss 
of positive ions out of the discharge space will be governed 
mainly by diffusion. It is to be noted that measurements!3 of 
the d.c. breakdown of air with an abnormally large positive-ion 
concentration in the gap prior to breakdown indicate that the 
reduced V, also obeys a Paschen type of law. 

As discussed in Section 1, at 6, the value of A. is of interest. 
To determine A, the mobility constant k, must be known. 
Measurements!4.15 for the K+ ion in nitrogen and the N+ ion 
in nitrogen indicate that for E|p up to 200 volts/cm per mm Hg, 
a reasonable estimate of k. is 3(cm/sec)-mmHg per volt/cm. 
Table 1 compares 6, and A. for the results of Fig. 2. 

It will be seen from Table 1 that 4. is smaller than 6, and 
the discrepancy becomes greater as the frequency f and E [P 
increase. The h.f. breakdown measurements of Lassen! and 
Bright? in air and nitrogen at atmospheric pressure show the 
same tendency. An examination of Ganger’s? critical gaps for 
nitrogen, however, indicates that, over a pressure range of 
1-30 atm and for differing electrode configurations, 5, and An 
are in reasonable agreement. Here f was low (0:12 Me/s), and 
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Table 1 
Posittve-ION CRITICAL GAPS (AT ATMOSPHERIC PRESSURE) 


Ay 

Oo oscillation 
critical gap amplitude of 
positive ion 


Eslp 
(at critical gap) 


Frequency 


Mc/s volts/cm per mmHg 
5 
10 
15 
20 
285 


E,/p therefore had the comparatively small values of 30-— 
40 volts/cm per mm Hg. f 
If the present results at reduced pressure are considered, it is : 
found that 4, becomes much smaller than 6,, and E [Pp attains B 
high values. ‘Fig. 4 shows the increasing discrepancy betweaa a 
A. and 6, as the pressure is 5 
10 and 20 Mc/s being plotted. It will be seen from Figs. 3 “tte 8 
4 that the critical value (ps) pre initially decreases as the pressure fe 
decreases or the frequency increases, but finally attains a least) 
value [(pd).],, which remains fixed for further pressure or} 
frequency changes. This minimum value is about 5-5 mm Hg-cm,) > 
and corresponds to E,/p ~ 150 volts/em per mmHg. Thus E,/p iy 
tends to a high fixed value, so that 4, becomes constant for aft 
particular frequency, while 6, tends to vary inversely as the 4 
pressure. ji 
The following explanation of the observations is based on the} 
nature of the relationship between «/p and E/p, shown for air!®jij 
in Fig. 5(a), where « is the electron-ionization coefficient. Con-§ 
sider the number # of electrons produced in an electron avalanche}; 


the applied field is near its peak value. In an undistorted field, ; 
fA = exp (& 6), where & is the value of a at the peak value offs ; 
the ee breakdown field (é Ee 


extremely rapidly with field strength, most of the contributions) 
to the positive-ion space charge will be produced by electroni: 
avalanches which cross the gap when the applied field is near als 
maximum. It also follows that breakdown will occur when the} 
applied field is near its peak value. If the positive space charge} 
distorts the electric field across the gap, so as to increase # aboveb 
its value in the undistorted field, an unstable condition might be} 
expected, finally leading to a discharge. In this case, therefore, 
the breakdown voltage will be reduced. If space charge cannot} 
change 7i, however, the h.f. breakdown voltage should equal the} 
direct-current or 50c/s value. For a uniform space-charge dis-} 
tribution, the total field will vary linearly across the gap, as|. 
indicated in Fig. 5(5). In Fig. 5(c) the variation of & across the i 
gap has been plotted for the three main regions of the «/p, Efp) 
characteristic. When «/p varies more rapidly: than E/p, which) 
is the case!” up to E/p = 130, the value of fi &dx, and thus 7i,/ 


3 i 
is increased by field distortion. When Ep | is between about): 
130 and 270, the relationship between «/p and E/p is linear, and}, 
the integral is unchanged by field distortion. At still higher © 
values of E/p, «/p varies more slowly than Ejp, and the integral } 
is actually decreased. q 

In the observations given here, the minimum value of (pd) + Is i 
about 5-SmmHg-cm, and the corresponding value of £ IP is 
150 volts/em per mmHg. This agrees well with the value of ‘ 
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Fig. 3.—20 Mc/s breakdown of air at fixed pressures. 


(a) 738mmHg. (f) 30mmHg. 
(b) 369mmHg. (g) 22mmHg. 
(c) 185mmHg. (hf) 12mmHg. 
(d)93mmHg. (/) 6mmHg. 
(ec) 60mmHg. (Kk) 3:SmmHg. 
—.— Theoretical electron diffusion breakdown curve. 
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Fig. 4.—Variation of critical gap width 6. and amplitude of 
positive-ion oscillation A+ with pressure, for air. 
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Fig. 5.—Field distortion by space charge. 


(a) Variation of «/p with E/p for air (Townsend). 

(6) Field distortion with uniformly distributed positive space charge. 

(c) Effect of space charge on electron ionization coefficient ¢, applied field at peak 
value. 


E|p above which field distortion cannot be expected to increase fi- 
If pd is reduced below 5:SmmHg-cm, E/p increases above 
150 volts/em per mmHg, so that the h.f. breakdown voltage 
will not fall below the 50c/s value, even although the amplitude 
A. of positive-ion oscillation in the breakdown field is smaller 
than the gap width 6, and a positive-ion space charge can 
accumulate. It follows that at low pressures or high frequencies, 
where (pd), tends to be low but still greater than 5-5 mm Hg-cm, 
a large positive-ion accumulation must exist before gap ionization 
can be appreciably increased by field distortion. Thus A 4 must 
become much smaller than 5. before the h.f. breakdown voltage 


will fall below the 50c/s value. At high pressures or low fre- 
quencies, on the other hand, (p8),. is high and £,/p is low, soj, 
that breakdown should set in for small initial positive-ion} 
accumulations. Hence, A, may be expected to be in agreement 
with 6,. This seems to be confirmed by the present results, 
and by the previously discussed measurements of other experi-~ 
menters in air and nitrogen at atmospheric pressure and above./p 

The above breakdown mechanism was suggested by Varney’s!7}) 
analysis of the influence of a positive-ion space charge o 1 
d.c. discharge initiation when an abnormally large number of | 
primary electrons are present in the gap. Although in this|) 
case the d.c. breakdown voltage is generally reduced, this is!? 
not always so, and it can be increased!® if the experimentsis 
are made near the minimum breakdown voltage, where E/pi 
is very high and «/p varies more slowly than E/p, i.e. in}. 
region III of Fig. 5(a). It will be noticed that at a pressureye 
of 12mmHg the 20Mc/s breakdown characteristic of Fig. 3% 
exhibits a small rise above the 50c/s curve. The rise is/< 
found at gaps too small for electron oscillation effects to be) 


present, and at values of pd near the 50c/s breakdown minimum. 
Wi 


This occurrence is presumably associated with the space-charge’) 
condition of Fig. 5(c), where 7 is decreased. A similar explana- 
tion may possibly cover the increase in breakdown strength of + 
hydrogen at high frequencies, noticed by Fuchs.!? L 


(3.2.2) Electron Oscillation Effects. 


The abrupt nature of the transition T,, above which electrons § 
can oscillate in the gap, is exhibited in Fig. 3. At 7, the ampli-)j 
tude A, of electron oscillation in the breakdown field is equal) 
to 6, taking”? a value for the electron mobility constant k, of | 
527 (cm/sec)-mm Hg per volt/em. For gap widths above the T, i: 
transition, the h.f. breakdown voltage (Vy is a function of pd, i 
so that a Paschen type of law is again obeyed. The equation// 
given in Section 9 indicates that this should be the case for the} 
diffusion-controlled mode of breakdown. The values of (V)pe 
obtained from this equation are plotted in Fig. 3, and are in fair}) 
agreement with the observations in the diffusion-controlled! 
breakdown region. Measurements of R by Townsend andik 
Tizard,?! and measurements of «/p by Sanders,” were used. ; 

The electron effect first noticed by Pim® occurs in the results 
of Fig. 3. Here electrons which return across the gap as the} 
field reverses can make a significant contribution to discharge® 
space ionization, and thus reduce the rate of increase of h.f./f 
breakdown voltage with gap width. The effect is generally al 
minor one in the present experiments, and in Fig. 3 is only}: 
indicated (7,,) for the gas pressure of 12mm Hg. 


(4) ION FORMATION PRIOR TO H.F. BREAKDOWN 
(4.1) Experimental Arrangements 
The following, an extension of earlier work?? by the author 


i 


is an attempt to verify that positive ions oscillate in the gap* 
prior to the breakdown of air at high frequency. The arrange-1i 
ment is shown schematically in Fig. 6. A nozzle directed al 
stream of ionized air transversely across the discharge gap, which} 
consisted of two slightly domed tungsten electrodes of 0-6cm)} 


+6V 


RADIOACTIVE 
SOURCE 


-4V 
Fig. 6.—Air-stream method for measurement of ion current. 
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diameter. The ions which emerged were collected by a negatively- 
charged wire, an electrometer valve being used to measure the 
voltage which the ion current developed across a high resistance 
R. Air turbulence was minimized by tapering the nozzle orifice 
and ion-collector assembly in the neighbourhood of the discharge 
gap. A stream of dry clean air was pumped through the nozzle, 
and before emerging passed over a radioactive agent of about 
2 millicuries. Any h.f. voltage induced on the wire probe was 
eliminated from the electrometer valve grid by an RC filter. 
The valve grid and probe were biased to —4 volts. The variable 
voltage V, was adjusted to compensate for the voltage drop V; 
produced in R by the ion current J, using the galvanometer in 
the valve anode circuit as a null-indication device. The probe 
_ voltage was thus maintained constant, and J was given by V;/R. 

The initial breakdown invariably occurred across the electrode 
centres. The static air pressure in the gap remained at atmo- 
spheric, since the application of the air stream had no 
effect on the breakdown voltage values. With an air flow of 
_ 10-15 litres/min through the nozzle, and for gap widths greater 
than 0-025cm, steady ion-current readings could be obtained 
up to very near breakdown. 


(4.2) Measurements 


Fig. 7 exhibits the variation of ion current with applied voltage, 
for fixed gap widths. All the curves of (c) and (d), and the 
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Fig. 7.—Pre-breakdown ion currents at fixed gap widths, for air. 
Vertical arrows indicate 50 c/s peak breakdown voltages. 
(a), (b), (c) at air flow of 10 litres/min. 
(d) at air flow of 15 litres/min. 
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3-5 Mc/s curve of (6) terminate in the last steady ion-current 
value observed before the onset of breakdown. The other 
curves increased before breakdown to currents of 10-15 x 107! 
amp, but the high-current regions have been omitted. How- 
ever, in these regions the current rise was extremely rapid, 
and all curves terminate at voltages very close to discharge 
initiation. With no applied gap voltage, the current was pro- 
duced solely by the irradiation of the air stream. 


ION CURRENT, I, AMP 


3000 
GAP VOLTAGE (PEAK), 7 


2000 2500 3500 


8.—Influence of CCl4 vapour on pre-breakdown ion current 
for air. 
Vertical arrows indicate 50c/s peak breakdown voltages. 
To is ion current for V = 0. Air flow = 15 litres/min. 
Gap width = 0:06cm. Frequency = 3-5 Mc/s. 
(a) Air. (6) Air/CCl4, with 1% of mixture CCly vapour. 


Fig. 


Fig. 8 shows a typical modification of ion-current charac- 
teristic produced by the introduction of a small quantity of 
CCl, vapour into the air stream before it left the nozzle. The 
CCl, molecules formed between 1 and 2% of the air/vapour 
mixture, sufficient to increase the 50c/s breakdown voltage?4 
byalisnA 

(4.3) Discussion 


At 50c/s, the ion current J falls rapidly to zero as the gap vol- 
tage V is increased. Use of the appropriate mobility-constant 
values (Section 3) indicates that at 50c/s, and as V is increased, 
the amplitudes of oscillation, A, and A,, of ions and electrons 
will soon become much greater than the gap width 6, so that 
very few charged particles can be expected to enter or leave the 
gap via the air stream. At the gap widths considered, and for 
the high frequencies used in the measurements, A, will still 
become greater than 6 at quite small values of V, but this will 
not be the case for negative or positive ions. Since at high 
frequencies there is only a small initial reduction in J as V 
increases, J must consist mainly of ions. 

The ion-current curves should be considered in conjunction 
with Fig. 2, which shows that at a fixed 6 the h.f. breakdown 
voltage falls below the 50c/s value when the frequency exceeds a 
critical value f, which diminishes as 6 increases. Curves (c) 
and (d) of Fig. 7 indicate that the neighbourhood of f, is asso- 
ciated with a rapid rise of J just before breakdown, and that as f 
increases above f, this rise becomes increasingly pronounced. 
As shown in (c) and (d) of Fig. 7 there is a pre-breakdown 
increase of J for frequencies less than f,. This increase is 
unlikely to be due to electrons, which should be lost to the 
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electrodes, and production of positive ions will therefore be 
considered. Table 1 shows that, at the critical frequencies for 
(c) and (d) of Fig. 7, the amplitude of oscillation A, of the Ny 
ion in the breakdown field will be considerably less than 6. 
Thus, for frequencies somewhat below f,, positive ions produced 
in the discharge space should be able to oscillate and hence escape 
in the air stream. This is clearly shown in (d), where 
f, =7:5Me/s, and A, = 6 at a frequency of 2-5Mc/s. It thus 
appears that accumulation of positive ions in the gap is not a 
sufficient criterion for the h.f. breakdown voltage to decrease 
below the 50c/s value. This conclusion was reached in Sec- 
tion 3.2.1 by consideration of the dependence of the h.f. break- 
down voltage on various parameters. It can be seen that when 
f, is exceeded, the breakdown voltage falls as the pre-breakdown 
current increases. This presumably indicates that increased 
positive space charge correlates with diminished breakdown 
strength. The effect of the space charge will increase with 
frequency until A, has become so small that the rate of loss of 
ions is governed mainly by diffusion. 

Interesting consequences follow from the introduction of CCl, 
vapour into the air stream. Fig. 8 shows that the ion-current 
curve now exhibits no rise until the gap voltage reaches a value 
very close to breakdown. Both the h.f. and the 50c/s breakdown 
strengths increase when the vapour is introduced, the h.f. break- 
down voltage approaching the increased 50c/s value. The 
vapour thus tends to inhibit the positive-ion space-charge mode 
of breakdown. Consideration of Fig. 7 indicates that the effect 
of the vapour on ion current and breakdown voltage is similar to 
that of frequency reduction at a fixed gap width. This suggests a 
fall in effective positive-ion accumulation in the discharge space, 
such as might occur if electrons attached to form negative ions. 
The possibility of electron attachment is further discussed in the 
following Section. 


(5) BREAKDOWN OF AN AIR/CARBON-TETRACHLORIDE 
MIXTURE 


(5.1) Measurements 


The experiments were made at a pressure of 98mm Hg, which 
enabled both the positive-ion and electron oscillation regions to 
be conveniently studied. A mixture of air and CCl, vapour 
was drawn into the discharge chamber through the needle valve 
mentioned in Section 2. Fig. 9 shows the breakdown voltage 
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Fig. 9.—Breakdown of air/CCl4 at 98 mm Hg pressure. 


(a) Air; f = 3:5 Mc/s. (6) Air/CCli; f = 3:5 Mc/s. 
(c) Air; f= 20Mc/s. (d) Air/CCl4; f = 20 Me/s. 
e) Air; superimposed d.c. field of 300 volts/em, f = 20 Mc/s. 
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measurement at 50c/s and at 3:5 and 20Mc/s, plotted as a | 
function of pS. The effect of a small superimposed unidirectional }; 
field E4, = 300 volts/cm is also indicated. 


The addition of CCl, changed 50c/s breakdown voltages very | 


slightly, probably by less than 1%. From this it can be esti- jj 
mated?4 that probably fewer than 1 in 500 molecules of the |f 
mixture were CCl4. We 


(5.2) Discussion 


The following points are of interest: 

(a) In no case was the positive-ion critical gap 6, changed by J 
the addition of the vapour. For gap widths greater than 6,, | 
the h.f. breakdown characteristics tended to remain parallel to #j 
the 50c/s curve, and at a comparatively small voltage below it. 

(b) Carbon tetrachloride produced a large increase in the h.f. 
breakdown voltage in the region where the electron-diffusion } 
type of breakdown would normally have occurred. The transi- 1% 
tion 7, completely disappeared, but there was a region similar to 
the electron oscillation transition T, observed in air. P 

The addition of CCl, did not appreciably affect 50c/s break- } 
down, and the electron mobility constant k, was apparently 
unchanged, so that the electron-ionization coefficient « was /\ 
presumably unaffected. The h.f. increase in the breakdown 
strength of the air/vapour mixture might, however, have been } 
produced by an increased electron loss rate due to electron 
attachment. The attachment parameter 7 has been measured?5 
in CCI,F, (Freon). Similar attachment processes occur2® in § 
CCI,F, and in CCl4, and in CCI,F, the 50c/s and h.f. breakdown } 
strengths have been found to be equal.?»? The parameter 7 is |) 
defined as the mean attachments of an electron per centimetre in | 
the field direction, and is thus analogous to w. In CCI,F, for § 
small E/p, 1 > «, so that there is a high probability of electron | 
attachment. As E/p is increased above about 120 volts/cm per j& 
mm Hg, 7 falls from a value approximately equal to « to very Ik 
low values when E/p > 220. It is reasonable to assume that § 
the foregoing results for CCI,F, will also apply to CCl, vapour, {& 
and it will be further assumed that a similar relationship between © 
y and E/p will hold for an air/CCl, mixture. 

In the h.f. breakdown region where electrons oscillate in the ff 
gap, electron capture by CCl, molecules becomes probable when & 
the electric field is small. Thus, if an electron normally makes 
a large number of oscillations before diffusing out of the gap, the ff 
change of capture will be high. This could explain the greatly | 
increased h.f. breakdown strength produced by the addition of § 
the vapour to air. It is significant that in the electron-diffusion ) 
breakdown region the effect of CCl, is similar to that of a small | 
d.c. stress superimposed on the h.f. field, as shown in Fig. 9. } 
The d.c. field increases the rate of loss of electrons out of the ff 
discharge space.? Electron attachment would also explain the 
absence of the transition T, in the 20 Mc/s air/CCl, results, since Or 
electrons which arrive at the temporary anode as the field is | 
reversing will tend to attach. In the positive-ion space-charge } 
region, CCl, produces a small increase in the h.f. breakdown § 
strength. At the E/p values which exist in this region, 7 is still 
appreciable, so that the positive space charge is presumably | 
reduced by the presence of negative ions and the breakdown | 
voltage consequently increased. The vapour has no effect in the | 
neighbourhood of the 7, transition. Here the h.f. breakdown } 
strength is independent of space-charge formation. | 

Finally, it is of interest to consider some results obtained by © 
the author for the h.f. breakdown of argon at a pressure slightly | 
above atmospheric, the gas being contaminated by air. In the © 
electron-diffusion breakdown region, the breakdown strength was | 
extremely sensitive to the proportion of air present in the parent | 
gas, whereas at 50c/s the influence of the impurity was much less | 


| low-energy electrons to oxygen molecules, and therefore similar 
to the phenomena discussed previously. 


(6) CONCLUSIONS 


Evidence is presented that a positive-ion space charge is con- 
. ducive to the lowering of the h.f, breakdown voltage of air below 
| the 50c/s value, and that the nature of the relationship between 
_ x{p and E/p decides the influence of the space charge on break- 
| down strength. It is shown that this type of h.f. breakdown is 
‘ similar to d.c. breakdown of a special kind. The type of d.c. 
| breakdown considered is one in which a large positive space 
| charge is produced in the gap by intense ultra-violet irradiation 
| of the cathode or other means, and has been investigated by earlier 
» workers. 
An examination is made of the effect on the high-frequency 
| breakdown strength of air produced by the addition of a small 
( quantity of CCl, vapour. The large increase in electric strength, 
| when electrons can normally oscillate in the gap, is reasonably 
explained by an electron-attachment loss mechanism. 
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(9) APPENDIX 
Provided that certain restrictions are satisfied, Holstein? has 
shown that the following condition holds for electron-diffusion 
breakdown between electrodes at a separation 6, in a gas at 


pressure p: 


R 
Ze OSes 
(PA) Ed 2 


D <P 


where A is the ‘characteristic diffusion length’, and is equal to 
6/7 in the present experiments. R is the ratio of electron to 
molecular temperature, (E,)p¢ the r.m.s. value of the h.f. break- 
down field, and « the electron-ionization coefficient. Both R 
and «/p are determined for a value of E/p equal to (E,)n¢/p. 
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SUMMARY 


The present Part continues the study of ion movements in an oxide 
matrix enclosed between two heated core pieces. Ions are divided into 
two classes—residual gas ions (probably carbon monoxide) resulting 
from imperfections of processing technique, and oxygen ions resulting 
from electrolysis of the oxide matrix. The different influences of the 
two classes of gas on matrix conductivity are distinguished by charac- 
teristic reactions, which are examined in both d.c. and a.c. fields. The 
effect of electrolytic oxygen on matrix resistance may be profound, and 
the action is probably a fundamental aspect of cathode operation. 


() INTRODUCTION 
(1.1) Purpose of Present Part 


In the first Part of the paper evidence was assembled to show 
that non-uniformity of resistance may arise in an oxide cathode 
under current load, and this phenomenon was explained in 
terms of movement of negative ions of residual gas in the vacuum 
pores of the granular (BaSr)O matrix. It is proposed in 
Section 2 of the present Part to extend the study of residual gas 
behaviour in the matrix, and in Section 3 to introduce 
the destructive oxygen phenomena which arise from matrix 
electrolysis. 

The work described in the present Part was carried out at the 
conventional operating temperature of 1020°K, and the experi- 
mental vehicle was the S-type assembly described in detail in 
Part 1: its specification is set out below for reference. 

Cores: Active nickel or pure platinum, 

Matrix: Co-precipitated equimolar barium-strontium oxide. 
Matrix density: About 1-0. 

Matrix thickness: 150u. 

Matrix area: 0-50cm2, 

The assemblies were vacuum processed to the standard schedule 
detailed in Table 1 of Part 1. 


(1.2) Two Classes of Matrix Gas 


Two clearly distinctive classes of gas can be recognized within 
the oxide matrix—one whose existence is independent of the 
passage of current and the other which is fundamentally dependent 
on current flow. The first class is described as residual gas and 
the second as electrolytic oxygen arising from electrolysis of the 
basic oxide matrix. 

Residual gas is an essentially technological phenomenon 
resulting from imperfections in the vacuum and materials pro- 
cessing. The gas resides in the hollow pores, and its normal 
state is that of a negative ion: it has therefore much freedom of 
movement under thermal or electric forces. The exact nature of 
the gas will not concern us here, but there is a strong probability 
that it is carbon monoxide. * 


* A mass-spectrometric analysis of the gas driven out of the overheated matrix 
of an S-type valve showed it to be mainly carbon monoxide. The only gas observed 
in quantity in receiving pentodes made at the Post Office Research Station is likewise 
carbon monoxide. 


This paper is a continuation of Monograph No. 221 R (see p. 316). 

Correspondence on Monographs is invited for consideration with a view to 
publication. 

Dr. Metson is at the Post Office Research Station. 
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The barium-strontium oxide matrix can be made to show anj > 
appreciable electrolytic conductivity at 1020°K. Under electric 1} 
stress the S-type valve will therefore experience a continuous dis- 
charge of barium and/or strontium metal at the cathodic core and iis 
oxygen at the anodic core. Under certain conditions this elec-) 
trolytic oxygen can be retained within the matrix pores, and its} 
influence on matrix resistance is a major object of study in the |) 


paper. 


(1.3) Gas Detection in the S-Type Assembly 


immediately after manufacture. Operation of the valve at) 
1020° K, however, always results in a steady decrease of resistance | 
to a constant value of 16 + 2 ohms, which is thereafter main- % 
tained indefinitely. This form of behaviour has been observed }) 
without exception on some 50 samples, and the low stable state 
will henceforth be described as the characteristic resistance, Ro. fi 
It was further shown in Part 1 that, once the Rp state has been } 
achieved, the only way in which the resistance can again be} 
increased is by deliberate introduction of a suitable gas. A gas- 
free matrix is thus identified with the Rg state and any deviation } 
from it is taken as a measure of gas within the pore system. g 

The significance of the characteristic state Ry will be examined # 
in a later Part of the paper, where it will be shown that its inherent & 
stability is due to a space-charge phenomenon. The concept [3 
has been introduced here to provide a fixed datum to which may }f 
be referred changes of resistance R, consequent on the presence } 
of free gas ions in the pore system. 


id 


(1.4) Chemical Considerations 


Before proceeding to the experimental work it will be useful to 
consider two points of a chemical nature that will arise in the } 
course of the work. The first concerns the possibility of chemical §} 
interaction in the S-type valve between the core metal and the # 
gas. Two distinct conditions can be visualized—the core metal } 
may be chemically active and act as a sink to gas, or it may be 
inert, reflecting all gas back into the matrix. Under current } 
load the active case will steadily reduce the gas within its matrix 
to extinction; the inert case will maintain its level of residual gas | 
constant and build up its concentration of electrolytic oxygen } 
on a Faradaic basis. The resistance of the active case will) 
therefore fall and that of the inert case rise with operating time. § 

The chemically active case is realized in practice by employing |) 
the nickel alloy commonly used in the manufacture of commercial | 
oxide cathodes. The alloy contains a small proportion of mag- 
nesium metal, and at 1020°K is readily able to act as sink to. 
both residual gas and electrolytic oxygen. Such cores were } 
described in Part 1, where it was shown that the resistance of the | 
device moves inexorably to the low Rp state where the resistance | 
is invariant with time and current. Such an active system is | 
clearly unsuited for work on the effects of electrolysis. The inert | 


| 
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system is achieved by using pure platinum cores, which are 
unaffected chemically by either oxygen or carbon monoxide. It 
is this system which was used exclusively in the electrolytic 
investigations reported in Section 3. 

The second point requiring consideration is the manner in 
which electrolytic conductivity develops in the S-valve matrix. 
It will be shown that a valve can be brought to its highest possible 
level of electronic conductivity—synonymous with the Ro state— 
without developing any observable level of electrolytic conduc- 
tivity. The two conductivities have, in fact, no obvious relation- 
ship. Experience seems to indicate that the essential factor in 
the development of electrolytic conductivity is thermal sintering 
of the porous matrix. Valves prepared according to the stan- 
dard thermal schedule* detailed in Table 1 of Part 1 have, for 
example, a negligibly low level of electrolytic conductivity, and 
any resistance deviations from Rg in such valves are due wholly to 
residual-gas action. If, however, the thermal schedule of Table 1 
is modified to include an adequate period of sintering at higher 
_ temperature, two results accrue: the residual gas is driven out of 
the matrix, leaving it in the Rp state, and a powerful electrolytic 
conductivity is developed. 

It will be clear from the above remarks that we have means 
available for isolating residual-gas actions from those resulting 
from electrolytic dissociation. Thus, Section 2 is concerned 
with valves having both active nickel and platinum cores and 

‘processed according to Table 1; these exhibit only the effects of 
residual gas. Section 3 is concerned with valves having platinum 
cores exclusively; these require additional thermal sintering to 
develop an adequate level of electrolytic conductivity and, 

incidentally, to free them from residual gas. 


(2) RESIDUAL-GAS EFFECTS 
(2.1) General 
Except where otherwise stated, all the work reported here was 


4) carried out at the conventional matrix temperature of 1020°K. 


_ Apart from variations of core metal, the S-type assemblies used 
all conformed to the specification set out in Section 1.1 of the 
_ present Part and were vacuum processed according to the 
schedule detailed in Part 1. Results are presented for individual 
valves, but these can be regarded as typical samples from batch 
_tesults. The characteristics generally employed are the variations 
of diode resistance, R,, with matrix current, Z,, and with time 
(with and without current load J,). Both characteristics involve 
the passing of current through the matrix, but S-valves processed 
according to the schedule detailed in Part 1 possess negligible 
electrolytic conductivity—an assertion which will be justified in 
Section 3. The effects noted in the present Section are therefore 
due wholly to residual gas lying in the vacuous pores of the 
matrix. It is probable that this gas is carbon monoxide. 


(2.2) Influence of Current Load on R,/Time Characteristics 
of Active-Nickel-Cored Assemblies 


Two assemblies with active nickel cores were set up for an 
extended time run at 1020°K. 
current, /,, was maintained at 50mA throughout the run by con- 
sinuous adjustment of the potential, V4, maintained between the 
vore faces. The second sample was run with zero current through 

* An extract of the thermal details from Table 1 of Part 1 is set out below for 


©onvenience of reference. 
Approximate temperature 


of cores, deg K Time, min 
740 1 
910 1 
10i0 1 
1150 1 


1 280-1 300 3-5 


In the first sample the matrix. 
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the matrix, apart from the short periods necessary from time to 
time for ‘spot’? measurements of Ry. The two characteristics 
of R,/time are set out in Fig. 1(@) for a test run of 600 hours, 
and give rise to the following observations: 


(a) At zero time both samples show high values of Ry. 

(6) After about 400 hours both samples have fallen to the level 
of the characteristic resistance Ro. 

(c) The rate of approach to the Ro level is much greater in the 
current-loaded samples than in the unloaded sample. 


The comparative behaviour of the valves is explained in the 
following terms. At zero time the resistance of both valves is 


300 
= TIME, HOURS 


Fig. 1.—Characteristics of Rg/time for S-assemblies. 


—xX—x— Current load of 5S0mA. 
—----— Nocurrent load. 


(a) Active nickel core. 
(6) Platinum core. 


high, owing to the presence of negative ions of residual gas in the 
matrix pores. These ions may be visualized as being adsorbed 
on the pore wall surfaces but free to move at random by virtue 
of their thermal energies, or in a preferred direction in an electric 
field. After some lengthy period of operating time both valves 
achieve the characteristic state Ro and may then be regarded as 
having eliminated, by ejection or destruction, the negative ions 
from the matrix pores. There seem to be only three possible 
ways in which this elimination can occur, namely 


(d) The ions can travel to the thin exposed edge of the rectangular 
mairix slab and escape into the surrounding vacuum (vacuum 
escape). 

(e) The ions can move into contact with the nickel core faces and 
be eliminated by an irreversible chemical action (core oxidation). 

(f) The ions can seek out and combine irreversibly with excess 
barium ions lying on the pore walls of the activated matrix (excess- 
barium oxidation). 


In the unloaded sample in Fig. 1(@) the ions are subjected to 
no electric field and must therefore take up a uniform distribution 
throughout the matrix pores. Owing to random thermal motion, 
an ion may at any time strike an excess barium ion on a pore 
wall, collide with a nickel core face, or pass to the thin edge of 
the matrix exposed to the outer vacuum. The slow wastage of 
ions in the unloaded sample may thus be due to one or all of the 
three loss mechanisms. If a potential V4 is now applied across 
the matrix, the ions start their orderly progression towards the 
anodic core, and each individual ion must in turn come into 
intimate contact with the hot anodic nickel face. The possibility 
of ion elimination by core oxidation is thus enormously enhanced. 

The single conclusion reached from this first experiment is that 
core oxidation is a powerful mechanism for residual-gas ion 
elimination. 
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(2.3) Influence of Current Load on R,/Time Characteristic of 
Platinum-Cored Assemblies 


The second experiment was a straightforward repetition of 
the first, with the exception that the core pieces were changed 
from active nickel to pure platinum. The characteristics for the 
load and no-load cases are set out in Fig. 1(6) and lead to the 
following observations: 


(a) Neither case approaches the Ro level in the 600-hour test 
period. : 

(6) Both cases show a decrease of Rg with operation time, but the 
current-loaded sample has much the higher rate in the first 100 hours. 
In explaining these results the first point to be remembered is 

that use of platinum-cored assemblies excludes core oxidation as 
a mechanism of residual-gas ion elimination. Jon wastage must 
now depend on escape into the surrounding vacuum and excess 
barium oxidation. 

From a comparison of the two no-load cases of Fig. 1 the 
following firm conclusions are drawn: 

(c) The primary reason for the approach of the active nickel 
assembly to the Ro state is core oxidation. 

(d) The two mechanisms of vacuum escape and excess barium 
oxidation make a definite contribution to ion elimination, but at a 
very much lower rate than the mechanism of active nickel core 
oxidation. 

The effect of current load on the platinum case is explained in 
much the same terms as that for the active nickel case. The 
negative ions are driven by the applied electric field from the 
general body of the matrix and are stored in a thin layer adjacent 
to the anodic core. The bulk of the matrix is therefore free from 
residual gas and is correspondingly low in resistance. The thin 
ion-impregnated layer of the anodic core is of high resistance and 
accounts for the inability of the diode to approach the Rg state. 
The essential difference between the two cases is one of reversi- 
bility: in the active-nickel core assembly the ions are permanently 
removed from the system by chemical action on impact with the 
anodic core, whereas in the platinum case the ions are merely held 
against the core so long as an electric field exists. On removal 
of the field from the platinum assembly the whole of the ions can 
be expected to flow back into the general body of the matrix 
and increase its resistance to the level previously shown under 
zero load. 


(2.4) Reversibility of R,/Time Characteristic in a Platinum 
Assembly under Conditions of Load and No-Load 


The starting-point of the third experiment was the platinum- 
cored assembly running under zero-load condition [Fig. 1(d)]. 
This valve continued on no-load test up to 840 hours, when its 
resistance had fallen to 41-6 ohms. At this stage a continuous 
current of 50mA was passed through the matrix for 50min, 
after which the valve was again returned to the no-load condition 
with occasional ‘spot’ measurements of resistance. After 40 hours 
R, had returned to 41-8 ohms; i.e within the limits of experi- 
mental error the resistance had executed a complete cycle. 
Results are set out in Fig. 2 and lead to the following observations. 

(a) On application of 50mA of matrix current Rg falls to a low 
steady value Rg, which is still, however, above the Ro state. 
(6) On reversion to the no-load condition the resistance rises from 

Raz to re-establish itself ultimately at the original value Ry. 

(c) Equilibrium is established rapidly under load condition and 
slowly under no-load condition. 

The interpretation of these observations is straightforward. 
Under electric stress the negative ions are pressed into a thin 
layer of matrix adjacent to the anodic core, leaving the bulk of 
the matrix gas-free and therefore low in resistance. The resis- 
tance of the thin gas-filled layer accounts for the excess of Ry» 
over Ry. No chemical actions take place at the platinum core 
face, and on removal of the stress the ions flow back into the 
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Fig. 2.—Reversibility of Rg/time characteristic for platinum-cored 
S-assembly. 


matrix to re-establish their original uniform concentration. } 
Under electric stress the ion movement is rapid and equilibrium |) 
is established in a few minutes; with no electric stress the return 
movement is limited by thermal diffusion under a concentration | 
gradient and is therefore slow. iy 

An obvious point of interest arising from Fig. 2 is the quantity % 
(Raz — Ro), which must be some function of the matrix current 5 
I, or the electric force applied to the matrix. 


(2.5) Characteristic of Ry/Z, in the presence of Residual Gas Ions 
in a Platinum Assembly 


In the fourth experiment a platinum-cored assembly was set } 
up at 1020°K and run with a current load of 20mA until the 
resistance was stable with time. A characteristic of R,/I4was }} 
then taken, with precautions to ensure that the valve reached § 
equilibrium at each current setting. Results are set out in Fig. 3, | 
which includes three different samples to give an impression of ) 
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Fig. 3.—Characteristic of Rg/J4 in presence of residual gas. 
Three different samples are shown. 


typical experimental spread. The characteristics show that Rj } 
diminishes as I, increases, and may in certain cases approach the | 
limiting value Ro. 

The result will be explained in terms of the following assump- 


. tions: 


(a) A standard S-type assembly at 1020°K and free from residual | 
gas shows the characteristic resistance Ro of 14-18 ohms irrespective 
of the core material. 
; (6) Any departure from Ro is due to residual gas in negative ion 

orm. 

(c) Residual gas in molecular or non-ionized form has no influence 
on the matrix resistance. 

(d) After an ion has discharged at the anodic core surface it 
re-enters the matrix as an uncharged molecule, and has a finite life 
period as’such before it becomes re-ionized. During this life period | 
the molecule moves at random in the matrix pores by virtue of its | 
thermal energy. 
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Consider a platinum-cored system containing residual gas and 
ina condition of equilibrium after zero-load running, i.e. the gas 
negatively ionized and uniformly distributed. If a current J ‘4 18 
now applied, each ion moves towards the anodic core, is dis- 
charged on arrival and moves away again to begin its life period 
as an uncharged molecule. The R,|L, characteristic is supposed 
to depend on the magnitude of the uncharged life period, and 
two cases will be considered. If the life period is vanishingly 
small the molecule will become re-ionized as soon as it leaves the 
core surface, when the electric force will return it again to the 
core face. A cyclic state of charge and discharge will thus set 
in and never permit the particles to leave the immediate vicinity 
of the core face. Such an action should lead to a constant value 
of Ry near the characteristic level Ro for all values of 1, greater 
than zero—a conclusion which is clearly inconsistent with Fig. 3. 

Suppose now that the molecular life period, t,, 1s relatively 
great and that a molecule can travel deeply into the body of the 
matrix before it becomes re-ionized. After re-ionization the ion 
travels back to the anodic core in time to, when it discharges to 
start on another cycle. The molecular life period, t,, can be 
regarded as constant for any particular matrix temperature, but 
the ionic travel period, f,, is essentially a function of the applied 
electric force V4. The ratio t,/t, can thus be made progressively 
greater as the electric force increases, and in the limit the residual 
gas can be made essentially molecular in character. On the 
assumption that the molecular form has no influence on R,, the 
effect of increasing J, is therefore to decrease the negative-ion 
content of the matrix until its resistance approaches the charac- 
teristic state Ro. 


(2.6) Influence of Thermal Treatment on Residual-Gas Content 
of Platinum-Cored Assembly 


So far, it has proved impossible to bring a platinum-cored 
assembly permanently into the state of the characteristic resis- 
tance Rp. The state can indeed be approached in certain cases 
by applying a sufficiently great electric force to move the bulk of 
residual gas ions onto the passive anode surface, but on release 
of the force the ions flow back into the matrix, which resumes its 
former high-resistance state. The picture arising is that of a mass 
of gas capable of rapid movements throughout the porous matrix 
but hardly able to escape from it or to combine chemically with 
it. The object of the fifth experiment was to examine this picture 
in greater detail. 

A standard S-type assembly with platinum cores was set up 
at 1020°K and its resistance was measured. The matrix tem- 
perature was then raised to 1 300° K for 1 min, after which it was 
lowered again to 1020°K for remeasurement of resistance. This 
cyclic sequence of high temperature treatment and normal tem- 
perature resistance measurement was continued until the resis- 
tance approached a constant value. The experiment was repeated 
on additional assemblies for a range of temperatures, and two 
typical results are set out in Fig. 4, where the abscissa records 
total time of high-temperature treatment. It is apparent from 
the characteristics that such treatment brings the platinum-cored 
assembly into the characteristic state Ry and that the approach 
to this state is more rapid with higher temperatures. The 
platinum assembly has thus the same basic characteristic as the 
active nickel assembly. On the assumption that achievement of 
the characteristic state is due to the elimination of residual gas 
from the matrix pores, it can be expected that the degassed 
- platinum system will retain its resistance Rp for an indefinite 
period of operation at 1020°K. Fig. 5 records a typical result 
of a platinum system degassed at 1450°K and running under 
zero load with occasional ‘spot’ measurements of resistance; the 
characteristic is recorded over 600 hours in the illustration, but 
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Fig. 4.—Influence of thermal treatment on residual gas content 
of platinum-cored assembly. 


The resistances are measured at 1020°K. 
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Fig. 5.—Characteristic of Rg/time under zero load, before and after 
degassing at 1450°K. 


tests up to 2000 hours show no significant change. Behaviour is 
essentially similar to that of an active nickel system. 

Brief consideration will now be given to the mechanism of gas 
elimination which has led to the achievement of the Rg state in 
the platinum system. In the absence of core oxidation, gas must 
be withdrawn from the matrix pores by escape into the surround- 
ing vacuum and/or by chemical combination with a fraction of 
the excess barium metal of the activated matrix itself. If the 
vacuum escape mechanism is involved, it should be possible to 
detect the escaping gas by some form of detector enclosed within 
the vacuum envelope of the S-type valve. Experiments on such 
lines have been carried out using a conventional form of oxide- 
cathode diode as detector and relying on the ‘poisoning’ action 
of the gas to change its space-charge-limited current, J, The 
diode detector is processed simultaneously with the S-type 
assembly and both systems are left to stabilize for a few hours 
at 1020°K. The detector diode is run with a space-charge- 
limited current and the S-type assembly measured for R;. The 
temperature of the S-assembly is then raised from 1 020° to 1 350° K 
for 1 min, after which it is returned to 1 020° K for remeasurement 
of Rz. Two concurrent effects are observed: R, has fallen and 
a powerful ‘poisoning’ action on the detector diode has reduced 
I, to a small fraction of its initial steady value. After thermal 
reactivation of the detector diode the sequence is successively 
repeated until the resistance of the S-assembly has fallen to Ro, 
when the ‘poisoning’ action on the detector ceases to influence Jj. 
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The following conclusions are drawn from such experiments: 


(a) Reduction of resistance to Ro by thermal action is accompanied 
by a powerful evolution of residual gas. a, 

(b) The quantity of gas that can be driven from the matrix is 
limited, and the achievement of the characteristic level Ro coincides 
with the approach to gas exhaustion. GA 

(c) Once the residual gas has been driven out of the matrix into 
the surrounding vacuum it does not re-enter to any appreciable 
extent (cf. Fig. 5). 


(2.7) Residual-Gas Action in an Alternating Electric Field 


A platinum system with a matrix containing residual gas was 
used for the investigation in which R, is explored in a 50c/s 
electric field. The characteristic examined is that of Ry/I4c, 
where I',¢ is the alternating current traversing the matrix. There 
are clearly two states of ionic distribution under which the 
characteristic can be measured—one with uniform concentration 
of ions throughout the matrix and the other with all the ions 
compressed into a thin layer adjacent to the anodic core. Both 
states will be examined, for they lead to significantly different 
forms of Ry/l4c. Fig. 6 sets out a representative example which 
was handled on the following lines: 


(a) Valve No. S-111 was processed to the standard schedule and 
run under zero load until ‘spot’ resistance measurements at 1020°K 
showed that it was steady at Ry = 50 ohms. This zero-load con- 
dition leaves the negative ions of residual gas uniformly distributed 
throughout the matrix. 

(6) A characteristic of Ry/I4c was taken and recorded as phase A 
in Fig. 6, showing a remarkable increase in resistance under a.c. 
loading. On removal of the load the resistance returned almost 
immediately to the zero-load value R. 

(c) The valve was then conditioned under d.c. loading, and phase B 
records the Ry/I,4 characteristic up to 100mA of direct current. This 
operation forces the residual ions against the anodic core surface, 
leaving the general body of the matrix gas-free and close to the 
characteristic level Ro. 

(d) The valve was next changed over to the a.c. condition and a 
characteristic of Rg/I4c taken up to 100mA. The operation is 
recorded as phase C and shows Rg to be virtually independent of 
I4c—a radically different result from the a.c. case of phase A. 

(e) The valve was finally run under zero current load (operation X) 
for 20 hours to re-establish R1. The application of a.c. loading then 
results in the abnormal resistance rise shown in phase D. 


The pattern of behaviour under 50c/s loading is thus shown to 
be systematic. With the ions removed from the body of the 
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Fig. 6.—Characteristic of Rg/time under different ion distributions. 


matrix and forced on to the anodic core surface, the resistance 
is largely independent of current and is near the Rp level; with a 
uniform distribution of ions throughout the matrix, a drastic and 
abnormal increase of resistance is observed. 
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A rather different approach to the phenomenon is shown in 
Fig. 7 for valve No. S-114. This valve was run under a d.c. 
load of 20mA and showed a constant resistance of about 30 ohms 
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Fig. 7.—Characteristic of Rg/time under d.c. and a.c. loading. 


over a period of 50 hours. The resistance is, of course, well 
above the Rg level, and shows that the general body of the matrix 
still retains gas ions within its pores. At this stage the d.c. load 
was replaced by one of 50mA at 50c/s and resulted in a rapid 
rise of resistance to 150 ohms, almost the whole of the increase 
occurring in the first few minutes. On reverting to the d.c. 
condition the resistance collapsed back to its former steady value 
of 30 ohms. 

The abnormal rise of a.c. resistance in the case of distributed 
ions is explained in terms of Fig. 8, which shows schematically 
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Fig. 8.—Residual gas ion distribution in the matrix pores. 


an imaginary cross-section through the matrix. The pore system 
is visualized as a series of caverns linked by narrow tunnels to 
form a chain of vacuum passages from the cathodic to the anodic 
core. Almost the whole of the electron current J, is assumed 
to pass through these passages, which also accommodate the 
free-moving negative ions of residual gas. The ions of gas are 
shown as black circles, and case A in the Figure shows the 
uniform distribution following a period of operation under zero 
current load. The d.c. resistance in case A will be greater than 
the characteristic level Ry by an amount dependent on the ion 
concentration. Case B shows the ions pressed up against the 
anodic core under an adequate electric force and resulting in an 
effectively gas-free matrix of resistance Ro. Suppose now thata 
50 c/s field is applied to the condition of case B: the result is 
simply an oscillation of the ions in the immediate vicinity of the 
anodic core, leaving the matrix itself gas-free and at the Ro 
level. This a.c. condition will, of course, last only for a limited 
time, for the ions will tend to diffuse back into the matrix under - 
their own thermal energies, which exist independently of the 
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applied electric force. The measurements of phase C in Fig. 6 
were, for example, carried out within a period of 2-3 min, but 
even in this limited time there are signs of back-diffusion of ions. 
Under the condition of uniform ion distribution of case A the 
following alternating-current action is supposed to occur. 
During a positive half-cycle a negative ion, moving easily and 
without obstruction within a cavern, approaches the entrance to 
the outlet tunnel. Once within the narrow tunnel, however, the 
ion suffers repeated collisions with the tunnel walls and its rate 
of progression is drastically reduced. The effect of this action 
is to concentrate the bulk of the ion population of the matrix 
within the tunnels, where it can exert its maximum influence on 
the main electron stream, I4c. On reversal of the electric field 
the ions leave the outlet tunnels, traverse the caverns at speed, 
and start electrostatically blocking the inlet tunnels. The action 
is shown schematically as case C in Fig. 8. 
_ Two points of interest arise from the a.c. picture: the influence 
of frequency and of the magnitude of the current I,;. At very 
low frequencies an ion is able to pass through every cavern and 


' every tunnel during each half-cycle and we have the same effect 


as in the slow d.c. reversal examined in Part 1 of the paper, i.e. 
each reversal sees the bulk of the ions move into the vicinity of 
the anodic core. At a sufficiently high frequency it seems clear 
that the heavy negative ion will be unable to travel the length of a 
cavern during a half-cycle, and the a.c. effect should therefore 
Secome progressively less as frequency increases. 

The influence of alternating voltage swing is simple to predict. 
With a small electric force the negative ion is unable to travel 
the full length of a cavern and only ions in the immediate vicinity 
can enter a tunnel mouth. As the electric force is increased, 


_ more ions are able to make the cavern crossing until all are so 
_ capable and a saturation effect should occur. 


The two suggested effects have been given brief experimental 
attention. A standard S-type assembly with platinum cores 
was set up at 1020°K and shown to have a resistance of about 
40 ohms running under zero current load. A constant alternating 
current of 25mA was then passed through the device and resis- 
tance measurements were made at frequencies ranging from 50 
to 5000c/s. The characteristic (Fig. 9) indicates a falling resis- 
tance with increase of frequency, and is therefore consistent with 


70 


40 ——<—<_—_—_—_—__ ==: === == = == = st eee 


h 
uO 


fo) 1 2 
FREQUENCY, kc/s 


Fig. 9.—Frequency dependence of Ry at constant current. 
I, = 25mA, a.c. 


the tunnel-blocking hypothesis. Any frequency effect due to 
the natural capacitance of the system can be disregarded, since 
+ is of the order of a megohm at 5000c/s. 
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The effect of voltage or current swing at a constant frequency 
of 50c/s is examined in Fig. 10, which shows the a.c. resistance 
as a function of current amplitude. The predicted saturation 
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Fig. 10.—Characteristic of Rg//4 under a.c. loading at 50c/s. 


effect as current swing increases has not been investigated, for it 
is complicated by temperature considerations arising from power 
dissipation within the matrix. The two resistance maxima shown 
in the R,/I, characteristics of Fig. 6 are, for example, due 
primarily to a progressive rise in matrix temperature rather than 
to the onset of a saturation effect. 


(2.8) Electron-Emission Density Gradient 


The passage‘of current through an S-type assembly with active 
nickel cores results in a resistance gradient across the matrix if 
residual gas is present. It is proposed now to show that this 
positive resistance gradient may coincide with a negative gradient 
of emission density across the matrix. 
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Fig. 11.—Schematic of S-valve with external collector electrode. 
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An S-assembly of standard dimensions is shown in Fig. 11 
modified to include a nickel plate collector C placed in vacuo 
close to core Y. The (BaSr)O matrix has been sprayed on all 
sides of the two active nickel cores X and Y, and it is therefore 
possible to explore the total or temperature-limited emission from 
the outer side of core Y to the collector C. Furthermore, this 
side operation can be conducted with the main electron flow I, 
between the cores in either the X-Y direction or the Y—X 
direction. 

Suppose that an electron flow J, occurs between the two cores 
in the X-Y direction. Negative ions of residual gas will con- 
gregate in the vicinity of the Y-core and are presumed to depress 
the emission density of the trailing half of the matrix. The 
build-up of negative ions on the inner face of the Y-core will 
furthermore lead to a flow through the matrix pores to the outer 
face of Y, where the effect should be detected by a falling value 
of total emission J; measured between Y and C. If the main 
matrix current is reversed the ions should leave the environment 
of Y and congregate around the X-core, resulting in a recovery 
of the total emission J; as the operation proceeds. 

A typical result is shown in Fig. 12, where a constant matrix 
electron flow, 4, of S0mA at 1020°K has been passed in the 
Y-X direction for 7 hours. During this period ‘spot’ tests of 
total emission from Y to C were made by momentarily lowering 
the system temperature to 700° K and measuring J; to electrode 
C under a saturating potential of 10 volts. At the end of this 
first 7-hour run the current of 50mA was reversed into the X-Y 
direction for 7 hours and the ‘spot’ tests of J; were again taken 
at suitable intervals of time. This operation was continued until 
two complete cycles were covered. 


Oo 


o 


LOW-TEMPERATURE TOTAL EMISSION,mA 
b 


20 25 30 


5 10 


15 
TIME, HOURS 
Fig. 12.—Local variation of thermionic activity due to change in 


direction of electron flow. 
Low-temperature total emission measured at 700° K. 


The result in Fig. 12 shows that the total emission that can be 
drawn from the vacuum surface of the trailing section of the 
matrix is much smaller than that available from the leading 
section. It seems reasonable to draw the following conclusions: 


(a) The internal emission density within the pores is high in the 
leading section and low in the trailing section. 

(b) An emission density gradient occurs within the matrix and 
coincides with the conductivity gradient. 


That the phenomenon is due to the presence of residual gas 
ions is proved experimentally by its disappearance when the 
active nickel-cored system shown in Fig. 11 has run for a suffi- 
cient length of time to achieve the state of characteristic resis- 
tance Ro. 


(2.9) Summary 


(a) Residual-gas effects studied are probably due to the presence 
of carbon monoxide in the matrix pores. , 

(6) The gas molecules become negatively ionized on entering the . 
pores. ou Lt 

(c) The ions are capable of rapid thermal motion at 1020°K i. 
throughout the pore system. ; 

(d) The ions are highly mobile in an electric field. _ _ ie 
(e) The ions are chemically stable within the activated matrix }) 
ores. ; 
: (f) The ions are chemically stable in the presence of a platinum § 
core at 1020°K but are destroyed by an active nickel core. fi 

(g) The resistance to electron flow of a unit cube of matrix 
increases as its concentration of residual gas ions increases. _ 

(h) The electron density within the vacuous pores of a unit cube 
of matrix decreases as its concentration of residual gas increases. 


The resistance of a gas-free matrix is Rp, and any excess value § 
is due to the presence of residual-gas ions, which arrange them- fi 
selves in conformity with an applied electric field. The actual 
physical mechanism whereby the negative ion causes a local D! 
increase of resistance may be either a direct electrostatic repulsive |} 
action on the electron stream or a local suppression of electron > 
emission from the pore walls. An attempt will be made to 
distinguish between the two processes in a later Part of the paper. 


a 


(3) ELECTROLYTIC GAS EFFECTS 
(3.1) Introduction 


The passage of electrons through an activated oxide matrix 7 
may in certain circumstances be accompanied by the dissociation » 
of a fraction of the matrix into its component ions. Consider | 
the case of a platinum-cored S-type assembly of standard dimen- | 
sions which. has been cleared of residual gas by thermal action. || 
The device will be in the characteristic state Ry and at 1020°K 1 
will have a resistance of about 16 ohms, with 8 ohms in the leading ff 
section and 8 ohms in the trailing section. Suppose now that a | 
current-dependent matrix dissociation occurs, with barium metal = 
congregating in the leading and oxygen in the trailing section. © 
The electron density in the pores of the leading section will © 
increase and its resistance will fall; in the trailing section the ff 
electron density will be depressed by the oxygen and the resistance 
will increase. If the resistance effects in the two sections are } 
equal in magnitude, the overall resistance of the device will = 
remain unchanged at the Ry level. Experiment will show, how- [ 
ever, that the section resistances do not change by anything like } 
equal amounts: further activation of the leading section has little | 
effect on its resistance, whereas oxygen deactivation of the trailing | 
section results in a relatively large increase of resistance ranging | 
up to 100 ohms or more. Electrolytic action may therefore be [ 
expected to cause an increase of overall resistance of the device, } 
and the magnitude of the increase will probably depend both on | 
current magnitude and time. Two prerequisites are essential to | 
a practical demonstration of the action, namely that the matrix — 
should possess an adequate measure of electrolytic conductivity, 
and the anodic core must be such that the electrolytic oxygen. | 
in the trailing section is not removed chemically as fast as it is 
produced. ; 

The S-valves processed according to the standard schedule of 
Table 1 of Part 1 are fully activated in the sense that a current | 
density of 2-6amp/cm? can be drawn from the exposed oxide > 
surface at 1020°K. Despite this high level of thermionic activity, 
however, such valves have a negligible electrolytic conductivity — 
and the phenomenon becomes apparent only after the matrix 
has aged for some hundreds of hours at 1020°K. This slow : 
growth of the conductivity is thought to be due to a sintering — 
action in the matrix during which chains of contiguous oxide — 
particles become welded together to give a more effective medium 
for the solid transport of ions. The sintering action can, of 
course, be hastened to any desired extent by increasing the 
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maximum temperature to which the matrix is subjected during 
processing. If, for example, the standard processing tempera- 
tures set out in Table 1 are increased by 100°K, the tubes will 
enter service with no sensible change of thermionic activity but 
with greatly enhanced electrolytic conductivity. It is by such 
means that the platinum-cored S-valves discussed in the present 
Section were prepared. 


(3.2) Development of Electrolytic Action 


During the standard processing schedule of Table 1 an S-valve 
is held for 3-Smin at a maximum temperature of 1300°K. 


Such a valve fitted with platinum cores was prepared and its - 


characteristic of Rz/I, measured at 1020°K over a current range 
of 10-120mA. The tube was then subjected to a further period 
of 15min of sintering at 1300°K under zero load and was 
remeasured for R,/I, characteristic at 1020°K. This procedure 
was continued until the R,/I, characteristics following periods of 
15, 30, 60 and 120min of sintering had been measured. The 
results are set out in Fig. 13, where the figure attached to each 
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Fig. 13.—Characteristics of Rg/I4 showing onset of electrolysis with 
matrix sintering time. 
The figure on each curve gives the total sintering time, in minutes, at 1 300°K. 


characteristic denotes the total sintering time at 1300°K in 
excess of the time associated with the initial processing. The 
following observations arise: 


(a) With zero additional sintering time the resistance Rg falls con- 
tinuously with increase of current—a typical residual-gas action in 


the absence of electrolysis. j 
(b) After 15min sintering much of the residual gas has been 
thermally ejected and the resistance has approached closer to the 


Ro level. 
(c) After 30min sintering Ry approaches Ro at low values of La, 


but above 50mA the characteristic changes in slope and Rg begins 


to increase with increase of 4; this change indicates the onset of 


electrolysis. ; 
(d) After 60 and 120 min sintering the residual-gas effect becomes 


progressively smaller and the rise of Rg with /4 progressively greater. 
The sequence of characteristics show a smooth transistion 
from a matrix containing residual gas but possessing no electro- 
lytic conductivity to one which is free from residual gas but is 
powerfully affected by an accumulation of electrolytic oxygen 
in its trailing section. It is a fortunate experimental circum- 
stance that the sintering of the matrix to develop electrolytic 
<onductivity has the simultaneous effect of freeing the matrix 
from residual gas. Separation of the two gas actions is therefore 
simple, and they might be defined in terms of slope of the two 
RL, characteristics, thus: 
Residual-gas action: Rg//4 characteristic has negative slope. 
Electrolytic gas action: Ra/l4 characteristic has positive slope. 
Although a platinum-core system is used to demonstrate 
“ectrolysis, the cores in themselves have, of course, nothing to 
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do with the electrolytic action: by rejecting oxygen they merely 
enable the action to be detected in terms of resistance rise. The 
actions, can, in fact, be detected in an active nickel-core system 
if the experiment is conducted at a sufficiently low temperature 
to inhibit the absorption of electrolytic oxygen by the anodic core. 


(3.3) The Time Function of R, at Constant Current 


A standard S-valve with platinum cores was prepared in the 
usual way and sintered at 1450°K for 15min. This operation 
leaves the valve with a resistance close to the Ry value and with a 
high level of electrolytic conductivity. The following sequence 
of measurements was then undertaken. With zero current I, the 
two core-heater voltages were set to give a uniform temperature 
of 1020°K across the matrix, and these heater voltages were 
maintained constant throughout the experiment. A constant 
current of 20mA was next applied to the matrix for 50min and 
readings of R, were taken at intervals. At the end of the time 
run the current was reduced to zero and the temperature of the 
matrix was raised for 1 min to 1300°K to bring the resistance 
back to the Ro level. The experiment was then repeated at a 
constant current of 30mA for 50 min, and so on until an adequate 
range of current settings had been covered. Results are set out 
in Fig. 14(@) and one case extended in time to 250 min is shown 
in Fig. 14(6). The following conclusions are drawn: 


(a) At any particular time Rg is a function of 14. 

(b) Rg is a function of time at constant 14. 

(c) After a sufficiently long period of operation at constant current 
Rg approaches a constant value, i.e. it ceases to be a function of time. 


Once the resistance has reached its high level it seems to stay 
there indefinitely: at least, over a test period of 2000 hours there 
is no significant trend. 

The results are explained in the following terms. On applica- 
tion of a constant voltage across the matrix an electrolytic flow 
of ions is set up, and positive ions of barium and negative ions 
of oxygen begin to discharge at constant rate at the cathodic 
and anodic cores respectively. Initially we will suppose that 
after discharge the two elements remain in atomic form, 
i.e. they will move under the influence of a concentration gradient 
but not an electric field. As electrolysis proceeds a concen- 
tration gradient of oxygen atoms builds up off the anodic core 
surface and a gradient of barium atoms off the cathodic 
core surface. Under the influence of the gradients the two 
sorts of atom diffuse forward into the body of the matrix, where 
they meet to recombine as barium-oxide molecules. Diffusion 
and recombination therefore set a limit to the atomic concen- 
trations at either core face, and lead ultimately to an equilibrium 
condition wherein the rate of recombination is equal to that 
of electrolytic dissociation, Under this equilibrium state there 
is no change with time in the total number of barium oxide 
molecules in the matrix, and the atomic concentrations at the 
two core faces are at the highest possible level. 

So far, only atomic movements and concentrations have been 
considered, and it is postulated in Section 2.5 that these have no 
influence on the resistance of the matrix: only negative ions can 
cause a resistance rise. It has been shown, however, that free 
oxygen within the pore system has a cyclic life in alternate atomic 
and negative-ion forms, and that the relative life periods are 
constant in a constant electric field. A concentration of oxygen 
atoms in the matrix therefore implies a proportionate concentra- 
tion of negative ions, and any time changes of an oxygen con- 
centration are thus followed by similar time changes of Rj. 
On application of a constant electric force to the matrix, R, 
should therefore show a steady increase at an ever-decreasing 
rate up to some saturation level, at which it should remain 
indefinitely. 
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Fig. 14.—Time function of Rg at constant current. 


(3.4) Recombination 


The application of electric force to a sintered matrix leads to 
ion separation, with a consequent rise in matrix resistance. On 
release of the force the separated ions or atoms should diffuse 
together, recombine as barium oxide, and cause the resistance 
to return to its initial value. An experiment illustrating the 
action is shown in Fig. 15. A sintered S-valve with platinum 
cores was run for 150 hours at 1020°K under zero load, and 
‘spot’ tests of resistance showed that it was constant at about 
18 ohms. A constant current of 50mA was then passed through 
the device for 90min, and the resistance was observed to rise 
steadily to 42 ohms. The current was finally reduced to zero and 
‘spot’ measurements of resistance showed that in about 6 hours 
it had returned to its former steady value of 18 ohms. 

One essential requirement of the above experiment is that the 
two sorts of ion separated by electrolysis are wholly retained in 
the matrix system. If the electrolytic action is prolonged to 
50 hours or more, Ry will not return completely to its former 
value on zero-load running. This effect is due to a ‘leakage’ of 
barium metal out of the matrix and into solution in the platinum 
cathodic core. 
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Fig. 15.—Electrolysis and recombination. 


At 150 hours the current is increased from zero to 50mA for 1} hours, and then 
decreased to zero again. 


100 
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(3.5) Influence of Temperature on Ry 


So far, no mention has been made of the influence of matrix 
temperature on the equilibrium condition described in Section 3.3, 
and it is proposed now to give the matter brief consideration. 
We will suppose that the electrolytic conductivity is invariant 
with temperature in the working range 950-1100°K. (This 
assumption is obviously wrong, but its use as an analytic tool 
will be justified later in the argument.) If a constant direct 
voltage, V4, is impressed across the matrix, ion separation 
occurs at a constant rate independent of all other considerations, 
including a temperature swing from T; to T>. Once the equili- 


brium condition has been established, the electrolytic dissociation | 


rate is exactly balanced by the recombination rate, which is 
fixed only by the applied potential V,. To meet the equilibrium 
condition it is likewise clear that the flow rates of both sorts of 


atom from their respective electrode sources to the common | 
recombination sink must also be equal, to each other and to »& 
Everything in the | 


the dissociation and recombination rates. 
equilibrium system is therefore fixed by V4 with one exception— 


the concentration gradients of the two sorts of atom. These % 


gradients are related to the fixed flow rate by flow impedances, 


and it will be apparent that the flow rate will be unaltered by — 


wide variations in the concentration gradients, provided that 
these are accompanied by proportionate changes in the flow 
impedances. 
thermal energy of the migrating atoms, and the impedance will 
therefore fall as the system temperature rises. Suppose now 
that a system, in equilibrium at temperature T, and potential 
V4, has its temperature increased to T,. The mean thermal 
energy of the atoms will increase and the flow impedances will 
decrease, and in order to maintain the fixed flow rate the con- 
centration gradients will automatically fall in exact proportion. 
The fall in the gradients will furthermore lead to a fall in the 
concentrations of the two sorts of atom and an equivalent rise 
in the total number of barium-oxide molecules. At 7, there 
will therefore be few oxygen atoms in the matrix and likewise 
fewer negative ions. An increase in temperature will therefore 
result in a decrease in the equilibrium value of Rj. 

We will return now to discuss briefly the earlier assumption of 
invariancy of electrolytic conductivity with temperature. If, in 
passing from a lower temperature T, to a higher temperature Tog 
the conductivity increases at a certain rate, will this increase 
invalidate the hypothesis developed in the previous paragraph? 
The answer to this question lies in the relative rate at which the 
conductivity (or dissociation rate) increases and the flow impe- 
dance decreases. If the positive temperature coefficient of 
conductivity is greater than the negative coefficient of flow 
impedance, Ry, will increase with temperature; if the two 
coefficients are equal, R, will be invariant; if the conductivity 


The basis of the flow impedance is the mean 4 
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coefficient is the smaller, R,, will fall with increase of temperature. 
Recourse to experiment will, in fact, show that R, falls drastically 
with increase of temperature. The assumption that the con- 
ductivity is constant, or its rate of change negligibly small, seems 
then an admissible artifice in the development of the hypothesis. 
; Direct experimentation on the temperature dependence of R, 
is a simple matter. Fig. 16 shows three characteristics of Rall, 
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Fig. 16.—Characteristics of Rg/I4 for different matrix temperatures. 


Main graph for sintered matrix: small lines in the corner show characteristics of 
non-sintered standard assembly, free from electrolytic dissociation. 


for a sintered S-valve with platinum cores. The temperature 
recorded against each characteristic corresponds to the core 
temperature measured with zero current in the matrix. The 
rapid decrease of Ry with increase of temperature will beapparent. 
The three short lines at the bottom right-hand corner of Fig. 16 
show the change of resistance over the same temperature range 

_ of a standard S-valve which is free from the effects of electrolytic 
dissociation. The difference in the two sets of characteristics 
may therefore be regarded as being due wholly to dissociation 
action. 

The appearance of maxima in the characteristics of Fig. 16 is 
of no basic interest. It is due to self-heating of the system by the 
applied power V4, which causes a progressively rapid tem- 
perature rise as the current increases. The phenomenon can be 
avoided by adjusting the core heater power to maintain constancy 

of matrix temperature at each new setting of Ly. 


(3.6) A.C. Phenomena 

The behaviour of a standard S-assembly with platinum cores 
under a 50c/s load is illustrated in a crude but effective manner 
in Fig. 17(a). The valve was arranged in series with a 
nominal 100-ohm limiting resistor across a constant 20-volt a.c. 
at d.c. supply. The system temperature was set at 1 050° K under 
vero load and thereafter committed first to a.c. and then to d.c. 
joading. For the first period of 360 hours under a.c. load the 
valve passed a fairly steady current of 140mA, corresponding to 
2 valve resistance of about 40 ohms. On the change to d.c. 
fyad the current fell over a period of 140 hours to 20mA, 
corresponding to a valve resistance of about 1000 ohms. Batch 
fests extending the a.c. load period up to 2000 hours show 
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Fig. 17.—Platinum-core system under a.c. and d.c. load. 


similar results, with steady resistances in the range 30-40 ohms 
followed by a dramatic increase in resistance on the change to 
d.c. loading. 

A second experiment is shown in Fig. 17(6), with a standard 
S-valve with platinum cores which has been sintered to develop 
electrolytic conductivity. The zero-load matrix temperature 
was set at 1020°K and the valve then put on load for two 
successive periods, the first of 60min under a 50c/s load of 
100mA and the second of 60min under a d.c. load of 100mA. 
The comparative behaviour under the two current conditions 
will be self-evident. 

From such experiments as these it will be clear that, in absence 
of residual gas and in presence of an electrolytic conductivity, a 
50 c/s load has negligible effect on Ry. Electrolytic dissociation 
is, of course, taking place, but the two sorts of ion are released 
in equal numbers in the same places where immediate recom- 
bination occurs, i.e. the lifetime of free oxygen in the pore 
system is negligible. 


(3.7) Summary 


Conclusions reached in the present Part are summarized in the 
following form: 

(a) Electrolysis is present in a well-sintered BaSrO matrix under 
an electric force. The degree of sintering required is probably that 
achieved in most practical oxide cathodes. 

(5) If the electrolytic oxygen is retained within the matrix system, 
it will cause a drastic increase in matrix resistance in a direct electric 
field but will have no effect in an alternating field. 
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SUMMARY 


The need is stated for a more accurate means of admittance or 
impedance measurement in order that a general improvement can be 
made in the accuracy of measurement of other electrical quantities at 
radio frequencies. A description is given of a precision twin-T dual 
bridge having a range of admittance measurement associated with 
coaxial systems between 3Mc/s and 300Mc/s. The inaccuracy of 
measurement does not exceed 0:2°% on either component of a complex 
admittance at a frequency of 200 Mc/s. The calibration of the bridge 
is based on a range of coaxial susceptance standards whose para- 
meters are calculated from length and time measurements. The dual 
feature of the bridge enables the true r.f. conductance of its internal 
standard resistor to be established in terms of these standards; the 
uncertainty of this determination is not greater than 0:1% for 
frequencies up to 250 Mc/s. 

The importance to be attached to the design of coaxial terminations 
for measuring instruments and standards at these frequencies is 
emphasized. A practical design is detailed for a coaxial terminal for 
precision admittance and impedance measuring instruments, and 
mention is made of a proposed universal coaxial connector system for 
precision radio-frequency measuring instruments of all types. 


LIST OF SYMBOLS 
C General Case. Static capacitance of a capacitor. 
Particular Cases. 


(a) Total static capacitance of a standard 
coaxial capacitor due to an undistorted 
radial field, ie. neglecting the fringe 
capacitance. 

(b) Capacitance per unit length of the main 
variable capacitors C, and C,. 

C’ = Ctan fl/fl = Effective capacitance of a 
standard coaxial capacitor neglecting the 
fringe capacitance. 


‘ft / c . A 
Ch 2(Cor ca/(1 —Gitan? pt) = Effective capaci- 


tance of a standard coaxial capacitor 
terminated by the fringe capacitance C,. 
AC” = C” — C= Change in capacitance at the 
bridge terminals caused by the connection 
of a standard coaxial capacitor terminated 
with the fringe capacitance. 
C,, Cy = Static capacitance of the main variable 
capacitors. 
AC,, AC, = Change in C, and C,, respectively. 
B-arm measurements AC, = Cy, — Cy, (sus- 
ceptance dial). 
AG: = Cr ara C5 (con- 
ductance dial). 
A-arm measurements AC, 
ceptance dial). 


Ci Gz (Gus= 


AC, —— Ch = Cot (con- 
ductance dial). 


Correspondence on Monographs is inyited for consideration with a view to 
publication. 
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AC. 4, AC, = Change in C, for A- and B-arm measurements, 
respectively. 

ACy4, ACyz = Change in C, for A- and B-arm measurements, 
respectively. 


Cat» Cop = ‘Set-zero’ capacitors. 


at? 


unknown admittance. 
Cr= Terminal fringe capacitance. 


C; = C, — Cy = Input capacitance of the cone or } 
line, terminated by the unknown admittance, } 
in the plane of the junction between the | 
cone and the terminals and corrected for 


the discontinuity capacitance Cj. 


C, = —1]/w*Z?C' = Effective capacitance of a short- 7 


circuited coaxial standard capacitor. 


AC, = C, — Cy= Change in capacitance at the @ 
bridge terminals caused by the connection § 
of a_ short-circuited coaxial standard § 
capacitor. 

Cy = Total static capacitance of C, or C, at 6 = 0. 

C, = Capacitance of the admittance connected to § 
the remote end of the cone or line, ie. the ff 
capacitance of the unknown. 

C,; = Static shunt capacitance across G,. 

C,g = Effective shunt capacitance of G, as modified 


by the 
inductance L, and the mutual inductance L,,,. 

C, = Total capacitance of the terminals for an 
undistorted radial field. 


® 


the bridge terminals. 
Cygy Cyp = C, related to the A or B-arm terminals. 
Cy, = w?L,C-(C¢ + C,) = Correction term arising 
from the transformation of an admittance 
through the terminal impedance. 


Ci, Cy, C3 = Static capacitance of the three series capacitors | 


in the bridge. 


Cs = 2C, °C, + CEC 6) — Ss pr ree 


Cy = Cy = 4C;, => 5S pF. 
8a &» = Residual conductance of the shunt elements 
due mainly to L, and L,. 

G; = G, = Input conductance of the cone or line, 
terminated by the unknown admittance, in 
the plane of the junction between the cone 
and the bridge terminals. 

G, = Conductance of the admittance connected to 


the remote end of the cone or line, i.e. the 


conductance of the unknown. 


= G,,(1 + z) = Effective shunt conductance of 


G, 
the bridge resistor due to all causes. 
G,, = D.C. conductance of the bridge resistor. 


G, = Unknown conductance in the plane of the 


bridge terminals. 


C, = Discontinuity capacitance in the plane of the } 
bridge terminals owing to the presence of } 
the cone between the terminals and an § 


self-inductance L,,, the earth ti 


C,, = Capacitance of the unknown in the plane of 
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G,. = G; when a cone or line is used between 
the bridge terminals and the unknown 
admittance. 

Gy, Gy, = G,, related to the A or B-arm terminals. 
K,, Ky, Ky = Effective capacitances of C;, C, and C3 due 
to their residual inductances. 
L4, Lz or L = Inductance per unit length of the main 
variable capacitors C, and C,. 
L,, Ly = Shunt-circuit bridge inductances. 
L, = Inductance of each of the four earth impedances 
in the bridge. 


L,, = Series inductance of C3. 
(L;, + 1) = Series inductance of C, and C, 
L, = Equivalent junction inductance between the 
i-bar and 2-bar points. 

L, = Equivalent junction inductance between the 
2-bar and 3-bar points. 

L,, = Mutual inductance between each of the series 
elements and its associated earth induc- 
tance. 

La, Lop Or Lo = Total series inductance of C, or C, at 6 = 0. 


L,, = Self-inductance of G,. 
L, = Total inductance of the terminals. 
! = Length, or a small inductance. 
Rog, Roy Or Ro = Series resistance of the main variable capacitors 
C, or Ge 
rg and r; = Outer and inner radii of a coaxial system. 
R, = Effective series resistance of the bridge 
resistor. 
Y,, Y, = Total admittance of the shunt elements of 
the A- and B-arms. 


AY,, AY, = Change in the admittances Y,, Y,. 
e.g. Ie = Y.2 — Vere 
Y,.= Unknown admittance in the plane of the 
bridge terminals. 
Yi, General case. Impedance or characteristic 


impedance. 


Particular case. Characteristic impedance 
of the standard coaxial capacitors. 


Wise head lo 3" iG 


| Z,, Z2, Z3, Z, = Impedance of the bridge series elements 


Ci, GC, C3 and Ge 


Ze = Ifv,.C = Limiting value of characteristic impe- 
dance for zero skin depth. 
Z, = Characteristic impedance of the cone between 
the bridge terminals and the unknown. 
Zyy = Jol, 
Le = july. 
B = a]. 
Ope 6, or 0 = Scale readings of the main variable capacitors 
C, and C,. 
v = v,/ + Q = Velocity of propagation in the 
standard coaxial capacitors. 
V., = Velocity of electromagnetic waves in dry air at 
20° C and 760 mm Hg (2:9971 x 10!%cm/s), 
i.e. the limiting velocity in a coaxial system 
when the skin depth is zero. 
w = Angular frequency. 
(1 + z) = GJG,, = Ratio of the r.f. conductance to the 


d.c. conductance of the bridge resistor. 

(1 + © = »,,/v = Reciprocal velocity factor. 

(1 + c) = Correction factor for the terminal inductance 
due to skin effect. 

(1 + y) = Incremental inductance correction factor for a 
conical coaxial line due to skin effect. 


THE STANDARDIZATION OF ADMITTANCE 


(1) INTRODUCTION 


Immittance* is the basic parameter of any a.c. measuring 
system for electrical quantities. In order that any of these 
quantities may be measured to within a known uncertainty, a 
knowledge of this basic circuit parameter is required. In the 
past, the measurement of electrical quantities at radio frequencies 
to an accuracy within 5 or 10% has been adequate for most 
applications. This has been accomplished without the need for 
direct immittance measurement by making various assumptions; 
e.g. by employing coaxial cable and assuming the nominal 
characteristic impedance, and also by employing small carbon 
resistors and assuming that the d.c. resistance is applicable at 
high frequencies. These assumptions, whilst they may be 
justified in certain instances, do nevertheless lead to additional 
uncertainty in the absolute measurement of other electrical 
quantities. The uncertainty introduced by these assumptions 
may be of the order of a few per cent, and they can therefore 
be ignored when an overall precision of only 10°%% or so is required. 
Before any worthwhile improvement can be made in the accuracy 
of measurement of electrical quantities at high frequencies it is 
first necessary to devise a means for more accurate immittance 
measurement. If a precision of 1 or 2% is required in, say, the 
measurement of voltage and power, the conductance must be 
known to within a few parts in 103 if the concepts of voltage 
and power are to be compatible so that either one of these 
quantities can be obtained in terms of the other in accordance 
with the relationship P = V?G. This requirement rules out the 
assumptions hitherto adopted, and the direct measurement of 
immittance becomes a necessity. 

The calibration of a source in terms of available power is often 
employed to overcome the difficulty arising from the lack of 
reliable means for immittance measurement. A source cali- 
brated in this manner is invariably used with a load incorporating 
matching facilities. The employment of the principle of con- 
jugate matching inevitably means that the bandwidth of the 
system is narrow. This gives rise to inconvenience in use and 
restricts the usefulness and flexibility of the system; furthermore, 
the concept of voltage is no longer applicable. 

With the very wide range of frequencies in current use it is 
an obvious advantage to have measuring instruments of sub- 
stantially frequency-independent characteristics, because it 
avoids the duplication of these instruments for each frequency 
band. To design such instruments it is essential to have the 
means for making precise immittance measurements in order to 
verify the theory. A typical example is the tractorial resistor 
mount described by Harris.! A resistor mount constructed in 
accordance with the initial theory exhibited an unaccountable 
shunt capacitance (less than 0-1pF) at 200Mc/s. A fuller 
theory developed subsequently, which took into account the 
penetration of the electric field into the resistor body, completely 
resolved the anomaly. 

A further application of the bridge is the calibration of trans- 
fer standards for checking the accuracy of less accurate, but 
less expensive, immittance-measuring instruments. Many other 
applications will become apparent to the user where high precision 
is required in the measurement of both the major and minor 
components. 

The problems associated with the measurement of immittance 
at radio frequencies have received considerable attention in the 
past. Various methods have been employed, which can be 
classified broadly under three headings: 
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(a) Standing-wave-ratio methods. 
(b) Resonance methods. 
(c) Null methods. 


* Immittance is used to convey the general idea of impedance or admittance. 


508 WOODS: A PRECISION DUAL BRIDGE FOR THE 


Standing-wave-ratio methods are usually restricted to fre- 
quencies above one or two hundred megacycles per second, 
because the length of the slotted line would be excessive at the 
lower frequencies when, apart from being cumbersome, the 
manufacturing difficulties would be very great. With this 
method, optimum performance is usually achieved over the 
range of impedances associated with coaxial systems, i.e. 45- 
100 ohms. The best accuracy which can be obtained is of the 
order of 5% at 100 Mc/s, improving to about 1% for frequencies 
above 400Mc/s for a precision slotted line. The range of 
measurement obtainable is of the order of 10*-1, i.e. from one 
hundredth to one hundred times the characteristic impedance 
of the line. 

Resonance methods, in which the unknown immittance is 
placed either in shunt or in series with a resonant circuit, are 
usually only suitable when the resistive component of the unknown 
is either large or small. For resistances in the region of 100 ohms 
the Q-factor of the resonant circuit is reduced to such a low 
value that the method becomes impracticable. 

Bridges have been designed for operation up to several hundred 
megacycles per second and to measure the range of immittances 
associated with coaxial systems, but the inaccuracies are of the 
order of several per cent. Such instruments invariably use one 
or more resistors in the bridge circuit. The type of resistor 
employed is usually selected for low unwanted residual para- 
meters, so that the effective resistance at radio frequency does 
not depart too widely from the d.c. value. This variation with 
frequency of the bridge resistance is only one of the many 
factors which contribute towards the overall inaccuracy of a 
v.h.f. bridge. It is, however, probably the most difficult problem 
to be overcome in the design of a precision bridge, since this 
resistance must be known to within about one part in 10°. 

There appear to be only two possible solutions to the problem: 
either the in situ value of the resistance must be calculable up 
to the highest frequency used, or the bridge itself must be capable 
of measuring its own internal resistance in terms of the funda- 
mental units of length and time. The required overall accuracy 
of the admittance-measuring instrument to be described was a 
few parts in one thousand. This ruled out the first method 
because the state of the art in the theoretical treatment of resistors 
at radio frequency was such that the performance could not be 
calculated to anything like this accuracy, bearing in mind the 
difference between a practical design with terminations and a 
hypothetical resistor such as a solid homogeneous rod or a thin- 
walled tube with an air core. Ultimately a suitable bridge 
circuit was found which enabled the second method to be used. 

The bridge employs a twin-T circuit. In addition to the well- 
known merits of this circuit, in which the source, the detector 
and the unknown have a common earth connection, the circuit 
selected has a number of other important advantages, namely: 


(a) It is amenable to precise mathematical analysis for the effects 
of unwanted residual parameters provided that a suitable mechanical 
design is adopted. 

(6) It can be used as a dual bridge, and in this way the r.f. con- 
ductance of the internal standard resistor of the bridge can be 
established in terms of length and time measurements. 

_ (c) It provides a range of conductance measurement which is 
independent of frequency. 

(d) It provides means for the compensation of residual effects 
associated with the series elements and the common earth con- 
nection, the effects of which would otherwise influence the funda- 
mental determination of conductance mentioned in (4). 


Another special feature of the bridge is a new form of variable 
air capacitor in which the effective capacitance at 200 Mc/s can 
be calculated to within 0:2°% of the absolute value. 

The calibration of the bridge is effected by means of four 
coaxial standard capacitors whose susceptances are calculated 


from length and time measurements. The standards can also {} 
be used in the short-circuited condition to provide standards of | 
negative susceptance. 

The frequency range of the instrument is from 3 to 300 Mc/s, 
but the absolute accuracy has, so far, only been assessed at 
frequencies up to 200Mc/s. At 200Mc/s the inaccuracy is 
0:2°% + 0-005 pF on capacitance and 0-2% + 5 micromhos on | 
conductance for admittances of any phase angle. | 
measurement is 50 millimhos and +50pF. The discrimination is |) 
1 micromho and 0-001 pF. 

It is not possible, within the scope of the paper, to deal with f ; 
the theory of the instrument in great detail or to describe the 
techniques employed in the measurement of the residual para- % 
meters. However, these are given in Reference 2, which also } 
includes a reference to the manufacturing drawings which are jf 
suitable for the reproduction of the instrument elsewhere (see 
also Reference 7). 
of the mechanism for driving the main variable capacitors in 
order to ensure better long-term stability of calibration. The 
original design is beginning to show signs of wear after 10 years’ jf 
use. The material for all parts carrying r.f. currents has been &% 
specified in tellurium-copper. Figs. 4-6 show the original model. 5) 


(2) BASIC CIRCUIT 


The basic circuit of the bridge is given in Fig. 1. Provision . 
is made for measurements to be undertaken across either arm 


O 
Txb 


DETECTOR 


Fig. 1.—Basic circuit of bridge. 


of the bridge between the terminals T,, or T,,. This constitutes | 
the dual feature of the instrument. The T,, terminals are for | 
normal measurement purposes, whereas both terminals are 
needed in order to measure residual effects associated with the 
resistor G,. The conductances g, and g, represent the combined 
loss of the shunt elements of each T-network. The inductors 
L, and Ly are only needed in order to obtain initial balance; | 
they do not enter into the equations for the unknown admittance. 

Neglecting the effects of residuals, the conditions for zero 
transmission are given by 


Meera: C\C, & . sf 
SY Mig RS em rg ORE : . (4) 

Ie hte BGs 
it, ~ OPO ce om 


When an unknown admittance Y, = G, + jwC, is connected — 
across either arm the components of Y,, are given by 


The range of | 


These drawings embody a major redesign }}) 
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(a) Unknown across the B-arm. 


G,C; 


Gea C, Te eee eh) 
Ce NO is ee (AY 
where AGO C. 
and AC, Cpr Cro 


Subscripts 1 and 2 are used to denote the initial and final values 
respectively. 


(6) Unknown across the A-arm. 


Ro Cy 


2hC, - +. - ©) 


O00 ; QQ0 
Co Ly+y G. 
Fig. 2.—Practical circuit of bridge. 
C,: 25 pF (variable) Cat: 60 pF and 0-7 pF 
Cp: 50 pF (variable) Cyt: 100 pF and 0-7 pF 
Ci: SpF (preset) La and Lp: Plug-in inductors 
Co: 5pF (preset) Gg: 5 millimho plug-in resistor 
C3: 10 pF (preset) 


Lx 
O00 


Pill 
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R, is the equivalent series resistance of G,, and will only be equal 


to the reciprocal of G, when G, has en susceptance. If the 
equivalent shunt capacitance of G. is Cy, 
aa 

Ri=iG: (1+ = (7) 


(3) PRACTICAL CIRCUIT 


The practical circuit of the instrument is given in Fig. 2. This 
shows the common earth point split into four separate earth 
circuits L,, each mutually coupled to the residual inductance of 
the four series elements C;, C,, C3; and G,. The mechanical 
design is such that L,, is made equal to L,, and under this con- 
dition the four points a, b, c and d are brought to the same 
potential, thus achieving a common earth point. The residual 
inductances of C;, C, and C; are also proportioned in a certain 
manner such that C;C,/C3 [eqns. (3) and (5)] is maintained 
constant up to the highest frequency. In these two ways all 
the residual effects of the series elements of the bridge are 
eliminated, except the variation of G, with frequency. This one 
remaining variable can then be determined by the dual feature 
of the bridge. 

The two pairs of variable capacitors C,, and C,, provide 
coarse and fine setting adjustments for initial balance when the 
main capacitors C, and C,, are set to selected scale values. 

The inductors L, and Ly are of the plug-in type and are used 
at frequencies up to 180 Mc/s. Above this frequency it was not 
possibile to construct inductors of a sufficiently low value to 
obtain initial balance. In order to overcome this difficulty, a 
series circuit was adopted in order to obtain the large negative 
susceptance. This is accomplished by means of the four 
inductors 1,;, 1,2, ],, and J,., which are built into the bridge. 
These, in conjunction with C,, and C,,, provide a means for 
obtaining a variable negative susceptance between A — a and 
B—b. The two series circuits are, of course, operated above 
resonance in order to obtain this condition. They work over the 
range 180-300 Mc/s. 


(4) EQUIVALENT CIRCUIT 


The equivalent circuit of the bridge, showing all the significant 
residual parameters, is given in Fig. 3. The inductance and distri- 
buted capacitance of the terminals are shown as L, and C,, and the 
terminal fringe capacitance as Cy. The residual parameters of the 


oll 


Fig. 3.—Equivalent circuit of bridge. 
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main variable capacitors C, and C, are shown as Ry,, Log, Ly 
and Ro,, Loz, Lz, respectively. The residual inductance of each 
of these capacitors comprises a fixed inductance and a variable 
portion which is ganged to the capacitor. The laws of the 
variable inductor and the capacitor are both linear but vary in 
opposite senses. This form of capacitor is amenable to precise 
circuit analysis and enables the effective capacitance to be cal- 
culated very accurately up to several hundred megacycles per 
second. The equivalent circuit of the junction between the 
shunt and series elements is shown as L; and L, for each T-net- 
work. C,, is the capacitance across G,, and L,, is the self- 
inductance which is mutually coupled to its associated earth 
inductance. The combined effect of C,,, L,, and the mutual 
inductance can be represented by an effective shunt capacitance 
C.g. The factor (1 + z) represents the ratio of the r.f. con- 
ductance to the d.c. conductance. 

The bar markings over the A and B symbols indicate the 
1-bar, 2-bar and 3-bar points. Between these points changes in 
the admittances of the shunt circuit elements have to be trans- 
formed in order to express all admittance changes in terms of 
3-bar values, so that they can be related to the bridge equations 
containing the series elements. These changes are caused by the 
connection of the unknown admittance to the terminals and the 
subsequent adjustment of C, and C, for final balance. The 
adjustment of these two capacitors causes complex admittance 
changes at high frequencies owing to their resistances. 

The two inductors L, and Ly, required for initial balance 
purposes, are each shown connected in parallel with their 
associated trimmers, the combinations being connected by single 
conductors to the l-bar points. This condition results in a very 
great simplification in the equivalent circuit and is achieved by 
placing each inductor and its associated trimmers in a separate 
cavity wherein they are connected together, the combination being 
connected by a coaxial link-line to the other bridge elements. 
The inductances of these link lines are shown as /,; and /,; in 


Fig. 2. 
(5) GENERAL DESCRIPTION 


A front view of the bridge in its final form is shown in Fig. 4. 
The two large micrometer heads at the back drive the main 


Fig. 4.—View of bridge. 


capacitors C, and C,. The smaller micrometer heads above are 
for the fine trimmers, whereas the coarse trimmers are controlled 
by means of the two large knobs on the top of the instrument. 
The smaller knobs on this face are the plug-in inductors, either 
one inductor or two inductors in parallel being used for each 
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T-network. In this way the total number of inductors requiret|) 
for the complete frequency range is considerably reduced. Thi 
two knobs on the right-hand side of the instrument are removabl |) 
caps which give access to C; and G,. Two similar caps on th 
opposite face provide access to C, and C. The input plug il} 
clearly shown and is directly opposite the output plug on th 
bottom face of the instrument. The front face embodies th) 
coaxial dual terminal system. The B-arm terminals are shows , 
with a cone fitting attached and the A-arm terminals open 
circuited. The four caps on this face provide access to the tel 

' 


junctions, so that external capacitors can be used at low fre 
i 


quencies to increase the range of susceptance measurement. 

It will be seen that the instrument is constructed from twi) 
blocks, the primary block with the secondary block on topy 
The former contains all the circuit elements which enter into thi) 
bridge equations for the unknown. These circuit elements ar) 
called ‘dependent’ elements. The remaining circuit element}; 
are located in the secondary block and are called ‘independent} 
elements. The independent circuit elements for each T-networl u 
are connected in parallel inside the secondary block for the reasouj 


already given. 


Fig. 5.—View of bridge with front plate removed. 


Fig. 5 is a view with the front plate lifted off, showing the 
internal construction of the dual-terminal system and the manner 
in which the common impedance between the low-potentia 
electrode of the terminals and the two cavities is reduced. The 
cavities, apart from forming the earth-return circuits of C, anc 
C,, also house the main junction blocks (A and B in Fig. 2); 
which are supported on fused-quartz washers. These block: 
carry the electrodes of all the dependent circuit elements, as wel 
as the high-potential electrodes of the terminals. The wet 


between the cavities houses the four series elements Cy CH 
and G,. 


| is given. 
_ Capacitors, which are mounted inside the web, can be clearly 
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Fig. 6.—View of dependent circuit elements and exploded view of 
main variable capacitors. 


Fig. 6 shows all the dependent circuit elements removed from 
the primary block and reassembled in their relative positions, 
except the main variable capacitors, of which an exploded view 
The coaxial construction adopted for the series 


seen between the two junction blocks, together with the plug-in 
resistor G, in the lower right-hand position. The two vertical 
cylinders between the junction blocks are the source and detector 
coaxial connections, the inner conductors of which plug into the 
centres of the two horizontal cylindrical junction-pieces of the 
four series elements. A better appreciation of the construction 
of this part of the instrument can be obtained from Fig. 7. 
Behind the junction blocks are the cylindrical series electrodes 
of the variable capacitors C, and C,. These cylinders are 
mounted on fused-quartz washers and are electrically floating. 


| The quartz washers are mounted on spring-loaded slides which 


are driven by the micrometer heads. The stubs protruding 
behind the junction blocks are the high-potential electrodes of 
these capacitors. Each of these electrodes is located by means 
of a coaxial fused-quartz washer which spigots into a cylindrical 
hole bored in the primary block at the bottom of a main cavity 
and which forms the low-potential electrode. The cylinder is 
driven into the annular gap between these electrodes. This 
form of construction eliminates rubbing contacts and produces 
a linear capacitance law as well as a linear inductance change 
with dial setting. It will be realized that each capacitor is 
formed by two air-gaps in series. The widths of these gaps are 
0:004in for C, and 0-0075in for C,, and the machining calls 
for a very high order of mechanical precision. The length of 
traverse of both capacitors is approximately 0-8 in. 

Fig. 7 is a section through the main cavities in the plane of 
the series elements. The Figure illustrates how the earth net- 
work of four inductances L, is formed and the manner in which 
the four series elements are mutually coupled to their respective 
earth circuits, whilst, at the same time, the mutual inductances 
ere made substantially equal to the earth inductances. It will 
be seen that junction 7, between C,, C; and the input, is mounted 
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Fig. 7.—Section through the main cavities in the plane of the 
series elements. 


. Primary block. 

A-arm cavity. 

A-arm main junction block. 

Quartz washers supporting 3. 

Socket for external susceptance capacitor. 

Input plug. 

. Junction between C;, C3 and input. 

Quartz insulators supporting 7. 

. Clamping rings, incorporating screens, for 7 and 8. 

10. Phosphor-bronze contact for adjustable electrode of C3. 
11. Micrometer head for C3. 

12. Plug-in resistor chuck. 

13. Junction between C2, Gg and output. 

14. Output plug. 

15. Connection between link-line outer and A-arm cavity. 
16, Connection between link-line inner and A-arm junction block. 
17. Alternative socket to 5. 

18. High-potential electrode of Cy. 


POIAARwN- 


in a cylindrical hole in the web between the two cavities. The 
surface of this hole forms two of the earth inductances, with the 
centre corresponding to the point c (Fig. 2). The point a corre- 
sponds to the centre of the right-hand face of the left-hand 
cavity (15 in Fig. 7). The point 5 in the earth network lies in 
the centre of the left-hand face of the right-hand cavity. 
Similarly the point d is the centre of the other hole in the web 
housing the junction of C, and G,. The centres of the two 
junctions 7 and 13 are the points e and f, respectively. Because 
the series elements are mounted inside these holes, mutual 
inductance will exist between each series element and its asso- 
ciated earth path. The mutual inductance between two coaxial 
conductors is always equal to the inductance of the outer. 
Therefore equality of mutual inductance L,, and earth inductance 
L, is automatically achieved merely by placing the series elements 
inside the earth circuits. 


(6) TERMINALS 


In the design of the terminals of a precision immittance- 
measuring instrument a number of important factors must be 
taken into account if the accuracy of the instrument is not to be 
impaired by an uncertainty in the discontinuity at the junction 
between the terminals and the connector attached thereto. The 
precision of the bridge under discussion is such that it is capable 
of measuring admittance in a uniform coaxial system of sub- 
stantially zero voltage-standing-wave ratio with an inaccuracy 
corresponding to an uncertainty of 0:0015in in the position 
of the plane of measurement. 

The terminals must also be suitable for the attachment of 
standards, and the method of connection must be such that the 
calculated values are not changed by a significant amount, i.e. 


a few parts in 10*. 
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There is no doubt that the terminals should be coaxial in 
form. In order to decide on a suitable characteristic impedance 
it is necessary to consider the problem of immittance measure- 
ment generally. In order to cover the complete range of 
immittance measurement by bridge methods it is necessary to 
employ both impedance and admittance bridges. For any given 
frequency range the two bridges are complementary to one 
another. In order that the errors due to terminal immittance 
shall be small the impedance bridge requires a low terminal 
admittance and the admittance bridge a low terminal impedance. 
If, therefore, it is desired to adopt a standardized design of 
terminal for both types of bridge, so that a common set of 
immittance standards can be used, a compromise must be made 
in the value of the terminal immittance. It can be shown that 
this optimum value is that which gives rise to equal errors in 
both types of bridge. It will fall in the immittance region 
where the ranges of the two types of bridge overlap. A con- 
sideration of these factors leads to the result that this optimum 
impedance is in the region of 25-50 ohms. The terminal dia- 
meter ratio chosen was 1-500, corresponding to an impedance 
of 24-3 ohms. The dimensions of the outer and inner conductors 
are 0-7500in and 0-5000in, respectively. The outer termination 
is a flat earth-plate, and the inner termination is a circular stub 
flush with the earth plane. The dielectric is air. 

In addition to the above requirements the terminals must be 
suitable for the attachment of connectors which form part of 
other measuring instruments in which immittance is a major 
parameter, e.g. wattmeters, attenuators, etc. The bridge ter- 
minal, briefly described here, forms part of a universal coaxial- 
connector system for precision radio-frequency measuring 
instruments of all types.3 

In order that the plane of measurement shall be defined by 
the physical plane of the bridge termination, it is necessary to take 
into account the fringe field at the open terminals of the admit- 
tance bridge. This fringe field has been determined by two 
methods with the following result: 


Cp 0343 PEt 1. Sy 0) an) 


The total terminal inductance and capacitance were measured 
in terms of the susceptance standards at a frequency of 200 Mc/s 
with the following results: 


L,=2750pH +0°5% . .. . (9) 
(10) 


The terminals form the link between the unknown admittance 
and the 1|-bar points (Fig. 3). The bridge determines the unknown 
admittance at the 1-bar points. This admittance has then to be 
transformed through the terminal impedance. The following 
formulae have been developed for this purpose because other 
methods, such as a circle diagram, are not sufficiently accurate: 


C,= 4-6pF +2% 


G1 + w?L,C) 
[1 + wL(C, + C) 2 + w?L2G2 


(eine (11) 


Cl + wl (CE, + C)) +0 + DLC 
C ne Ree t fe t af ee we om C C C 
‘ [1 an wh (Cy, oF G,) |? sr w?L2G2 ts ff re ) 


(12) 


where (1 + o) is a factor depending upon the skin depth in the 
terminals. This factor is only significant at frequencies below 
100 Mc/s. The above formulae give the components of the 
unknown admittance in the plane of the bridge terminals for an 
undistorted radial field in that plane. 
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(7) THE SUSCEPTANCE STANDARDS 


When the practical design of the bridge was commenced in | / 


1947 no standards of immittance were available. The state of 

the art in the design of conductance standards was such that the | 
required order of accuracy of 0-1% at 200 Mc/s could not be | 
realized. The design of coaxial susceptance standards was ¥ 


possible, however, provided that careful attention was given to |. 


the problem of terminations. This meant that the bridge itself 
must be capable of determining the true conductance of its own 


internal conductance standard in terms of external susceptance a 
standards. 


This was the main requirement which led to the 
dual feature of the bridge. 


A sectional view of one of the standards connected to the 4: 
bridge terminals is given in Fig. 8. This comprises two coaxial jj) 


SS 
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Fig. 8.—Section through a standard capacitor and the bridge 
terminals. 


copper tubes which are self-supporting on the bridge terminals |; 
and of the same effective diameters. The outer electrode is 


secured by three dowel screws, and the inner electrode is screwed — 
The remote end of the # 


into the terminal inner conductor. 
capacitor is a replica of the bridge terminals and thus produces & 
the same open-circuit conditions as exist at the bridge terminals. 
The change in capacitance produced at low frequencies is 
therefore equal to that caused by an undistorted radial field. 
There are four capacitors having values of 2-5, 5, 10 and 20pF. 
These can be used singly or combined with one another in twos + 
and threes to produce standards of capacitance in steps of 2-5pF | 
up to 35 pF. 

The capacitance was calculated from the following formula: 


-241 741 a 
G= lee pF, for dry air at 20° C and 760mm Hg 


5 
logio > * bots oo. 
i 3 - 

The constant is based on the velocity of electromagnetic | 
waves in vacuo as 2:99793 x 10'!°cm/s and the dielectric 
constant of air as 1:00053. The uncertainty in the calculated - 
values based on length measurements did not exceed 0-1% | 
+ 0:005 pF. 

At high frequencies the effective capacitance C’ of a substantially / 
lossless coaxial capacitor, with no fringe field at the open end, | 


can be expressed in terms of the static capacitance C by the | 
following relationship: 


(14) | 


pa tanaB! 

G Poon gate 
where B=alv 

v =v,/(1 + 4 


The factor (1 + {) arises from the change in inductance due 
to finite current penetration at relatively low frequencies. This 
affects both the velocity of propagation and the characteristic 
impedance but not the capacitance C. The characteristic — 
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impedance at high frequencies, when the skin depth is sub- 
stantially zero, is given by 


Ze 138-03 logio* ohms (15) 
i 
or Zo = 1 nC (16) 
At low frequencies, where the skin depth is significant, 
or 2 1OC (18) 


The factor (1 + Q) is called the ‘reciprocal velocity factor’, 
and the calculated values are given in Fig. 9 for a coaxial system 
having the same dimensions as the standard capacitors. 


1 
1 oy 34) 61810 
FREQUENCY, Mc/s 
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Fig. 9.—Reciprocal velocity factor (1 + ¢) for a coaxial line having 
diameters of 0-750 and 0-500in. 


At high frequencies the fringe field at the open end of the 
capacitor will produce a greater effect than the same fringe 
field that exists at the bridge terminals before attachment of the 
capacitor. If the fringe field is called C; it can be shown that the 
input capacitance of the capacitor terminated by Cy will be 


C’ + C; 
Cc’ = a. (19) 
1 — tan? Bl 
G p 
The change in capacitance at the bridge terminals due to the 
connection of the capacitor will therefore be 


INC — (Ox = Cy 


In order to provide a range of negative susceptance standards 
a short-circuit in the form of a metal diaphragm is applied at 
the open end of the capacitor. The inductance of such a short- 
circuit has been measured by means of the bridge and found to 
be less than 3 pH, which is negligibly small. The short-circuited 
standards can be built up in various values in the same manner 
as the positive susceptance standards. The effective input 
sapacitance of a short-circuited lossless coaxial line is given by 


(CA (Ved fo C4 (21) 
The change in capacitance at the bridge terminals due to 


connection of the standard will be 
AC p aC a= Cp 


The fringe capacitance at the open end of the standards, and 
st the bridge terminals, has associated with it a small con- 


(20) 


(22) 
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ductance caused by radiation. This varies as the fourth power 
of the frequency, but it is negligibly small and amounts to only 
0-017 micromho at 300 Mc/s. 


(8) VARIABLE CAPACITORS C, AND C, 


For a variable capacitor to be suitable for use in a v.h.f. bridge, 
either its residual inductance must be negligibly small or this 
inductance must follow a well-defined law and in such a manner 
that the equivalent circuit is amenable to precise mathematical 
treatment. Also, it must be possible to devise experiments so 
that this residual inductance can be measured to the required 
order of accuracy. 

For a capacitor of 50pF at a frequency of 200Mc/s the 
inductance which would cause an error of 0:1% is 12-5pH. 
The realization of this condition in practice was not possible, 
and so a capacitor of new design was developed. In form it is 
coaxial, with a double air-gap between a moving insulated 
cylindrical electrode and two fixed coaxial electrodes. This 
results in the capacitance and inductance changes both bearing 
a linear relationship to the dial setting, but varying in opposite 
senses. 

A diagrammatic representation of the capacitor is given in 
Fig. 10, where P is the unsupported end of the moving electrode. 


zr 


_MOVING 
ELECTRODE 


- 
‘it 
N 


—— 
Bo 
[ = 
Lo 
Fig. 10.—Diagrammatic representation of C, and Cp. 


The traverse of this electrode is from Q at maximum capacitance, 
when @ = 0, to M at minimum capacitance. As @ increases the 
capacitance decreases linearly at, say, a rate C and the inductance 
increases linearly at, say, a rate L. If the capacitance and 
inductance are Cy and Ly at 6, the values at any setting 0 will 
be (Cy — CO) and (Ly + LO), respectively. At high frequencies 
the effective capacitance at the 1-bar points will be 


_ CG) 


Fig. 11 shows how the capacitance varies with dial setting at 
high frequencies. It will be noted that a point of inflection occurs 


(23) 


() 
S 


— | — 


ep 8 


Qe — 


Fig. 11.—Effective capacitance of C, and C,,. 


(a) Low-frequency calibration. 
(b) High-frequency calibration. 
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at ©. Here dC/d# is a maximum, so that if a small fixed 
capacitance AC is measured across the 1-bar points throughout 
the range of the capacitor, the corresponding values of A@ will 
reach a minimum at this point. By suitable design this point 
can be made to occur at approximately the mid-scale value in 
order to ensure the best possible fit between the experimental 
results and the theoretical curve when measuring the residual 
parameters. It can be shown by double differentiation of eqn. (23) 
that both L and Lo can be expressed in terms of AC and the 
minimum value of A@, namely AQ: 


G —CA 
a : ( 3 =) (24) 
w(Cy — C@)? NG 
Le © (C3 — CO) pase 
= 14 ——.) =e 25 
7 a (1 + = (25) 
These expressions are obtained without approximations. When 


L and Ly have been determined experimentally and substituted 
back in eqn. (23) a formula is obtained which enables the 
effective capacitance at 200 Mc/s to be calculated to within 0-1% 
of the values given by the susceptance standards. 

The measurement of the residual parameters L and Lo was 
carried out at a frequency of 200Mc/s by means of a coaxial 
capacitor of approximately 0-SpF, comprising an annular ring 
of 0-7500in internal diameter anda disc of 0-5000in diameter, 
each 0-15in thick. 

The experimental values obtained for the residual parameters 
were as follows: 


(a) Capacitor C, 
L, = 3642pH/in + 0°5% 
Loo = 2016pH,+ 0-57, 


(6) Capacitor Cy 
Lp 3 303pH/in + 05% 
Lo, = 1814p = O'S Y,. 


The accuracy of the formulae for C, and C, was subsequently 
verified at various frequencies by means of the negative and 
positive susceptance standards. Each of these standards was 
measured over different parts of the scales of C, and C,. In no 
case did the difference exceed 0°1°% + 0-005 pF. 

The initial calibration of C, and C, was effected by means of a 
precision Schering bridge at a frequency of 1kc/s. This cali- 
bration was then verified by means of the positive susceptance 
standards with the dual admittance bridge operating at 4-5 Mc/s. 
At this frequency the effect of the residual inductance of the 
capacitors and the standards is less than one part in 10+. The 
1 ke/s calibration of C, and C, agreed to within0-1% + 0-005 pF 
of the calculated values of the standards. 

This form of variable capacitor possesses a number of other 
interesting characteristics. If eqn. (25) is rearranged we get 


14.0 
3 -<x9_ (7 ire (26) 
a) 


(Lo/L + ©) is the distance between the 1-bar points and @, and 
(Co/C — @) is the distance between © and the remote end of 
the capacitor, where Cy — CO is zero. These relationships are 
shown in Fig. 12. At very low frequencies the cube-root term 
will be unity, from which it is apparent that the point of inflec- 
tion first appears when (L)/L + ©) = 2(C)/C — ©). It will 
thus be seen that, in the design of a capacitor of this type 
where the point of inflection is required to fall near the mid- 
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Fig. 12.—Relationship between the parameters of C, and Cy at high 
frequencies. 


scale value, the length of the variable portion Co/C should be 
made twice the length of the portion Lo/L connecting the 
capacitor to the plane of measurement. As the frequency is 
increased this point of inflection moves slowly to the left. For 
example, in the case of C,, where 0,,.. = 0-85in, this point 
first appears at 0 = 0-44in. At frequencies of 200 and 300 Mc/s 
it occurs at 0:43 and 0:417in, respectively. 

It can also be seen from eqn. (23) that the maximum per- 
centage correction at any frequency always occurs when 
(Ly + LO(Cy — CO) is a maximum. The value of @ for this 
condition is given by 


Ouse (a ee 


If Co/C = 2L)/L as previously stated, 6, occurs at a value of § 
Co/4C (Figs. 11 and 12). The lowest frequency at which the 
capacitor exhibits series resonance will, of course, occur at 9 = UP. 
The point of inflection, therefore, always falls somewhere 
between one-half and one-quarter of the total traverse of the 
moving electrode. As already stated, this point moves slowly 
at first with increasing frequency, but as series resonance is | 
approached, it moves rapidly until it coincides with 0, at | 
resonance. The resonant frequencies of C, and C, at 0, are jj 
approximately 632 and 484 Mc/s, respectively. 

The resistances of C, and C, are significant at the higher 
frequencies. The effect is to cause a conductance change which |} 
must be allowed for when applying corrections for the residual 
parameters generally. It can be shown that the conductance 
change is 

AG = w?R,(C3 — C2) (28) 3 


where Rp is the series resistance, and the effective capacitance 
change is C, — C}. of 

The resistance can be determined by measuring a relatively 
lossless capacitance over different portions of the range of the 
variable capacitor. The experimental value obtained for both 
C, and C, at 200 Mc/s was 


Ry = 0:03 ohm + 10% (29) 


The material used for the electrodes of C, and G is brass. The \ 
manufacturing drawings now specify tellurium-copper, which # 


will result in the resistance being reduced to one-half the value ¥ 
in eqn. (29). 


(9) SERIES CAPACITORS C,, C; AND C; 


It is necessary to eliminate any error associated with the | 
series elements of the bridge in order that the true conductance | 
of G, can be established. It was not possible to design the three | 
series capacitors so that their individual values did not change | 
with frequency. This does not matter, provided that C3/C, Cm 
can be maintained constant, because it is this quantity which 
appears in both equations for the A- and B-arm methods of 
connection [eqns. (3) and (5)]. 

This condition is accomplished by making C, = C, = 4C3 
and the inductance of C; and C, equal but slightly greater than | 
that of C3. If the effective value of C3/C,C, is K3/K,K>, then, 
using the nomenclature of Fig. 2, 


Ky C3 [1 — w(Z, + DCP 
j K,K, (1 == 20°L;C) Cis 
C3 wi(L, + D2C2 — 2w2IC 
= = i h 
mal 2 Son viEXe | (30) 


where C = C; = C, = iC. 


It will be seen that, by proportioning the values in this manner 
all first-order w* terms containing L, cancel. The small residual 
«@* term is compensated over a limited frequency range at the 
ik extreme frequencies by the small w? term containing /, which is 
ji the difference in inductance between C; and the other two 
capacitors. 

The error term in eqn. (30) is shown plotted in curve (a) of 
I! Fig. 13. Curve (6) is for the same term when / = 0, and it 
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Fig. 13.—Compensation of C3/C,C2. 


ik shows the improvement obtained at the extreme frequencies by 
i making the inductance of C, and C, greater than that of C; by 
i this amount. The errors in the individual values of K,, K, and 
K; are also shown for comparison, from which it will be seen 
that they are approximately one hundred times greater than the 
*% errors in K;/K,K>. The value of ZL, is 3000pH and / is 50pH. 
The mechanism of compensation is dependent upon L, being 
the same for all three capacitors, and this is realized in the 
mechanical design by symmetry alone, the actual value being 
i of secondary importance. The small difference in inductance 
1) between that of C; and the other two capacitors is obtained by 
suitably dimensioning the coaxial electrodes of this capacitor. 
The individual values of the three capacitors were first adjusted 
to within 0-1°% of their nominal values by means of a three- 
terminal Schering bridge at a frequency of 1kc/s. The overall 
value of C,;C>/C, was then derived in terms of C, and a dc. 
conductance ratio by means of the dual admittance bridge at a 
frequency of 4-5 Mc/s, using the relationship given by eqn. (3): 


C\ C) cm G, 3 1) 
C3 Cx, 


The resistor used for G,, in this experiment was similar to G, 
aad consisted of a small carbon-film type, unspiralled, mounted 
i i» a coaxial jig. At this frequency the r.f. conductance did not 
part from the d.c. value by more than 3 parts in 10°. The 


ies 
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uncertainty in the determination of C,;C,/C; by this method did 
not exceed 3 parts in 104. 


(10) EARTH JUNCTION IMPEDANCES 

The presence of any common or mutual impedance between 
the four earth connections (Fig. 1) will introduce impedance in 
series with each T-network and give rise to errors in admittance 
measurement. The elimination of this form of error is also 
necessary in order that G, may be determined by means of the 
dual bridge. A common inductance of the order of 2000pH 
is sufficient to cause an error of several per cent at 200 Mc/s. 
It was not possible to realize a practical design in which these 
residual effects could be kept to a sufficiently low value. This 
difficulty was overcome by a new type of earth circuit shown in 
Fig. 2. The general circuit of the bridge including this earth 
network is given in Fig. 14, in which Y, and Y, represent the 


z, €) Za G) 


2(Ca) 


Fig. 14.—General circuit. 


24(Gs) 


combined admittance of the shunt elements of the A and B-arms, 
respectively. 

In order to find a general equation for determining an un- 
known admittance in terms of the bridge parameters, it is 
necessary to find the relationship between a change in Y, in 
terms of a change in Y, between two sets of conditions corre- 
sponding to zero transmission, with and without the unknown 
connected across either Y, or Y,. This is called the ‘balance 
difference equation’, and a rigorous solution to the problem gives 
the following result: 


Ze Ui, 
Ze 1 2 & ) 


Ze. DZ, 
a AY) ZZ aa Fz (2s + Z4) + 23 (> i 1) | 
& & 


Vig Lady 
+o 4Z, abigse + AY,)(Z, + Z, + Z3 + Zy) 
& 
AtAY. Yoock AVeloa RAW AVN Ze— Zola Za 
=) (32) 


Where Y,, and Y,, are the initial values of Y, and Y,, respec- 
tively, which include, of course, the admittances of the inductors 
L, and L, and the trimmers C,, and C,,. The corresponding 
balance difference equation for the simple case with a common 
earth point is 


AO GPa A + AY,Z3Z4 — 0 . (33) 


It will be seen from eqn. (32) that when common earth impedance 
is present, i.e. when Z,, = 0, a large number of error terms arise 
from the third main bracket, the common factor of which is 
then Z,/4. The first two main brackets reduce to the terms in 
eqn. (33). When mutual impedance Z,, is introduced and made 
equal to the earth impedance Z,, the common factor of the 
third main bracket is zero and the rest of the equation reduces to 


AY Zp Za 2) A ee ee 
(34) 
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This is the same as eqn. (33), except that the residual impedance 
of each of the four series elements is reduced by an amount 
equal to the earth impedance. This is an even better condition 
than the simple case with a common earth point. Eqn. (34) is 
the general balance difference equation of the bridge for the 
3-bar values of AY, and AY;. 

In practice, it is unlikely that the mutual inductance L,, will 
be exactly equal to the earth inductance L,. However, con- 
siderable departure from this ideal condition can be tolerated 
without affecting the degree of compensation by a significant 
amount. The factor in question can be written as 


al a gn 
4 oe 
from which it can be seen that, if Z,,,/Z, = 0-9, the errors will 
be one hundred times less than when Z,, = 0. There is experi- 
mental evidence that Z,, is not appreciably less than 0-9Z,. It 
should also be noted that no error terms arise from the first 
two main brackets of eqn. (32) for any value of Z,,/Z,. The 
amount by which the impedance of the four series elements is 
reduced is modified, however, but they are all affected equally 
because of the symmetry of the mechanical design, and so it has 
no significant effect on the compensation of CC /C3. 

It has already been explained how the errors associated with 
the three series capacitors have been reduced to a comparable 
degree by compensation. In order to obtain a similar per- 
formance without compensation, the inductance of the series 
capacitors and the earth paths would have to be reduced one 
hundredfold—in other words the linear dimensions of these 
circuits would have to be reduced by this factor. In the bridge 
described these circuits occupy a volume of approximately 1 in?, 
so that a bridge of comparable performance, without means for 
compensation, would have to be contained within a volume of 
about 10° in. 


(11) MAIN-JUNCTION BLOCK IMPEDANCE 


The main junctions of the A- and B-arm circuits consist of 
rectangular brass blocks housed in separate cavities. These 
blocks form the junction between the series and shunt elements 
and the unknown terminals of each T-network. The equivalent 
circuit of these junctions is shown as L, and L, in Fig. 3. 

The equivalent circuit of the junction between the series and 
shunt elements of a certain twin-T bridge is given in Reference 4. 
In this representation a single inductance was used, i.e. Fig. 3, 
in which L, is zero. It was found that when the experimental 
results, relating to the measurement of residual effects, were 
fitted to such a circuit the bridge gave anomalous results for 
certain types of measurement. It was eventually established that 
the equivalent circuit of the junction must be considered as a 
series inductance with the individual shunt elements tapped 
along it in any combination. There are three shunt elements in 
the bridge—the terminals for connecting the unknown admittance, 
the main variable capacitor and the combined effect of the 
inductor and the two trimmers. 

Fig. 15(@) is a representation of this circuit, in which the three 
shunt elements are shown as X, Y and Z. The end portion, L,, 
of the equivalent junction inductance can be considered as part 


Fig. 15.—Equivalent circuit of the main junction blocks. 
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of the residual inductance of Z, so that the end two shunt ele-(5 
ments can be assumed to be in parallel, as in Fig. 15(6), when Z f 
is modified to Z’. It will thus be seen that there are only three t 
possible equivalent circuits for the junction. Had the trimmer : 
capacitors as well as the inductor been connected individually iy 
to the junction block, and not connected in parallel within a t 
second cavity and joined to the junction block by a common }) 
line, there would have been five shunt elements and the number ¥| 
of possible equivalent circuits of the junction would have been 
60. With the arrangement adopted it is possible to identify the i 
appropriate equivalent circuit by simple qualitative experiments. |f 

In order to illustrate the erroneous results which can be} 
obtained by not selecting the correct equivalent circuit it was jj 
found that, if L; was taken as zero and the experimental results }} 
fitted to this circuit, L, was determined as +324pH. Using the " 
same experimental data and fitting it to the true equivalent ( 
circuit, L, becomes —324pH and L, becomes —276pH—a % 
difference of 924pH in the apparent total equivalent junction 5 
inductance, which is sufficient to cause an error of several per cent 
at 200 Mc/s in the measurement of a large admittance. ! 

The negative values obtained for L; and L; are caused by the 
mutual inductance between the various circuit element connections % 
within the main cavities predominating over the common % 
inductance due to the finite area of the junctions. i 


- 
4 


(12) STANDARD RESISTOR G, 


Any shunt capacitance across G, does not affect the accuracy § 
of conductance measurement across the B-arm but it does | 
introduce a second-order effect for the A-arm measurements, 4) 
because, in this instance, the bridge equation contains the |} 
effective series resistance of G, [eqns. (5) and (7)]. In addition, # 
a first-order effect is caused in capacitance measurement for § 
both arms of the bridge. If the effective shunt capacitance of 4 


G, is C,,, eqns. (4) and (6) are modified as follows: 
Unknown across the B-arm 
Cp NG Ela (35) ‘ 
Unknown across the A-arm 
Cea AC] = GC (36) 


It will be seen that C,, produces equal but opposite effects for | 
the two methods of measurement. This is generally true for all | 
effects associated with the residuals of the series elements, and |; 
is a characteristic of this bridge circuit which makes the dual | 
feature a possibility. The value of Cyg can be determined by | 
measuring the capacitance of a resistor across both arms at a | 
low frequency where the d.c. values of G, and G,, are effective. 4) 
For this condition eqns. (35) and (36) can be equated to one | 
another as follows: 


Cae 


se =~ 3G AC ye — ACaa) 


37) 


where AC, is the change in C, for the B-arm connection and 
AC,4 is the change in C, for the A-arm connexion. The experi- 
mental value obtained for C,, was as follows: 


Cy = — 0:068 + 0-001 pF (38) 

The dual bridge is also used to establish the effective con- — 
ductance of G, in. terms of the susceptance standards, whose ~ 
values are calculated from length and time measurements. Ina ~ 
similar manner to that adopted for determining Cyg by measuring 
the same resistor across both arms of the bridge, eqns. (3) and (5) 


\] shunt admittances of the A- and B-arms. 
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can be equated to one another. When this is done, and using 
relationship (7), we get 


DCO mING 1 
G,= a ‘ ae oe (39) 
3 aB (a Ciara a) 
Vv G2 


where AC,, and AC,» refer to the A- and B-arm methods of 
connection, respectively. 

In the preceding Sections the methods have been described 
whereby the values of C,C,/C3, AC, and AC, are referred back 
to the susceptance standards. It has also been shown how 
frequency errors associated with C,C,/C3; and the common 
earth impedances are eliminated. In the evaluation of the last 
square-root terrn in eqn. (39) it is sufficient to use the d.c. con- 
ductance of G,, because the value of this term is very small, and 
amounts to only a few parts in 10* at 200Mc/s. When the 
experiments to determine G, are carried out at high frequencies, 
_ small corrections have to be applied for the effect of the junction 

inductances L, and L,;. The value of G, was measured at 
various frequencies up to 250 Mc/s, and it was found that the 
change from the d.c. value was very small, and amounted to 
only 0:12°% at 200Mc/s. The estimated uncertainty in the 
determinations was 0-1 °% at all frequencies. These relationships 
are expressed as G,=G,,(1 +z), where G,, is the d.c. 
eonductance. 


(13) FINAL 1-BAR BALANCE DIFFERENCE EQUATIONS 
Eqn. (34) relates admittance changes in the 3-bar values of the 
In order that these 
values may be expressed in terms of 1-bar admittance changes 
it is necessary to transform them through the junction impedances 
together with the 2-bar values relating to C, and C, (Fig. 3). 
4] When this is done we get the final 1-bar balance difference 
4] equation for the unknown admittance Y, = G, + jwC,: 


Unknown across the B-arm 


~ G,.(1 et z)C3 


op = CC AC JL + w*Lj,2Cp2 — Car — Can — Cs) 
— w*L, (AC, + Cs)] + w*Roy(C?1 — Ch) . (40) 
C.p = AC, + 2c, + (L; + L,)G2, 
— A ECa + G - AD 
where Cpa (1 ireo-e a ke C;) 


BCs 
3 
== yale 


It should be noted that the magnitude of the wL; correction 
term is dependent upon the difference between twice the final 
value of C, and the sum of the initial and final values of C,, 
ie. 2C,. — (Cy + Cn). Because C, is approximately twice C2 
end because the former is normally set to its mid-position and 
‘ne latter to its maximum value for initial balance, the capacitance 
in this correction term is quite small. Also the sign of the w*L, 
term is the opposite of the w*L; term, which also Teduces the 
magnitude of the overall correction. The value of this correction 
* the main bracket is quite small at 200 Mc/s and rarely exceeds 


when Ci = C, = 4C; 
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1%; for most measurements it amounts to only a few parts in 
103. The final term arises from the resistance of C,, and this 
is usually fairly small, but it can be as large as 40 micromhos 
for a large susceptance change at 200Mc/s. As already men- 
tioned the utilization of tellurium-copper instead of brass for 
the electrodes of the main capacitors would reduce this correction 
to one-half. Reference has already been made to the correction 
(1 + z), which is also very small and is equal to 1:0012 at 
200 Mc/s. All the correction terms in eqn. (41) are independent 
of frequency except Ro,, which increases as its square root. The 
first, second and third correction terms containing C,,, (L; + Ly) 


Sg? 
and Ro, are maxima when G,, is greatest. For a value of 
50 millimhos these corrections amount to —0-68pF, —1:5pF 
and —0-05pF, respectively. The values of AC, and AC, are, of 
course, calculated from the formulae embodying the residual 
inductances of these elements. The corrections in this case are 
large, and amount to approximately 10% and 15%, respectively, 
at 200Mc/s. Because the equivalent circuits are so precisely 
defined the values are given to within 0:1% of the susceptance 
standards, which are themselves within 0-1% of the absolute 
values. 

The complementary 1-bar balance difference equations for 
the A-arm method of connection are as follows: 


ge oP RAG ee Ome On Caen 
+ wh, (AC, + Cs)] + w*Ro(C2, — C2,) (42) 
= © G = 
Ce a AG; = G Ose =e OS L,)G2, 
wARe Ci Cs ee 
“Sec he od Ca 


The values of the components of the unknown admittance 
Y, = G, + jwC,, in the plane of measurement are obtained by 
substituting the above 1-bar values in eqns. (11) and (12). 

In the practical application of corrections a considerable 
amount of the data can be obtained from curves. Furthermore, 
the labour involved can be reduced considerably by employing 
a Table for computing the corrections in conjunction with an 
electrically operated calculating machine. For example, a set 
of six measurements at one frequency occupy approximately 
two hours for the application of full corrections. This compares 
very favourably with other methods such as a slotted line, where 
the application of corrections for non-uniformity of probe 
penetration, probe reflection, the resistance of the line, skin 
effect, etc., would take considerably longer and even then would 
not yield the same precision as the bridge method described. 


(14) VERIFICATION OF BRIDGE ACCURACY 


The various processes have been described whereby the cali- 
bration of the bridge is effected in terms of the fixed susceptance 
standards. Having reached this stage, it does not necessarily 
mean that the bridge will give the correct result when measuring 
any complex admittance within its range. This condition will 
only obtain when the correct equivalent circuit has been found. 
The importance of choosing the correct equivalent circuit was 
emphasized very forcibly at one stage in the verification of bridge 
accuracy when the incorrect equivalent circuit of the main 
junction blocks had been used. Although the bridge was quite 
satisfactory for the independent measurement of substantially 
pure susceptances and conductances, relatively large errors 
arose when measuring complex admittances. The cause of the 
anomalous results was not known at the time, and some 
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18 months’ additional experimental work and circuit analysis 
was necessary before the anomaly was resolved. 

The method employed to verify the equivalent circuit is based 
on the well-known property of a transmission line, which has a 
complex transformation ratio between its ends. If such a line 
is terminated in a complex admittance, each component of the 
input admittance will be dependent upon both components of 
the terminating admittance in addition to the line parameters. 
The longest standard coaxial capacitor was used for the line 
and a range of coaxial resistor mounts, having conductances 
between 5 and 40 millimhos, were used as terminating admit- 
tances. The resistor mounts were first measured by means of 
the bridge at a frequency of 200Mc/s and then mounted in 
turn on the end of the capacitor line. The complex admittances 
so formed were then measured by means of the bridge, and the 
values obtained were compared with the calculated values. 
From the difference between these two sets of results it was 
possible to estimate the absolute accuracy of the bridge. A 
typical set is given in Table 1. 


Table 1 


ComMPLEX ADMITTANCE STANDARDS AT 200 Mc/s 


Conductance component 


| mmhos 
16-618 
16°596 
1-001 3 


mmhos 
21-240 
21-179 

1-0029 


Calculated 
Measured . . 
Ratio 


Capacitance component 


pF pF pF pF 

| 27-301 | 25-093 22-923 17-723 
} 27-324 | 25-120 | 22-916 17-703 
|+0-023 }+0-027 |—0:007 |—0-020 


Calculated 
Measured .. 


Difference. . 


Approximate phase angle of complex admittance 


76° 62° 54° 38° 


Nominal value of terminating resistor 


] 
mmhos mmhos 


2 10 


mmhos 


15-33 


The difference between the two sets of results is affected by 
the uncertainty in two sets of measurements, in addition to the 
uncertainty in the calculated parameters of the capacitor line. 
Examination of these results, taking into account the uncer- 
tainties in the residual parameters, confirms that the inaccuracy 
of the bridge at 200 Mc/s is as follows: 


Conductance...0°2% = 5 micromhos. 

Capacitance... .0:2% + 0-005 pF for conductances up to 10 mmhos 
x 0-02 pF for conductances up to 30 mmhos 
x 0-05 pF for conductances up to 50 mmhos 


Other measurements carried out at lower frequencies confirm 
that the inaccuracy up to 100 Mc/s is as follows: 


Conductance...0°1% +2 micromhos 

Capacitance ...0°1% +0-005 pF for conductances up to 10 mmhos 
+0-02 pF for conductances up to 30 mmhos 
+0-05 pF for conductances up to 50 mmhos 


A diagram is given in Fig. 16 which shows the various pro- 
cesses used to calibrate the bridge in terms of length and time 
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measurements and the ultimate verification of its accuracy in | 
the manner described above. 


(15) ANCILLARY EQUIPMENT 


The zero transmission condition of the bridge is critically 
dependent on frequency, so that a very stable c.w. source is |) 
required. A crystal-controlled signal source has been developed 
for this purpose. This instrument provides approximately 
35 crystal-controlled frequencies between 5 and 300 Mc/s har- 
monically related to 5Mc/s. The source e.m.f. and impedance 
are 0-5 volt and 75 ohms, respectively, and the screening is as 
good as that associated with a first-grade signal generator. This 
latter requirement is necessary because any leakage from the 
source or the interconnecting cable to the bridge can cause 
undesirable hand-capacitance effects. Pyrotenax or lead- 
covered coaxial cables have been found satisfactory in this 
respect. 

A good communication receiver is a satisfactory detector 
for the bridge. In order to overcome the difficulty of local- 
oscillator drift in the receiver at very high frequencies, an 
amplitude/frequency-modulated crystal mixer is used between 
the bridge and the receiver. The local oscillator consists of a 
conventional signal generator, amplitude-moduiated but also 
producing frequency modulation. With this arrangement the 
instrument behaves like a normal audio-frequency bridge up to 
300 Mc/s with a discrimination and precision of setting of at 
least two parts in 10° at initial balance and better than one 


part in 10* at final balance when measuring an admittance of & 


50 + j50 millimhos. 


(16) MEASUREMENT TECHNIQUE 


In order to realize the full precision of the bridge great care # 
must be exercised in the method of connection of the unknown [ 
to the terminals. If the unknown carries a conventional type | 
of plug, the most satisfactory method of connection is by means 
of a cone having the same characteristic impedance as the plug 
attached to the unknown and with an outer diameter at the | 
bridge end the same as that of the bridge terminals. A sectional | 
view of such a connector is given in Fig. 17. 

When the cone impedance is greater than 24-3 ohms this 
gives rise to a step in the inner conductor at the bridge terminals. 
This can be represented by a capacitance Cz concentrated in the # 
plane of the junction. The curve in this Figure gives the value } 
of Cz for various cone impedances. This curve is based on a 
cylindrical system and was prepared from data given in 
Reference 5. There will be no significant difference if the semi- 
angle of the outer cone is small, i.e. 4° or less. A suitable length 
of cone for most applications is 2-254in, which makes f/ 
= 0:1200rad at 100Mc/s if the velocity is assumed to be | 
2:9971 x 10!° cm/s. 

It will be seen that the cone is taken as part of the unknown 
for the purpose of measurement. Initial balance is obtained 
with nothing attached to the bridge terminals, the cone inner is 
then screwed in, the cone outer attached by means of the three 
screws and the unknown then plugged into the cone. If the 
admittance of the unknown in the plane B is Y,, and this 
admittance transformed through the cone to the plane A is Yi, 
the bridge will measure Y; + jwC,: 


Le. G; = Gy, (44) 
and C;= Cy, — Cy (45) 


Y,, in terms of Y; and the cone parameters, can now be calculated 
from the usual line equation. It has been found convenient to 
use the following formulae for this purpose because it is not 
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LENGTH TIME 


FIXED STATIC 
CAPACITANCE STANDARDS 
(CALCULATED) 


FIXED SUSCEPTANCE 
STANDARDS 


CALIBRATION OF 
VARIABLE SUSCEPTANCE 
STANDARDS Cg & Cp 


ieee 


DETERMINATION OF DETERMINATION OF C, C2/C3 
JUNCTION INDUCTANCE 
Lj + lk 


LOW FREQUENCY MEASUREMENTS 


(FREQUENCY DEPENDENT CORRECTIONS NEGLIGIBLE) i ad 


DETERMINATION OF 
TERMINAL FRINGE 
CAPACITANCE Cy 


DETERMINATION OF 
SHUNT CAPACITANCE Csg 
OF STANDARD RESISTOR Gs 


FIXED SUSCEPTANCE VARIABLE SUSCEPTANCE C, C2/C3 CONSTANT 
STANDARDS (APPLICATION STANDARDS Cg & Cb (RESIDUALS COMPENSATED ) 
OF TRANSMISSION LINE (APPLICATION OF CORRECTIONS 
FORMULAE ) FOR RESIDUALS ) 
i oe 
CHECK THEORETICAL DETERMINATION OF COMPENSATION OF 
FORMULAE FOR C8 C, RESISTANCE Ro OF EARTH IMPEDANCES 
BY MEANS OF Ca & Ch 


SUSCEPTANCE STANDARDS 


DETERMINATION OF DETERMINATION OF CONDUCTANCE 
TERMINAL PARAMETERS STANDARD Gs & JUNCTION 
Le & Ct INOUCTANCE Ly 


V.H Fo MEASUREMENTS ~ 


a 


COMPLETELY CALIBRATED BRIDGE 


| CALIBRATE FIXED 
| CONDUCTANCE STANDARDS 


FIXEO COMPLEX 
ADMITTANCE STANDARDS 
( APPLICATION OF TRANSMISSION 
LINE FORMULAE ) 


VERIFICATION OF BRIDGE ACCURACY 
FOR COMPLEX ADMITTANCE MEASUREMENT 


Fig. 16.—Basic method for the standardization of the bridge by means of length and time measurements. 
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Fig. 17.—Discontinuity capacitance between the bridge terminals and a line of characteristic impedance Z,, having 
the same outer diameter. 


necessary to convert capacitances into susceptances, and also 
all the factors are dimensionless: 


G,(1 + tan? f/) 
es 
Laue + =! tan? Bl) + G2Z2 tan? BI 


BatsSulese 


(1+6 + — tan? ay + G?Z?2 tan? Bl 


(46) 


eae Bl) + oz? | a 


where Z, = Z,[1 + C1 + y)] 
Zep is calculated from the dimensions of the cone. 
15. tL = ASO LOL Gy Tol tt. 
(1 + OQ is given by curves similar to Fig. 9, but for the 


appropriate characteristic impedance and for a 
cylindrical system having an outer diameter of 


0-750in. 
(1 + y) is given by Fig. 18. 
Pmeageneal! 
pl 
Ga vez. 
B = alv. 


V = Uyl[1 + (1 + y)]- 
Ui = 2-997 1 & 10" cm/s. 
1 = length of cone, cm. 


No approximations have been made in the derivation of these 
formulae from the transmission-line equation except for the 
assumption that the series resistance and shunt conductance of 
the cone are both negligibly small. It should also be remembered 
that the formula for Z,, is for a cylindrical system, so that it 
will be an approximation for a conical system; in addition the 
axial length J is an approximation on the slant length of the 
cone. Again, if the semi-angle of the cone outer is not greater 
than 4° these differences will not be significant. 

The factor (1 + y) arises because the velocity in a conical 
system is not uniform. This effect is also produced by current 
penetration, which causes the inductance per unit length to 


Cd spr 


increase as the cone diameter becomes smaller. This factor } 
when multiplied by ¢ gives the average reciprocal velocity factor / 
[1 + € + y)]. It can be shown that (1 + y) is independent 
of frequency and the characteristic impedance and length ou ; 
the cone, 


2-303 logi rolro 


es ad+y= Tate 


(48) | 


Even though (1 + y) is independent of frequency the correction £ 
will not be significant at the higher frequencies because € will } 
then be small. The factor is plotted in Fig. 18. 


2) 


(1+y) 


1:0 
0-3 


0-4 
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Fig. 18.—Correction factor (1 + y) for a conical coaxial line of any 


characteristic impedance, having a maximum outer diameter of — 
0-750 in. 


Eqns. (46) and (47) give the components of the unknown 
admittance in the plane B. In some cases it is not possible to : 
achieve a negligible mismatch in this plane owing to the poor 
design of the plug attached to the unknown. Then there is 
very little that can be done, which means that the admittance 
cannot be defined so precisely. 

This difficulty can be overcome, and at the same time the use | 
of cones avoided, by employing the universal eee connector | 
system to which reference has already been made.? . 


(17) CONCLUSIONS 
A bridge has been designed having a range of measurement 
associated with unbalanced transmission lines and an accuracy 
which is sufficient to enable an improvement to be made of at 
least one order in accuracy in the design of apparatus and 
measuring instruments for the basic electrical quantities at 
frequencies up to several hundred megacycles per second. The 
instrument incorporates a number of features whereby the effects 
of unavoidable residual parameters, associated with the common 
earth impedances and the three series capacitors, are sub- 
stantially compensated, thus enabling the true r.f. conductance 
of the bridge resistor to be established in terms of the funda- 
mental units to an order of precision which has hitherto not 
been possible. Compensation of the small residual correction 
term containing C,,, in the formula for the unknown capacitance, 
could readily be accomplished by means of a small preset 
capacitor in shunt with the bridge resistor but external to the 
resistor mount. This, together with the other methods referred 
to, would then provide compensation for all the residuals of 
the series elements except the frequency-dependent parameter 
i) of the resistive component of the bridge resistor, although this 
/ has very nearly been achieved by the design of coaxial mount 
: adopted. 
The negative values obtained for the junction inductances 
: show that the mutual impedances between various parts of the 
§ panction blocks and the circuit elements attached thereto are 
| greater than the positive common impedances caused by the finite 
; area of the junctions. This suggests that it should be possible 
to realize a practical design in which these two effects cancel, 
| thereby causing the 1-bar, 2-bar and 3-bar points to coalesce 
; and reducing to zero all the correction terms containing L; and Ly. 
. A new form of variable air capacitor has been developed in 
which the residual inductance is caused to vary in such a manner 
that the behaviour at high frequencies can be utilized for the 
‘) purpose of measuring the residual parameters very accurately. 
The formulae developed for this capacitor contain no approxima- 
ii tions, in contrast to the well-known method® for determining the 
Ai inductance of a capacitor of conventional design in which this 
(i parameter is assumed to be independent of capacitance setting. 
) The error arising from the formula for the effective capacitance 
1: at frequencies up to 200 Mc/s is no greater than that due to the 
} uncertainty in the calibration at 1 kc/s, namely 0:1 %. 
) It is considered that, by utilizing similar methods for the 
bcompensation of residual effects, it should be possible to con- 
‘struct a bridge of comparable accuracy for operation up to 
happroximately 500 Mc/s. 
A range of admittance standards has also been developed and 
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calibrated by means of the bridge. These are suitable for use 
as transfers between laboratories and for assessing the accuracy 
of other admittance-measuring instruments fitted with suitable 
terminals. Attention has been drawn to the need for exercising 
care in the design of the terminations of standards and 
immittance-measuring instruments generally at very high fre- 
quencies. This is a matter upon which universal agreement 
must be reached before the standardization of immittance at 
these frequencies can be considered as placed on a firm founda- 
tion. With this end in view, a universal coaxial connector 
system? has been designed, which is considered suitable for 
precision radio-frequency measuring instruments of all types 
for use at frequencies up to 4000Mc/s. With the general 
adoption of such a system the problems associated with the 
standardization aid measurement of other electrical quantities 
would also be much simplified. This would ultimately lead to 
better accuracy in measurement generally, with consequent 
improvement in design performance, not only of the measuring 
instruments, but also of the operational equipment. | 
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SUMMARY 


The paper describes matrix methods whereby the transient voltages 
and currents produced during switching operations in 3-phase power 
systems may be evaluated, taking into account appreciable mutual 
impedances existing between phases of the various items of plant. 
Operational voltage and impedance matrices are derived which define 
the transient performance of a network during the clearance of a shunt 
fault, the individual phases of the circuit-breaker being considered to 
clear sequentially. The successive constraints imposed upon the net- 
work currents are defined by transformation matrices using methods 
based on the work of Kron. The influence of phase mutual impe- 
dances upon the transient over-voltages produced during the isolation 
of single-phase arcing faults on double-circuit overhead lines is also 
considered. A simplified mathematical treatment of the effect of circuit- 
breaker arc restrikes upon the transient response of a power system is 
described in a concluding Section dealing with resistance switching of 
overhead-line charging current. 


LIST OF PRINCIPAL SYMBOLS 
[V(p)], [Z(p)], [Z(p)] = Voltage, current and impedance opera- 
tional matrices, respectively, of the 
system in terms of phase or sym- 
metrical component parameters. 
[C] = Connection matrix. 

[C,] = Complex conjugate of the transpose 

ofeG: 

1, 2, 0 = Subscripts denoting positive, negative 
and zero phase sequence components, 
respectively. 

h = — 0-5 -+-j0:866. 


(1) INTRODUCTION 


When unbalanced faults occur on 3-phase power systems, the 
transient voltages and currents are not sinusoidal, and may 
contain pronounced harmonics; the magnitudes of these quan- 
tities are often an important consideration when investigating 
the stressing of the insulation of switchgear, transformers, etc., 
under transient conditions. 

Mutual impedances existing between phases of transmission 
lines, cables, and synchronous machines in particular, may have 
an appreciable effect upon the magnitudes of transient voltages 
and currents produced during switching operations in the power 
system. Furthermore, the presence of simultaneous dissym- 
metries imposes further constraints which may increase the 
severity of the transient disturbance. 

The recent analysis of the performance of synchronous 
generators by Ching and Adkins! contained a rigorous statement 
of the equations of performance of the 3-phase synchronous 
machine expressed in terms of direct- and quadrature-axis 
quantities under both balanced and unbalanced short-circuit 
conditions. The solution for the balanced short-circuit was 
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expressed in the form of linear differential equations with constant §; 
coefficients in which the applied voltages were known. In the? 
unbalanced case, the analysis was derived in the form of a, B,” 
0 components, the resultant expressions being linear differential |} 
equations with variable coefficients. The equations of per-% 
formance of an interconnected power system may therefore be 
defined taking into account all appreciable mutual impedances 5 
of the various items of plant comprising the system, and the” 
transient conditions produced by switching operations at any 
point in the system subsequently evaluated. » 

Typical switching conditions involving simultaneous dissym- ” 
metries are considered in the present paper, and an operational © 
matrix treatment of these is described, using methods based on™ 
the work of Kron.2 The methods adopted enable the voltage © 
and impedance matrices for the various unbalanced conditions to | 
be derived from those pertaining to an initial balanced (primitive) ) 
condition. In order to transform the matrices defining the! 
primitive condition to those representing the unsymmetrical > 
states, connection matrices must be deduced which express the | 


1 


relationships between the parameters of the primitive condition || 
and those for the succeeding unsymmetrical conditions. 7 

During the operation of a 3-phase circuit-breaker, the sequential |} 
clearance of the main contacts imposes successive unsymmetrical » 
constraints upon the currents flowing in the network. This 
condition is investigated in Section 3, taking into account the} 
major mutual impedances existing between phases of the trans-) 
mission line and synchronous machine involved. The analysis} 
has been performed using the symmetrical components of : 
Fortescue, but the use of other systems of components can effect} 
further simplification. i 

The isolation of persistent single-phase arcing faults on double-/ 
circuit overhead lines produces transient over-voltages which may} 
be aggravated by the influence of capacitance coupling from the? 
other phases. A matrix analysis of the sequential dissymmetries|) 
involved during fault clearance is described in Section 4. 

The occurrence of discontinuities such as circuit-breaker arc: 
restrikes exerts a considerable influence upon the shape of the | 
transient recovery voltage characteristic. Whilst the mathe-| 
matical definition of phenomena of this nature may not be stated) 
precisely at the commencement of an analysis, due to the influence! 
of random physical disturbances such as oil turbulation, it is, 
however, possible to calculate the transient voltage response ol! 
the network for a range of boundary conditions, and conse 
quently to deduce the most onerous case. The influence of ar 
restriking is illustrated by considering the transient conditions)! 
accompanying the interruption of transmission-line charging © 
current when resistance switching is employed. 

The extensive developments in programming techniques foi 
automatic digital-computing machines have included the prepara: 
tion of standard computer sub-routines for the solution o | 
simultaneous differential equations.3 Full advantage may there |! 
fore be taken of these and allied standard programmes whet! 
presenting transient problems of this nature to computing 
machines for solution. 


| Reference 1. 
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(2) BASIC TECHNIQUES 


(2.1) Operational Matrices of the Three-Phase Synchronous 
Machine 


The reduced operational voltage equations of the three arma- 
ture circuits of a 3-phase synchronous machine after eliminating 
the field and damper current equations have been derived by 
Ching and Adkins! and are stated below. 
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For the case of the 3-phase synchronous machine, 


[5.(2)u] = 


The symbols r, L and M denote, respectively, resistance, self- 


)) inductance and mutual inductance, and the suffixes indicate the 


windings to which they relate. A full definition of the elements 
of the voltage and impedance matrices (2) and (3) is given in 
The term ‘conj’ is used to indicate the conjugate 


_ function obtained by replacing 7 by —j. It is not the same as 


'] the numerical conjugate when p is complex. 


The corresponding symmetrical-component operational-voltage 


) matrix equation can be evaluated from eqn. (1) by performing the 


well-known transformations given below in eqns. (5) and (6). 


[6,(p)] = [7.)-* - [(2)] (5) 
and [Z.@)] =[r)-? - (2) - [7 © 
mere [7,|-' = (7) 
end [T,| = (8) 

The symmetrical-component voltage equation is therefore 

[6,(p)] = [Z.(P)] - .)] (9) 


[p)] =[Z()] . [ip] (1) 
where 
a | 8,(p) + Ep) — $r{e FL p(p + jor)li,(p) + j2w + hip + j2w) + IIA p + j2w)] + coni} 
[DP] = & | Cp) + Cp) — Sp{heL p(p + jo li,(p + j2e) + hi,(p + j2w) + Wi(p + j2e)] + conj} (2) 
c | Bp) + &(p) — 4p{WeT*Lyp(p + joli(p + j2w) + hi,(p + j2w) + Pip + j2w)] + conj} 
a b c 
ara + tp[Lo + Ls(p + jw) + conj] | 4p[Lo + WL 5(p + jw) + conj] $p[Lo + hLs(p + jw) + conj] 
[Z(p)] = b | 4p[Lo + AL s(p + jw) + conj] | rg + 4p[Lo + Ls(p + jw) + conj]| 4p[Lo + WL s(p + jw) + conj] | (G) 
ec} 4p[Lo + WLs(p + jw) + conj] $p[Lo + AL s(p + jw) + conj] | rz + 4p[Ly + Ls(p + jw) + conj] 
and ip) = (4) 
and [Z,(p)y| = (11) 


where 
ZiM = (Loa 
Z12M mE (Lia 


as LZ bb Sig Lc) a (Lap a Lye te Lis) 
+ h?Zy, + hZ.) + HAZ», + h?ZLa- + Zp), ete. 


(2.2) Short Single-Circuit Three-Phase Transmission Line 
(2.2.1) Shunt Capacitive impedances. 

The derivation of the voltage equations for the four line con- 
ductors of a 3-phase transmission line with earth wire has been 
described by Mortlock and Humphrey Davies.4 Writing these 
equations in operational form, 

es ad Dita a Z aly Sie Zale eis Ligte 
Vp = Zola + Zpplp + Zpcle + Zpele 
Ke = Zone mi Zcolp a Lele ie Lice | 
0= Legta Zev, “aap r Zegle 5, 
where Z,,, Zz», etc., are capacitive impedances expressed in 
operational form 1/(pCmn). From these equations, the charging 
current may be evaluated directly. 

Eliminating the equation for the earth wire, the resultant three 

equivalent equations will be 


Ve a Laata ah Zany a Zeta) 
Vn = Zyl, + Zyol, + Zycle : 

Ve = Pvgla a Ze'p'ly = LZecle 
If the lumped values of the phase mutual and self-capacitances 
are now halved, and considered to act at each end of the line 


X and Y, the equivalent operational 3-phase voltage matrix 
equation will become 


(12) 


(13) 
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(14) 


(15) | 


(2.2.2) Series Impedance. 


The phase series-impedance operational matrix equation for where Z,;,;, Zarpr, etc., are equivalent series self- and mutual- | 
a 3-phase overhead line without earth wire is of a form similar inductive operational impedances (R + pL). 
to eqn. (13),* namely 


(2.2.3) Equations of Performance of Short Three-Phase Transmission © 
Line without Earth Wire. al 

The equivalent 3-phase operational impedance matrix for a | 
short single-circuit 3-phase line without earth wire is a compound | 
i.1(p) diagonal matrix, and the corresponding operational voltage | 
matrix equation is stated below in eqn. (17). . 


Lethe \\ Zakel 


i 2prptae Speee 


ZeLbL Lelok. 
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The corresponding symmetrical-component operational voltage matrix equation is formed by transforming the voltage and 


impedance matrices according to eqns. (5) and (6): 


(2.3) Kron Transformations 


Kron? has shown that if the equations of a network V’ = Z’I’ 
are known, the equations of another network derived from 
the first (primitive) by changing the connections, but without 
increasing the number of independent meshes, may be obtained 
in the following manner: 


The relationship between the mesh currents of the primitive 
network, J’, and those of the new network, J”, is written as 


das Cl (19) 
where C is the ‘connection matrix’. 
The new voltage matrix V” is given by 
Vile CVn (20) 
and the new impedance matrix Z” is given by 
fee ESV Aig Oe (21) 


where C, is the complex conjugate of the transpose of C. 


(2.4) Stigant’s Rules 


Stigant’s rule enables the impedance matrix of a network to be 
written down directly by inspection of the network. Independent 
mesh currents are delineated in each closed mesh, the paths of 
these currents being chosen to suit the problem under considera- 
tion. The elements of the impedance matrix are then derived by 
the following procedure: 

(a) A diagonal element such as Z,, is the total impedance of the 
path of the rth mesh current. 

(b) A non-diagonal element such as Z,», is the impedance common 
to the rth and nth mesh currents. It is positive if J, and J, flow 
through the impedance in the same direction, and negative if they 
flow in opposite directions. 

(For linear bilateral networks, the impedance matrix is 
symmetrical and Z,,, = Zy,-) 

As an example of the use of the rule, the equations of the 
network shown in Fig. 1 are written as 


virectly from the network. 


Fig. 1.—Two generators in parallel supplying a load. 


(2.5) Symmetrical-Component Operational Matrix Definition of 
Simple Three-Phase Transmission Network 


Consider the case of a 3-phase synchronous alternator feeding 
a cable network through a short overhead line without earth 
wire. 

Since non-bilateral sequence mutual impedances exist, it is not 
possible to delineate an equivalent network, but Fig. 2 serves to 


ZL 


Z11M 


Zoom 


Ip xo 


Fig. 2.—Symbolic representation of 3-phase transmission network. 
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symbolize the conditions applying under normal operating 
conditions. 

The symmetrical-component operational matrix equation may 
be constructed by applying Stigant’s rule in turn to each mesh. 
The current J,, for example, on leaving the positive-sequence 
self-impedance of the synchronous machine Z;,, then traverses 
the positive-sequence series self-impedance of the transmission 
line Z,,;, and returns to neutral through the lumped capacitance 
Zy,;. The operational self-impedance of current J, is therefore 
equal to Z;3,7 + Z13z + Zy;. This current is also linked with 
current J, through three sequence mutual impedances, and 
therefore the mutual impedance Z;, = Zj2,¢ + Zaz + Zyiy2- 

The remaining elements of the operational impedance matrix 
defining the system of Fig. 2 may be derived in a similar manner, 
and the resultant operational voltage matrix equation is 
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(3) TRANSIENT RECOVERY VOLTAGE DURING FAULT 
CLEARANCE 

The clearance of persistent faults on 3-phase power systems 
may cause considerable transient over-voltages as the fault 
current is being interrupted. It is therefore useful when designing 
circuit-breakers to have an intimate knowledge of the shape of 
the recovering voltage transient characteristic for typical circuit 
conditions during which the circuit-breaker will be called upon 
to operate. 

When considering the clearance of shunt faults, the successive 
unbalanced conditions existing as the circuit-breaker opens can 
be defined by current connection matrices. The corresponding 
unbalanced voltage and impedance matrices are then formed 
and the transient sequence voltages evaluated. Having trans- 
formed these sequence voltages to the phase quantities, the 


1 2 0 XxX X> Xo 
VW) 2Zyuat+ Zur | Zam + Zi2r | Ziom + Z102 Zim 212M Ziom 
+ Zyy + Zyty2 + Zytyo 
2| Zoim + Zoe | 2.2m + Zor | Z20m + 2207 21M 252M 20M 
+ Zy2y1 + Zy2 + Zy2yo 
0} Zoim + Zoiz | Zo2m + Zor | Zoom + Zoor Zoim Z02M Zoom 
+ Zyoy1 + Zyoy2 + Zyo 
x, Ziim Zi2M Ziom Ziim Zi2M Ziom 
+ Zy1 + Zy1x2 | + Zx1x0 
X4 221M 222M 220M 221M Loom + Zx2 | Zomt 
+ Zxox1 + Zy2x0 
Xo Zoim Zo2mM Zoom Zoim Zoom + Zx0x2| Zoom 
+ Zyox1 + Zxo 
This equation may be rewritten, grouping together like sequence components of current, as 
1 5% 2 X> 0 Xe 
1) Zia + Zi Ziim Ziom + Zior Ziom =| Ziom + Zior Ziom 
Ly + Lyiy2 + Zytyo 
xX; Ziim Zim + Zx1 Ziom Ziom Ziom Ziom 
+ Zyix2 + Zyxixo 
2| Zam + Zar 21M Zyom + Zar Zym | Z20m + Zror 220M 
Zy2y1 Zy> Zy2y0 
X 251M Zim 22M 22M 220M CANNY 
+ Zyox1 + Zy + Zy2x0 
0 | Zoim + Zor Zoim Zoom + Zoar 202M Zoom + Zoor Zoom 
+ Lyoy + Zyoy2 + Zyo 
Xo Zoim Zoim Zo2m 202M Zoom Zoom 
+ Zyox1 + Zxox2 +Zxo 


The symmetrical-component voltage column vector contains 


recovery voltage transient is evaluated by superimposing these . 
calculated voltages on the voltage existing at the circuit-breaker 
location prior to fault clearance. 


A 3-phase-to-earth fault will be applied to the system of Fig. 3, 


the active armature e.m.f.’s of the synchronous machine (in 
combined symmetrical-component form), and it is thus possible 
to solve eqn. (24) for the sequence currents. 
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Fig. 3.—Three-phase power system operating normally. 


and the behaviour of the system investigated during the period 
of fault clearance as the contacts of the synchronous machine 
circuit-breaker open sequentially. 


(3.1) Application of Three-Phase-to-Earth Fault at the Remote 
End of Line 


The conditions existing when a 3-phase-to-earth fault has 
been applied to the above system at B may be regarded as the 
primitive state for the succeeding analysis. Although a rigorous 
equivalent-circuit representation is not possible, the balanced 
fault condition may be symbolized by Fig. 4. 

The symmetrical-component operational voltage matrix 


Fig. 4.—Symbolic representation of 3-phase system with 3-phase fault 


equation for this balanced fault state is consequently applied at B. 
] Xx, F, 2 X> F, 0 Xo Fo 
1| Zi1m Ziim | Z11M Z12M Zim | 412M Ziom Ziom | Z1om 
+Zy47 | +Ziix +Zyor +Zjor +Zyor +Zior 
+Zy1 +Zyty2 +Zy1yo 
y X1| Zim | Zim Zim Zim | 212m Z\2M Ziom | Ziom Zim 
| +2Zx1 +Zx1x2 +Zx1x0 
V et Zz 
Vry(p)| Fi | Z11m Zim | 411M Z12M Ziom | 412M Z10m Zim 10M 
ol +L +L +Zy2p +Zyor +Zyor +Zyor 
V Ze YL, 
Vip)| 2| Zo1m Zum | 221M 222M Zum | 222M 220M 20M 20M 
+217 +217 +Z0r +Zp27 +Zo0r +Zo9r 
+Zyoy1 +ZLy2 +Zy2yo 
Oy (p)| X>| Zam | Zam Zo1M 222m | 222M 222M Zoom | 220m 220M 
+Zyox1 +Zyx2 +Zx2x0 
Ve(p)| Fo | Zo1m Zum | 221M 222M 22M 22M 20M 20M 2 
+Zo14 +Zoir +207 +Z21 +Zo0r +Zor 
0| Zoim Zoim | Zoim Zo2M Zoom | 202M 00M 00M 
+Zoir +Zoit +Zoor +Zoor +Zoor +Zoor 
+Zyoy1 +Zyoy2 +ZLyo 
®y(P)| Xo| Zoim | Zoim Zoim Zoom | 202m Zo2M Zoom Zoom Zoom 
| +Zyox1 +Zxox2 Zx0 I 
Ze ‘Zi Li } Zoom 
Fo| Z Zoim Zoim Zo2M Z02M 02M 00M 00M 
: a +Zoir +Zoar + Zorn +Zoor +Zoo1 


(25) 


or [Viv] = [Zip] Woh . = « . ‘ ‘ * . . ° = ‘ ° . (26) 
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(3.2) Sequential Clearance of Circuit-Breaker Phases 1 XG 1k 2 Ad Shs Xo 


The initial conditions prior to fault clearance will be con- 
sidered to be the steady-state solution of eqn. (25), ie. the 
3-phase-to-earth fault condition will be assumed to have existed 
for a period long enough for transient effects associated with 
its application to have disappeared, from time t=O to 
t = ft, seconds. 


(3.2.1) Clearance of First Phase. 


Considering phase ‘a’ to be the first phase to clear, the con- 
straints imposed at B are those of an open conductor on phase ‘a’ [C,] = 
and a double line-to-earth fault on phases ‘b’ and ‘c’. 

Thus, the open-conductor constraint can be imposed by 
constraining the series-impedance currents /,, J, and Jp according 
to eqn. (27), namely 


. QF 


and the double line-to-earth fault condition is imposed by con- 
straining the 7; mesh currents, namely 


The operational voltage matrix equation defining this condition i 


is therefore ” di 
_The current-constraint matrix may now be built up, and is [Ve i= [2 Ye EC? eh... + 2 GORE 
given as where [Vipb =[Col-VoOh -... ==Ge 


and [Z@M) =[Co] [ZO . [G4]. - - 6a 


Tro = Ur ar Tp) . : . . . (28) 


The intermediate matrix product [C,.].[Z(p)], is given in eqn. (33) below: 


[C.2].[ZD]:= 
D2 
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the circuit-breaker at B is that of a triple dissymmetry in which 


Vi(p) — Vo(p) phases ‘a’ and ‘b’ are open, and phase ‘c’ is earthed. 
The constraints imposed by these unbalances are consequently 
- - Tig st ea lon. «. & se mS) 
Vri(P) — Vrolp) and Tp ecetle eth Ig. ae SO 
and [Vip)b = V(p) — Vo(p) Pate (34) By Kron,” the connection matrix [C;] must again be formed 


between those currents of this new condition and those of the 
initial (primitive) balanced fault condition. 


Vip) — Vero(p) Ageaaae | OXY ee hG 


The final product [C,].[Z(p)], .[C,] may be evaluated in a 
similar manner to form [Z(p)]>. 
Eqn. (30) defines the performance of the system for the period 
during which the current in only one phase of the circuit-breaker 
has been interrupted, ie. from t =f, to t= ft seconds. At 
t = ft, seconds, the second phase of the circuit-breaker clears. [C3] 
In order to derive the transient recovery phase voltage to ° 
neutral at the circuit-breaker terminals, it is first necessary to 
solve eqn. (30) for the sequence currents [Z(p)]>, from which the 
Sorresponding sequence voltages to neutral at B, the circuit- 
breaker location, can be evaluated. 
Having transformed these sequence voltages to phase quanti- 
ties, the recovery voltage transient may finally be obtained by 
) superimposing these calculated voltages on the voltage existing 
(} at B prior to the conditions described in eqn. (30). Since the 
| previous condition was that of a 3-phase-to-earth fault at B, the ; : , 
‘existing’ voltage at the instant of clearance of the first phase of The new voltage matrix equation of performance will be 
the circuit-breaker is zero, and therefore the transient recovery Vip =(ZMs-Ums. . . . G8) 
voltage for the interval ¢ = ¢, to t = ft, seconds will be solely : © a 
that transient obtained from eqn. (30) as described above. where (VOR ={Glivoh Lee 


(3.2.2) Clearance of Second Phase. and [Z@) |= [Calk IZ (Call eee 
The condition created by the opening of the second phase of 


(37) 


The impedance matrix [Z(p)]3 is consequently 


[Z(p)]3 = 
Zim + Zx1 ar WZi1m + hZy2m + Ziom Ziom + Zx1x0 WZiim + hZi2m + Ziom 
Zo1m + Zx2x1 + Zy2 WZy1m + hZy2y + Z20m Zou + Zx2x0 WZ + AZy2u + Zoom 
(Zitm + Zr + Zy1 + 222m (Zim + Zit + Zoom + Zor 
+ZLoar + Zy2 + Zoom +Zoom + Zoor) 
+Zoor + Zyo) ; 
AZyy + WZ | bZy2m t+ Zam | +hZam + Zar + Zyayv1 | hZiom + h’Zp0m | +h(Zo1m + Zor + Zoom 
+Zoim +Zoom +Zoom + Zor + Zyov2 | +Zoom +Zorr + Ziom + Zio1) 
| +Ziom+ Zor + Zytyo) | A | 
| +h(Zom + Zor +Zyor1 | +h*(Zoim + Zoiz + Z12m 
| +Ziom + Zin + Zyiy2 | +Z21 + Zoom + Zr01) 
+Zom + Zor + Zy2yo) | 
Zoim + Zxox1 Zoom + Zx0x2 WZoim + hZo2m + Zoom Zoom + Zx0 WZoim + hZy2m + Zoom 
(Zim + Zy17 + 22am + Zo22 | (Zim + Zitz + 222m + Zo28 
+Zoom + Zoor) | - +Zoom + Zoor) 
hZiiu + AZo | 4Ziom + Zoom | +h’(Zoim + Zor + Zi2m hZtom + Zam | h(Zy1m + Zar + Zoom 
+Zoim +-Zo2m +Zior + Zoom + Zo01) _ +Zoom 1 Zonk + Ziom + Zion) 
| +h(Ziom + Zior + Z21m | +h(Zoim + Zoic + Z12M 
+Zyir + Zo2m + Zoaz) | | +Zar + Zoom + 2201) 


(41) 
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The corresponding voltage matrix [V(p)]3 is: 


By(p) + Vp) 


By(P) 


hV,(p) + h?V(p) + Volp) 


[Vr)]s = [Cn] Vk = (42) 


AVe\(p) +h? Vp) + Veo(p) 


This condition, defined by eqn. (38), applies from f¢ = f, to 

= 13 seconds, i.e. from the instant of time at which the second 
phase clears to that at which the current in the third phase is 
interrupted. 


(3.2.3) Clearance of Third Phase. 


When the third pole of the circuit-breaker opens, the final 
conditions imposed are such that 


I=h=h=0 (43) 


Ip = [pp = Ipo = 9 (44) 


The operational voltage matrix equation defining this condition 
is 
(Vip), = [ZY], 
in which only the /, currents are acting. 


Then 


(45) 


Xx, X 
Zim + Zx Ziom + Zyix2 


= Zum + Zxox1 Loom + Zy2 


Zoim + Zyrox1 Zoom + Zxox2 


The transient over-voltages obtained for this final condition 
will ultimately decay to the steady-state open-circuit values. 

The initial representation of the network in the vicinity of the 
circuit-breaker location must be carried out in close detail in 
order to ensure accuracy when evaluating the transient solution. 
In common with the classical current-cancellation method,? 
however, to which this matrix transformation method is related, 


Fig. 5.—Double-circuit line with arcing-fault-to-earth on phase ‘a’ of 
line P. 
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aaa 


or 


Fig. 6.—Symbolic representation of transmission network with 3-phase /) 
fault applied on line P at X. 


Xo 
Ziom + Zx1x0 
Zoom + Zx2x0 (46) 


Zoom + Zx0 


it is possible to represent more simply impedances which are | 
electrically remote from the circuit-breaker. 


(4) SINGLE-PHASE SWITCHING AND AUTOMATIC 
RECLOSING 
Mutual capacitances existing between phases of a double- 
circuit overhead line may have a considerable effect upon the 
magnitudes of transient and steady-state currents and voltages 
during the clearance of a persistent single-phase arcing-fault- 
to-earth. | 
Fig. 5 shows the application of such a fault on one phase of a | 
double-circuit line; it is desired to determine the current which | 
would flow in an arcing-fault-to-earth on one conductor, due to 
capacitance coupling from the other phases after the faulty phase 
has been switched out at both ends, and to evaluate the transient 
phase voltages to earth at one of the circuit-breakers during this — 
switching process. 


(4.1) Balanced Fault Condition 


The primitive condition considered will be a 3-phase-to-earth 
fault on line P at X, this being defined by eqn. (47) below, the 
symbolic representation for this condition being given in Fig. 6. 
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or (VDP =ZoOiel Qi.) 


where Zpipi = Zim + Zpiiz + Zpyt 
Zpipx1 ar Ziim 
Zpia1 = Zim + Zpourt + Zpoy ete. 


(4.2) Unbalanced Fault Condition 


The application of the single-phase arcing-fault-to-earth on 
line P at X imposes the constraint 


Tr, = Ip. = TIr0 . . . . . (49) 


upon the J; mesh currents. The connection matrix [C,] is 
consequently 


Pi, Pgi Qt Qyi Ly. Pa: 2Pxa, Oo Ora Te Po. Pro Om GOy ae es 


(50). 


whence, by Kron, the unbalanced fault condition may be 
expressed by 


Vibh=(ZMb).Un)p . > aD 
where (Vip = [Cal [V@)yie ee eae) 


and Zp =([CalsiZ@Oie (Gl ee pees) 
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(4.3) Clearance of Earth Fault on Line P 
In order to determine the transient voltage conditions as the 
two circuit-breakers clear phase ‘a’ at the two ends A and B 
of line P, the following constraints must be imposed: 


Ip, + Ip. + Ipp = 0 . . . . (55) 
Ipx + Ipy2 + Ipyyo = 0 . . . ° (56) 
Try = Ip2 = Ig ° ° ° . ° (57) 


The corresponding connection matrix [C5] is therefore 


OQ: Ov Li” Ps.7 Pyx Oy Oy, 2h3) Pe Py UC ee Lo 


(58) 


and the final configuration is defined by the operational voltage 
matrix equation 


[VO =[Z0p)|s[ 7) pees hoe ao} 
where [Vip)|s = [E,] -[V D> Beak. mieete0) 
and [Z()]s =[Cy].[ZMh-[C] . . . 


Eqn. (59) is of the form 
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The transient sequence voltages of the voltage column vector 
in eqn. (62) may finally be combined to give the transient phase 
voltages on phases ‘b’ and ‘c’ of line P, which remain intact after 
phase ‘a’ has been opened. These voltages will ultimately decay 

to the unbalanced steady-state values. 


(5) RESISTANCE SWITCHING 


Surges in voltage and current produced by switching 
transmission-line capacitance current or by switching capacitor 
banks can be minimized by the application of shunt resistance 
across the circuit-breaker contacts during the clearance of the 
main contacts.®8 Arc restrikes may still occur, however, and it 
is possible to assess the effect of such restriking upon the transient 
recovery voltage analytically within certain limits. 

The performance of the successive network configurations 
which exist as the circuit-breaker opens is deduced by solving the 
differential equations relating voltage and current for each 
circuit condition. The boundary conditions associated with each 
of these configurations must also be defined before commencing 
evaluation. 

The equivalent positive-sequence network of a 3-phase 
unloaded line supplied by a source of e.m.f. is represented in 
simplified form by Fig. 7. The line has been simulated by a 
shunt capacitance, and all mutual impedance effects have been 
ignored. During the interruption of the line charging current, 
all three phases of the circuit-breaker will be considered to open 
simultaneously. 

Prior to interruption, the equivalent positive-sequence network 
is that of Fig. 7, the operational voltage equation of performance 
being 


(OL Roe lpOi=V we. « « (63) 


When the main arc is ruptured at the first current zero, the 
resistance R remains connected across the open contacts, as 
shown in Fig. 8(a), and the modified equation of performance 
becomes that of eqn. (64), namely 


(pL + Ry + R+1fpci=V. (64) 


Z100X2\ZL1L2 |ZLopo 


ZioPpx0|ZL000 | ZL09 x0| ZLOF0 
! 


ZLOLO 


Fig. 7.—Equivalent single-phase circuit of 3-phase system during 
normal operation. 


Depending upon the value of the shunt resistor R, the rate of 
voltage build-up across the circuit-breaker contacts may exceed 
the growth of electric strength in the gap, and restriking of the 
arc may occur. At this instant, the configuration of the positive- 
sequence network will become that of Fig. 8(d). 

(From field tests, the time of incidence of the first restrike will - 
be known to within fairly close limits for a given type of circuit- 
breaker, and typical system network configuration.) 

Are rupture again occurs at the next power-frequency current 
zero, or, less probably, at one of the current zeros of the high- 
frequency component, when the equivalent network configuration 
will revert to that of Fig. 8(a). 

If this second rupture is considered to be the final one, the 
next change of network configuration occurs when the resistance 
contacts of the circuit-breaker separate, and becomes that shown 
in Fig. 8(c). The contact separation time is a linear function of 
the circuit-breaker contact travel velocity. 

If an automatic computing machine is employed for the evalua- 
tion of the above calculation, it is possible to obtain multiple 
solutions by incorporating slight additions to the computer 
programme of instructions. Several values of the time of first 
restrike may therefore be considered (within limits ascertained 
experimentally by field tests), and the most onerous transient 
over-voltage condition deduced. This facility of obtaining 
multiple solutions from the computer may also be exploited 
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Fig. 8.—Equivalent single-phase circuit of 3-phase transmission system. 


(a) At arc rupture. 
(b) During arc restrike. 
(c) After final interruption. 


when assessing the optimum value of circuit-breaker contact 
shunt resistance to minimize the adverse effects of arc restriking. 

Fig. 9 shows the results of such a study. The digital-computer 
evaluation of transient phase voltage at the transmission line 
terminals during interruption of the line charging current is 
compared with the oscillogram of the corresponding field test. 
The discrepancies shown in the analytical solution were due, in 
part, to an inaccurate assessment of the instant at which the 
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first restrike occurred. Further errors were introduced by over- 
simplification of the positive-sequence equivalent circuit employed, 
notably by the use of approximate damping factors in the 
generator-transformer system feeding the overhead line. 


(6) CONCLUSIONS 


The switching operations in the 3-phase systems considered 
illustrate the conciseness with which the sequential system 
unbalances existing during the transient period may be defined 
using matrix methods. The application of these techniques to 
larger multi-node networks therefore presents no fundamental 
complication, in contrast to lattice methods of solution where 
multiple reflections from numerous nodes incur great complexity. 
Furthermore, repeated evaluations may readily be obtained by 
employing automatic computing machines, thereby facilitating 
the derivation of optimum values of important circuit parameters. — 


(7) ACKNOWLEDGMENTS 


The author wishes to express his appreciation of the encourage- 
ment he has received from Dr. W. E. Lewis of the Technical 
College, Swansea, and Messrs. P. W. Cash and P. B. Jones of 
the Central Electricity Authority. Acknowledgment is also 
made to the Central Electricity Authority for permission to 
publish the paper. 


(8) REFERENCES 

(1) Caine, Y. K., and Apxkins, B.: ‘Transient Theory of Syn- 
chronous Generators under Unbalanced Conditions’, ~ 
Proceedings I.E.E., Monograph No. 85 8, December, 1953 
(101, Part IV, p. 166). 

(2) Kron, G.: ‘Tensor Analysis of Networks’ (Wiley, New 
York, 1939), 

(3) Git, S.: ‘A Process for the Step-by-Step Integration of 
Differential Equations in an Automatic Digital Computing 


Machine’, Proceedings of the Cambridge Philosophical 
Society, 1951, 47, Part I, p. 96. 


TIME 


-----~- 


SEPARATION OF 
RESISTANCE CONTACTS , 
RUPTURE OF 
RESISTANCE ARC 


Fig. 9.—Transient voltage characteristics during the interruption of transmission-line charging current. 


Field-test characteristics. 
—-—-—-— Digital-computer evaluation. 


SWITCHING OPERATIONS IN THREE-PHASE POWER SYSTEMS 337 
(4) MortLock, J. R., and Humpurey Davies, M. W.: ‘Power (7) Cox, H. E., and Witcox, T. W.: ‘Performance of H.V. 


System Analysis’ (Chapman and Hall, 1952). Oil Circuit-Breakers incorporating Resistance Switching’, 
(5) Sticant, S. A.: ‘The Direct Setting-Up of Z.¢ for Closed ibid., 1947, 94, Part II, p. 351. 

Mesh Networks from the Network Diagram’, Beama (8) Leeps, W. M., and CUSHING, G. B.: ‘High-Voltage Oil 

Journal, 1947, 54, pp. 28-36 and 65-69. Circuit-Breakers with Resistance-Equipped Interruptors 
so) Cox; H.. E.,. and Witcox, T. W.: ‘Influence of Resis- for Capacitor Switching’, Transactions of the American 

tance Switching on the Design of H.V. Air-Blast LE.E., 1954, 73, Part IIIB, p. 1032. 

Circuit-Breakers’, Journal LE.E., 1944, 91, Part II, (9) Gostanp, L.: ‘Restriking Voltage Characteristics in a Power 

p. 483. Distribution Network’, E.R.A. Report No. G/T86, 1937. 

19 


VoL. 104, Part C. 


WRITTEN DISCUSSION ON 
‘ON THE AMPLIFICATION FACTOR OF THE TRIODE™* 


Dr. D. A. Bell: It is always difficult to change one’s point of 
view on fundamentals, so that, although Prof. Moullin’s argument 
is right, because it has proved the important point that the 
‘lumped voltage’ treatment of a triode is still valid in the presence 
of space charge, I find difficulty in absorbing some of the details 
of the argument. In Section 2, for example, he says ‘the field 
of the anode could not penetrate it [the grid] merely because no 
anode field existed to do the penetration’, and a little lower he 
speaks of an allegedly fallacious concept of Durchgriff which is 
commonly used ‘notwithstanding that no lines of force arise 
from the charge on the anode’. 

One can, of course, say that, since there is zero field within the 
metallic anode but the integral of flux leaving the charge on the 
anode equals the charge in question, there must be flux of electric 
induction, lines of force, in the space inside the anode. But 
does this flux arise from the charge on the anode? Are we to 
take it that ‘arise from’ means ‘is caused by’, in addition to the 
geometric sense of the lines either springing from or terminating 
on the charge? Since experimentally there are no lines, let 
alone direction arrows on the lines, one cannot say whether they 
start or finish on a particular charge, and this is probably the 
root of the representational difficulty. We are, unfortunately, 
accustomed to think of ‘isolated’ charges as ‘sources’ of electric 
flux, the termination or ‘sinks’ of the flux being unspecified. 
But we ought to remember that a line of force always runs 
between two charges. It is associated with both charges, but it 
is invidious to suggest that it is due to either of them. To 
counter the argument that the electric force inside an empty 
charged conductor is zero, I say that the anode of a diode is not 
an empty cylinder, and the distribution of charge and field is not 
the same as if the cathode were absent. The overall boundary 
conditions at the surfaces of all the electrodes must satisfy the 
laws of electrostatics, but I am not willing to regard the charge on 
one of the pairs as solely responsible for the field between the two. 
Certainly this leads to anomalies in the comparison of the field 
between a pair of charged parallel plates and the field very near 
the surface of a finite conductor when the position of the asso- 
ciated ‘earth’ is not specified. It is at least true of the cylindrical 
diode that the presence of the anode, with a charge determined by 
its potential relative to the cathode, affects density of charge on 
the surface of the cathode (or in the neighbourhood of the 
potential minimum). According to the traditional concept of 
field, is this not evidence of a field ‘from’ the anode at the 
cathode? 

Lt.-Col. A. Krzyezkowski: Prof. Moullin’s description of valve 
physics apparently contradicts those of other authors, and there 
is a confusion of thought which can be clarified by the following 
reasoning. 

The moment when the anode potential of a thermionic device, 
with its cathode hot, is suddenly applied should be taken into 
account. When observing the initiation of the anode current 
one should expect that some transient period must occur in 
order to cope with the build-up procedure of such a current. 
During this period, and especially at its very beginning, the 
description of physical behaviour by the electrostatic approach 
seems to be more adequate, as initial currents are very small and 
their influence on the classical treatment of electric force distribu- 


* MOULLIN, E. B.: Monograph No, 211 R, November, 1956 (see 104 C, p. 222). 


tions is negligible. The anode current builds up its final value 
during this period owing to the appearance of an anode-cathode 
potential difference. It is only because of this that the uni- 
directional movement of electrons within the space between the 
electrodes becomes possible. One should not forget, therefore, 
that at the beginning some ‘electromotive’ force has been required. 

Such a force is applied to the thermionic device at the very 
moment of switching on. Thus it is reasonable to think that the — 
classical picture of electrostatic field penetration from the anode 
to the space-charge electrons is correct during the short period 
of the building up of the anode current. After this, the existence 
between the electrodes of a cloud of rapidly moving electrified 
particles cannot be ignored, and the only reasonable approach to 
further analysis is a dynamic one, based on the fact that there is 
an established current flow within the space between the elec- 
trodes. From this point of view the positive charge on the anode 
has only one purpose for which it should be continuously 
replenished, i.e. it should neutralize the negative charges delivered 
by rapidly arriving electrons. 

The mechanism of electron movement within the anode- 
cathode space is as in a self-propelled electronic jet similar to 
that which can be experimentally observed within a conducting 
ring, at the absolute zero temperature, and in which an electronic 
current has been established previously by the same procedure. 

Again this picture seems to be correct as long as the potentials — 
of the anode and grid remain unchanged. Once a change in 
those potentials occurs there must be a transient period, and 
during this period some sort of superposition of both pictures 
should take place, as the intimate interplay of static and dynamic 
approaches seems to be the only logical explanation of the physical 
behaviour of the device. 

Dr. H. Motz: Prof. Moullin takes the equation 

* e 

x malt (A) 
as the starting-point of his treatment of electron motion in a 
diode. He does not seem to be aware of Llewellyn’s equation 


es e 
x= —I 
Mé€Eg 


(B) 


where J, the current, is the sum of convection and displacement 
currents: 


OE 
JE fap —. 
pi + eg © 
This is the proper basis for a discussion of diodes and leads to 
the famous Llewellyn—Peterson equations.* The displacement 
current is ignored in Prof. Moullin’s paper. It is seen from 


eqn. (C) that the field gradient appears in this formula. This 
gradient is determined by the space charge through 
‘ 08 
Pa Ove (D) 


but the potential difference between anode and cathode con- 
tributes a constant field in addition to the part of the field supplied 
by the space charge. The potential difference will be fluctuating 


* LLEWELLYN, F. B., and PETERSON, 
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in the a.c. case and will then contribute also to the displacement 
current. It is clear from eqn. (B) that J is the independent 
variable for the electron dynamics. This is a feature of any 
treatment that follows the history of a single electron in the 
Stream. But the rest of the circuit, in turn, determines J. 

The Suggestion that the electron jet is self-propelling seems 
misleading. The electrons would not flow without the power 
provided by the battery. It is like saying that a torrent rushes 
down a mountain because the back of the water is pushing the 
front, and not to refer to the gravitational potential. 

Prof. Moullin states that electrons cannot reach a negative 
grid wire: this is misleading. A negatively charged grid wire 
can collect electrons when its potential is more positive than that 
of the cathode, even when initial velocity of the electrons is 
neglected. 

The paper argues with various textbooks. These are, however, 
all very old—dating back essentially to before 1935. A book by 
K. R. Spangenberg* is more up to date; the account of triode 
behaviour given there is based on J. H. Fremlin’s treatment.t 
This does not seem to be open to any of Prof. Moullin’s objec- 
tions. It leads to a formula 


“ 1eeNte 
Bd ae iV) 


&m = 
K (E) 


ae 


3/2 
K = os ai AG ab oe | 


for the mutual conductance of a plane triode. Fremlin has 
tested this formula experimentally and found it much superior 
‘to Miller’s older formula 


| 1/2 
3-5. 10-6 V, + —V,) 
& Fle OE cena 
m il 3/2 = 
(1 cc D 
fh 
Fremlin also gives better formulae for 4, which are important 


when the grid is close to the cathode. They include forces due 
to the image of the grid with respect to the cathode plane. 


(F) 


It is disturbing to note that Prof. Moullin’s work leads to a 
formula [his eqn. (21)] 

1 1/2 
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which differs from (E) by the factor S/g by which g4/3 is multi- 
plied. According to the physical insight gained from Fremlin’s 
derivation it seems that K should be the same for two triodes with 
the same ju regardless of the ratio of grid pitch to grid-cathode 
distance, unless S/g > 1. It is therefore gratifying to find that 
S/g owes its appearance to a slip of arithmetic and should be 
omitted. It is absent in Prof. Moullin’s eqn. (23) for the current 
in a squirrel-cage triode. 

It appears that Prof. Moullin’s interesting analysis is equivalent 
ts Fremlin’s simpler work, where the derivation of (E) is almost 
‘mmediate. It is not valid for S/g + 1 and might lead to new 
formulae if it were extended to cover such ratios. 

Prof. F. G. Heymann (South Africa): This is an important 
paper on the triode, but unfortunately there are some incorrect 
; Da ee eee paliosophicat Magazine, 1939, 27 (7th Series), 
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statements and unnecessary complications which detract from 
its value. 

Cylindrical Diode.—Since it is not possible for a positive 
charge to exist on the inside surface of the anode without the 
presence of equal negative charge somewhere inside the diode, 
it does not appear correct to say that the anode charge does not 
produce any field inside the diode. 

By incorrect use of Green’s theorem in which the negative 
charge inside the diode is ignored, Prof. Moullin comes to the 
conclusion that the charge on the anode has nothing to do with 
the electiic field inside the anode. The same train of thought 
leads to the erroneous statement that concentric cylinders of 
infinite radius ‘never degenerate into a pair of infinite parallel 
planes’. 

The results in the paper are correct because Gauss’s theorem 
has merely been used to determine the field strength at any point 
inside the diode after postulating a barrier surface at which the 
field strength is zero. This leads to the commendable simplifica- 
tion of the equation of motion. 

Planar Triode.—As shown in Section 8 of the paper, when 
space-charge-limited current flows, the total space charge between 
the barrier surface and the grid is several times smaller than the 
charge on the grid (unit cross-section) and therefore the space 
charge as such will not have much effect on the field-strength 
distribution except near the barrier surface where the charge 
density is high. The important effect of space charge lies in the 
fact that it gives rise to increased charge on the grid. 

The introduction of two voltages which are constants for a 
given current forms the major contribution of the paper. V’ is 
the voltage required on the anode for a particular current to 
flow in the absence of the grid, and Vo is the voltage required at 
the grid plane for the same current to flow between the cathode 
and the grid plane in the absence of the anode. 

This leads to the following equations, taken from the paper: 


V,=40Qd + V’ (H) 
VY, = OSB = Vou) «tee nD 


These equations may be used directly to find the amplification 
factor (in the paper unnecessary complications are introduced). 
Combining (H) and (J), 


Va = (Vy + Verne + V’ (Kk) 

or Vig. Vie wig BV ae a 
where p= dag 
SB 

and B ~ — 2log, (1 — &—27¢l5) (M) 


The voltages V’ and Vo are constants for a particular current 
and therefore (V, — V,) will be constant at constant current. 
At cut-off both V’ and Vo are zero. 

The cylindrical triode may be dealt with in the same simple 
manner. 

Prof. E. B. Moullin (in reply): Dr. Bell’s contribution is very 
appropriate to the paper. But beyond what I wrote there, I 
fear I cannot say much to dispose of Dr. Bell’s difficulties. One 
can start with the concepts of lines of force and deduce therefrom 
the concept of electric charge, or vice versa. Personally, I prefer 
to start with the concept of charge, but that is purely a matter 
of taste: it is- futile to insist that one view is essentially more 
right than the other. Perhaps it is relevant to remark that it is 
possible to talk about the pressure of a gas or to describe it in 
terms of molecular impacts. Either view is admissible; what is 
not admissible is to use them simultaneously. 
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Possibly Dr. Bell is subconsciously overlooking the fact that in 
a diode the charge on the cathode is neutralized by the electron 
gas between it and the barrier. Hence there would be no field 
in the space between barrier and anode if there was not space 
charge in this region. I think he would be prepared to admit 
that any field in this space arises solely from this space charge 
and is not affected by the positive charge on the anode surface, 
which exists only to balance the total space charge. Con- 
ceivably we apply slightly different connotations to the term 
Durchgriff. But if this word is interpreted in the way I hoped 
I had explained in the paper, then surely the statements I made 
about the word are intelligible and have definite meaning. 

Col. Krzyczkowski has raised a very relevant problem in 
respect of the settling down to the final steady value of current 
and one which I often pondered upon in the days when I was 
struggling with ‘shot voltage’ problems. Consider first a cathode 
inside a coaxial cylindrical anode, of considerable radius, after 
the form depicted in Fig. 1 of the paper. Let the cathode be at 
a temperature such that the total emission is J. It is well known 
that the anode must be made slightly negative to the cathode 
before the anode current is reduced to zero; and that by plotting 
the logarithm of the anode current against this negative potential 
a straight line is obtained whose slope gives a measure of the 
cathode temperature. The electric force between cathode and 
anode must be directed towards the cathode in order to reduce 
the velocity of some electrons to zero. This means that the 
charge on the cathode must be positive and its amount in excess 
of the charge on the electron gas in the space. At the surface 
of the cylindrical anode, the radial electric force will be pro- 
portional to the difference between the positive charge on the 
cathode and the charge on the electron gas. Since the electric 
force through the radial thickness of the anode, however thin, 
must be zero, it thus appears that the charge on the anode must 
be negative, its sole function being to make the force zero 
through the thickness of the anode; this charge produces no 
force in the annular space between anode and cathode. The 
anode does not repel the electrons: they are attracted to the 
cathode by the positive charge on it. Surely it now follows that 
when the anode is given a very slightly positive potential, the 
charge on it can still remain negative, although at first sight this 
seems surprising. When a barrier surface (i.e. a surface over 
which the radial force is zero) exists at a radius smaller than the 
anode, it follows that the charge on the anode must be positive 
in order to make the radial force zero through its thickness, by 
neutralizing the field of the electron gas between the barrier and 
the anode. Hence it now follows that a condition can obtain 
when the charge on the anode surface is just zero, in passing from 
negative to positive charge. : 

Then the external field of the anode will be zero, since there is 
no charge on it. Therefore the external field of all the charges 
(cathode plus electron gas) within the anode must also be zero; 
this means the positive charge on the cathode is equal to the 
total charge on the electron gas between cathode and anode. 
This is equivalent to saying that a barrier surface exists and its 
radius just coincides with that of the anode. If the cathode is 
now made very slightly less positive, an equal amount of electron 
gas will be enclosed in a radius very slightly smaller than the 
anode; in other words, a barrier surface will exist just inside the 
anode, which must have positive charge on it, equal to that on 
the gas between the new barrier and the anode. As the charge 
on the cathode is decreased still more, the barrier must approach 
nearer to the cathode. As the positive charge on-the cathode is 
decreased progressively, a state will be reached when the barrier 
coincides with the cathode; then the total emission will pass to 
the anode and cannot be further increased. 

It appears to me that the transient portion of the anode 
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current must be determined dominantly by the dynamics of the 
movement of the barrier in response to changes of positive 
charge on the cathode. It may be essential to take account of 
the Maxwellian distribution of electron velocities: if this really 
is necessary, then the analysis, even if it can be made, will 
inevitably turn out to be too cumbersome to interpret satis- 
factorily. It might well be illuminating to obtain the solution 
for a homogeneous stream emitted from the cathode. Possibly 
some very old work of mine* might be of some assistance in this. 

Dr. Motz opens his discussion by saying that I do not seem 
to be aware of the equation x = (e/m)I. In fact I have been 
aware of this equation for a very long time and used it as the 
start of my discussion of the paper on ‘Transit Time Effects in 
Diodes’ by R. W. Sloane and E. G. James.} At that time this 
equation was very much in the forefront of my mind, and my 
impression is that it got there from studying the then recent 
paper by Mr. W. E. Benham. I recollect the feeling that it 
must have an obvious direct interpretation which had not then 
occurred to me, but a few weeks after that it must have done so, 
because in the same year I published a letter on “The Three 
Halves Power Law of the Diode.’t In it I started with the 
equation x = (e/m)It as the direct algebraic statement of the 
existence of a barrier plane. Since then, 20 years ago, I have 
regarded the equation involving ¥ as being somewhat vieux jeux, 
whereas Dr. Motz gives 1944 as the date of its emergence. Why 
he should regard it as the ‘proper basis for a discussion of 
diodes’, rather than a direct statement of the existence of a 
barrier plane, I do not comprehend. He talks of the constant 
field contributed by the charges on the anode and the cathode. ~ 
The net charge between barrier and cathode surface is nil: need 
more be said? In what way is the suggestion that the electron 
jet is self-propelling misleading? Let us use anthropomorphic 
terms and ask how an electron in flight can perceive that a — 
battery is connected between anode and cathode. The electron 
in flight can, so to speak, count up the electrons chasing it and — 
knows that a barrier surface exists at a given constant radius: 
it knows no more. It realizes being suddenly brought to rest 
by a collision, and thereby perceives the existence of a metal 
anode plate, but does not yet perceive there is a battery con- 
nected to it. Suppose the battery had been disconnected at 
some instant after the electron had left the barrier but not yet 
reached the anode. It would have perceived that the cathode 
temperature had not changed and also that the positive charge 
on the cathode was in the process of vanishing. Thus, and thus 
only, would it have recognized that a battery must be involved 
in the electrical system: the barrier was catching it up. In the 
steady state the kinetic energy which was robbed from it on 
collision with the anode was given it by force arising from the 
electrons between it and the barrier and not by the battery. 
What the battery did was somehow to compel it to mingle in a 
crowd of density about 1029 electrons per cm?, which began to 
diminish only when it escaped from the cathode surface again 
and was, once more, slowing down towards the barrier. Just 
how. the battery brought about the crowding up, the electron 
does not know. The jet in a steam turbine is self-propelling, 
by means of molecular collisions: there is no need to describe 
this process by saying that the steam at the back is pushing the 
steam in front. The steam density at the entrance to the nozzle, 
and behind it in the boiler, exists because there is a stoker 
shovelling coal which, at some time, involved the action of the 
sun. If the stoker ceased to stoke the pressure in the boiler 
would gradually fade away. There must be a battery to main- 
tain the jet in a state when it is able to be self-propelling. 

A negatively charged grid wire could collect electrons emitted 

* ‘The Apparent Inter-Electrode Capacitance of a Planar Diode’, Journal I.E.E., 


1937, 81, p. 667. 


{ Journal I.E.E., 1936, 79, p. 291. |} Wireless Engineer, 1937, 14, p. 193. 
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from a cathode which had an even greater negative charge density. 
(Dr. Motz would say that the potential of the grid, though 
negative, was positive to the cathode.) I was referring to a 
system with a barrier surface, in which the charge on the cathode 
must be positive. 

Dr. Motz points out that the expression for g,, derived from 
my eqn. (21) differs from the classic formula of Dr. J. H. Fremlin 
because I have made an arithmetical slip in that equation. I 
thank Dr. Motz for having discovered this slip and for pointing 
it out: this having been attended to, Dr. Fremlin’s method of 
approach and mine are in agreement in the results they yield. 

Turning now to the very welcome discussion from Pretoria, 
I find it very difficult to phrase my rejoinder to Prof. Heymann. 
The first portion of his comments, which have had to be abridged 
in the printed version, are dealt with, in essence, by my replies 
to Dr. Bell. His initial difficulties might not have arisen if I 
had more often used the term ‘electric force’ rather than ‘electric 
field’. It may well be true that I have made an incorrect use of 
Green’s theorem, but as Prof. Heymann does not indicate the 
precise point where my use was incorrect, I do not see how to 
correct my mistake. At least in its geometrical sense, surely it 
is a reasonable statement that ‘concentric cylinders of infinite 
radius never degenerate into a pair of parallel planes’: though, 
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rather remarkably, the two problems do sometimes yield the 
same arithmetic answer. I always tend to be slightly over- 
cautious about the use of a one-dimensional configuration in 
electrical problems; hence my extreme, possibly pedantic, care 
on this point in the paper. Again, the statement that ‘the space 
charge as such will not have much effect on the field strength 
distribution except near the barrier . . .” appears to me to demand 
something further: which is not said. Using a catch-phrase in 
a purely inquiring sense, may I not be allowed to say ‘So what?’ 
Certainly Prof. Heymann arrives at the equation V, — LV 
= VY + V’ more rapidly than I did. In several places, for 
example, concentric cylinders of infinite radius, the essence of 
my paper could have been written in a more telegraphic form. 
Prolonged discussions with friends, and also the referees, drove 
me repeatedly to write more. and more in extenso. Surely the 
point of such a paper, if indeed it has a point, is not that it should 
be presented in the shortest way possible for teaching, assuming 
that it is ever used as a teaching medium. Will not an individual 
teacher make such shortenings as appeal to his mind, or to that 
of his class? May it not also be to set out the solution in a way 
which is likely to contain the answer to almost all the questions 
which may confront a teacher from his class, if and when members 
of these classes trip up? which they will do. 


DISCUSSION ON 


‘THE EFFECT OF MAGNETIC SATURATION ON THE D.C. DYNAMIC BRAKING 
CHARACTERISTICS OF A.C. MOTORS’* 


Mr. C. B. Wyatt (communicated): 1 find this Monograph to 
be of very considerable interest, particularly the approach to 
the braking-torque/speed curve by using the magnetizing current, 
I,» a8 the independent variable. 

I have calculated the braking performance of a hydro-motor 
using (a) the method I would usually employ,t and (b) the 
method tabulated in Table 2. Both methods gave identical 
results. 

The rotor is of the single-cage type, but this presented no 
difficulty since the parameters R, and X>, which incidentally are 
relatively high, may be conveniently referred to the primary 
circuit. 

Undoubtedly, Dr. Butler’s method is more elegant than (a). 
It is also, I think, less laborious for rotors of the single-cage or 
slip-ring type, and in these cases I propose to adopt it. Method (a) 
cannot claim to be more than systematic trial and error, but it 
has I think one merit, and that is its generality. 

Dr. Butler’s method would seem to present some difficulty in 
the case of ‘skin effect’ rotors. 

‘Skin effect’? rotors include all those of the ‘deep bar’ or 
‘multi-cage’ types but not those of solid steel, since in this 
latter case R, and X, are functions of both and §. In such 
cases the resulting complexity would, I think, render some other 
method such as (a) more useful. i 

With regard to Section 3.3, ‘Conditions for Maximum 
Torque’, I imagine that the definition of (d Voldn)p may present 

‘some difficulty unless the usual approximation of two inter- 
secting straight lines of different slope is used (referred to in 


Section 4). 


: h . 206 U, November, 1956 (see 104 C, p. 185). 
+ WYATT, d e: Be panne eis of Induction Motors’, Electrical Times, 1950, 


118, p. 136, 


Incidentally, I found all the equations in Section 9 (Appendices) 
easy to reproduce with one exception, namely 
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in Section 9.2.1. 

This must be due to some factor which I have overlooked. 

Undoubtedly, the subject of d.c. injection braking, to which 
Dr. Butler’s Monograph is a valuable contribution, is becoming 
of increasing importance in the application field. 

Dr. O. I. Butler (in reply): I agree that the expression for 
dV [dI,, presents some difficulty, which is why I recommend, in 
Section 4.2, using eqns. (7) and (11) in preference. I have used 
the latter and obtained the curves of Figs. 2 and 3 by tabular 
computation without any real difficulty. 

With regard to ‘skin effect’ rotors, an American I.E.E. Trans- 
actions paper is awaiting publication in which I have introduced 
the slight modification envisaged in Section 3.2. The paper 
shows that the d.c. braking performance of a double-cage 
induction motor can be predicted to give good agreement with 
actual test results, particularly when account is taken of the 
stray load loss. 

The derivation of d/3/dI,, is as follows: 

From eqn. (1) 
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and substitution in (A) provides the value of d/3/dI,, given in 
Section 9.2.1. 

It may be of interest to those engaged in the application field 
to mention that the accurate method of the Monograph has 
proved useful in demonstrating the validity of using a simple 
mathematical relationship for the d.c. braking-torque/speed 
characteristic in calculating the stopping time and energy dissi- 
pation of induction motors. * 


* Burier, O. I.: ‘Stopping Time and Energy Loss of A-C Motors with D-C 
Braking’, Transactions of the American I.E.E., 1947, Paper No. 57-132. 


DISCUSSION ON 
‘THE ELECTRIC STRENGTH OF TRANSFORMER OIL’* 


Mr. K. H. Weber and Mr. H. S. Endicott (United States: 
communicated): This interesting experimental survey raises some 
questions concerning both the conditions of test and the con- 
clusions drawn. It would be desirable to know the numerical 
values of gas and water contents of the oils used—for the 
determination of which standard procedures are, of course, 
available. The authors conclude from the results given in 
Table 1 that there is no dependence of electric strength on time 
in the range of 10 to 60sec. In view of this, it is not clear how 
the effect of electrode materials can be explained by the time 
dependence of electric strength. The authors also suggest that, 
in contrast with all previously published tests on insulating oils, 
their data show little dependence of electric strength on electrode 
size. At this time, we wish only to comment on the particular 
question of electrode size. On the basis of our recent paper,“ 
it is readily shown that the results of the monograph, in their 
effect on electrode size, are precisely what one would expect 
from a consistent area-effect theory. 

In our paper, the electric strength of oil is shown to depend 
on electrode size. A study of 1600 observations of transformer 
oil breakdown, using four pairs of uniform-field (Rogowski) 
brass electrodes established the extremal® nature of such break- 
down distributions, and yielded an area-effect equation which 
agrees closely with test results. This equation is 


(A) 


where E is the modal strength and S;, is the standard deviation 
of N measured breakdown values; oy is a function of N only.8 

It is seen from this equation that the difference in breakdown 
strength depends, not only on the area ratio of the two sets of 
electrodes, but also on the magnitude of the standard deviation 
of the measured values. One of the particularly satisfactory 
features of this equation is that it contains no arbitrary or 
adjustable constants. Applying it to the data of Table 3 for the 
1-0 and 1-Sin diameter electrodes (using means because modal 
values are not given): 


Measured values E, — E, = 668 


(Zein El- Dine 


649 = 19kV/cm 


and Tropper) 
Se, A 
Value calculated E, — E, = — log. —* 
from eqn. (A) oy A\ 
29-2 
= a0 log. (1:5)? = 20°4kV/cem 


Thus the ‘slight tendency for the electric strength to increase 
with decreasing size of the electrodes’ is predicted quite closely. 


* Ex-Dine, M. E. Z., and Tropper, H,; Monograph No, 135S > 195 
103 C, p. 35), grap 135 S, June 1953 (see 


The greater changes reported by others can be explained by the 
larger dispersion of their results, the larger ratio of areas used, 
or both. 

If breakdown measurements in general have these extremal 
characteristics, the breakdown strength of a liquid is not uniquely 
determined unless electrode area is also specified; i.e. according 
to eqn. (A), electric strength is independent of area only when 
the standard deviation of the observations is zero. (Practically 
speaking, this would mean that the variations that occur are 
solely random errors of measurement, which are described by a 
normal probability curve.) 

Extension of these considerations, for example, to measure- 
ments of electric strength with pairs of spheres at different 
spacings, or with different radii, shows that electric strength for 
a given liquid will not remain constant for these different 
conditions—even though the usual ‘field uniformity criterion’ 
for spheres at close spacing be satisfied. Discrepancies in the 
literature for functions of the electric strength of various liquids, 
ostensibly measured under the same conditions, may be 
attributable to overlooking the experimental and theoretical 
requirements of the extremal area effect. 

Finally, we believe that, in the absence of complete control 
over the many factors that may affect oil strength, it would 
appear that the safest way to make comparison among electrode 
pairs of different size or configuration would be to test them at 
the same time, when both are physically present in the same oil 
and subjected to the same conditions of voltage application. 

Drs. M. E. Zein El-Dine and H. Tropper (in reply): The 
standard procedure© referred to by Messrs. Weber and Endicott 
for determining the gas and water contents of the oil is not 
sufficiently accurate for most of the tests reported in the mono- 
graph. For example, with regard to the gas content which 
plays a predominant role in the breakdown of pure oils, the oil 
for the tests was degassed at an equilibrium pressure of 0:-5mm 
Hg. From Fig. 11 of Reference C its air content can be esti- 
mated to be approximately 6-7 x 10-3 per cent per volume, 


-and this is less than the precision claimed for the method, which 


is +0-2 part in 10° by weight, or 1:5 x 10-? per cent per 
volume. The accuracy no doubt can be improved, but it was 
found more satisfactory and convenient in subsequent work with 
closed testing systems to degas the oil at a pressure of 0-01 mm Hg 
and then to admit measured amounts of air or other gases at 
various. equilibrium pressures. 

There seems to be some confusion about the time independence 
of the electric strength and the bearing of this on the dependence 
of the electrode material. A distinction must be made here 
between measurements made with long-duration voltages and 
measurements using impulse voltages, since the breakdown 
mechanisms operative in the two cases will not be the same. 
The experiments have shown the electric strength to be inde- 


DISCUSSION ON ‘THE ELECTRIC STRENGTH OF TRANSFORMER OIL’ 543 


pendent of time in the range of 10-60sec for long-duration 

(i.e. alternating and direct) voltages, and moreover, for such 

voltages, a marked dependence on electrode material was found. 

With 4 microsec impulse voltages, on the other hand, no electrode 

dependence was observed, and it was therefore concluded that 

whatever electrode-sensitive mechanism was operative for long- 
duration voltages could not have been present when voltages of 
microsecond duration were used. In this sense, therefore, the 
mechanism causing an electrode dependence is assumed to be 
time dependent (or time consuming), as stated in the mono- 
graph. 
It is gratifying that the results in the monograph on the elec- 
_ trode-size effect conform with the area-effect theory. This theory 
is perhaps not sufficiently appreciated in this country, and our 
correspondents’ little homily relevant to this theory is therefore 
helpful and valuable. 

It must be emphasized, however, that the purpose of the work 
in this laboratory on the electric strength of oil, of which the 
monograph presents some of the preliminary results, is not to find 
reliable breakdown data for design purposes. The aim is rather 
to study systematically the factors which determine the electric 
strength of oil in order to gain a better understanding of the 
breakdown mechanism. This involves tests whose results do not 
always lend themselves to a treatment by the statistical theory of 
extremal values. For example, interesting light is shed on the 
mechanism by a study of the first few breakdowns, i.e. during 
the period when an equilibrium is gradually established between 
the adsorbed gas on the electrodes and the gas in solution in 
the oil. The corresponding strength values may either increase 
(conditioning up) or decrease (conditioning down) with successive 
breakdowns, and the total variation can be appreciable, so that 
these values are often discarded for statistical analysis. For 
impulse voltages, very interesting results have recently been 


obtainedP with a single-shot technique, ie. by using fresh 
electrodes for every single breakdown. The breakdown values 
were of a very high consistency and showed a marked difference 
from the average values determined from a series of breakdowns. 
They are not only significant from the point of view of the theory 
of the electric breakdown, but should have an important bearing 
on insulation failure in practice, for one would expect such a 
failure to occur at a voltage corresponding to a first breakdown. 

Alas, in the course of the work a gap dependence of the 
electric strength was found. In view of this correspondence the 
tests were made with particular care and were repeated at 
different times. We used direct voltages and plate electrodes 
having a Rogowski profile with a flat portion of 1cm diameter. 
The gap spacings were 2, 4 and 6mm, and the corresponding 
electric strengths were 330, 263 and 203kV/cm. It is hoped to 
publish these results shortly. 
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Mr. K. Kraus (Czechoslovakia: communicated): I should be 
interested to know what the authors mean by the symbol p, 
which is denoted as Heaviside’s operator. If two functions F(x) 

_and F[p] are operationally equivalent, i.e. related by the one-sided 
Laplace transformation, the meaning of this operator p in Heavi- 
side’s conception is different from that which we have in mind in 

the Laplace transformation. According to the Laplace trans- 
formation, p denotes a complex number, but Heaviside takes the 
| operator p as an algebraic number. This is due to the difference 

' between the Heaviside conception of the operational calculus and 

| the operational calculus based on the one-sided Laplace trans- 
| formation, which may lead to errors in the calculation of expres- 

‘ sions of the same form as eqns. (57), (58) and (59). In my opinion 

i it would be better to take p directly as a complex number and to 

use the operational calculus based on the one-sided Laplace 

‘transformation. In this way we can avoid mistakes which are 

not apparent at first sight and which follow from the pure- 
mathematical conception of one or other operational calculus. 
Messrs. J. W. Head and W. Proctor Wilson (in reply): There 
iis in our view, no incongruity in referring to the p used in our 
paper as the Heaviside operator. In modern operational calculus, 
piaced on a sound mathematical basis by Carson, van der Pol, 

Wagner and many others, the limitations and necessary modifica- 

tions of Heaviside’s original concepts are well understood. 


* Heap, J. W., and WILSON, W. PROCTOR: Monograph No. 183 R, June, 1956 


(in . ‘ one 
7 ? Be caacerits are extensively discussed in the ‘Heaviside Centenary Volume’ 


| (ivstitution of Electrical Engineers, 1950), 


DISCUSSION ON 
*‘LAGUERRE FUNCTIONS: TABLES AND PROPERTIES’* 


Expression (60) in the paper defines the relation between F[p] 
and F(x) in the sense that 


(i) It enables F[p] to be derived from F(x) by evaluating the 
definite integral. 

(ii) F(x) may be derived from F[p] by the solution of (60) 
regarded as an integral equation. 


Alternatively, the inverse expression to (60), well known to 
Heaviside, is the Bromwich integral 


c+io 

1 | F[p] 
SO) IG 
c—io 


in which c is chosen so that the path of the integral lies to the 
right of all singularities of the integrand. 

Having thus defined the way in which F[p] is derived from 
F(x) or F(x) from F[p], we are at liberty to manipulate 
F[p] algebraically as we please in order to change it into a 
linear combination of functions G,[p], G,[p]... for which 
the corresponding G,(x), G,(x) are known, and during this 
process of manipulation we can regard p as a mere complex 
number. 

To sum up, the sense in which the Heaviside operator p is used 
in our paper is that adopted by the writers in our References 4 
and 5, 
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